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The series,. Soviet ^Studies In the* Psychology of Learning and Te aching 
a Mathematics is a collection of translations from the extensive Soviet 
•^literature of the past twenty-five years on research in the psychology 
of mathematical instruction. It' also includes wprk3 on methods of 
teaching mathematics directly influenced t^y the psychological research. 
The series is the result df a joint effort by the School -Mathematics 
Study Group at Stanford University, the Department of Mathematics 
Education at the University of Georgia, and the Survey of Recent Edst 
European Jlathematical Literature at ^ the University o€ Chicago. Selected 
papers and books considered to be of •value to the American mathematics 
educator have been translated from the*^ Russian and appear in this 
series for .the first time in English. ' ' ^ 

Research achievements , in psychology in the United States are ^ 
outstanding indeed. Educational psychology, hoveVer, occupies only a . 
small fraction of the field, and until recently little attention has 
•been given to research in the psychology of learning and teaching 
particular school subjects. * 

T^ie situation has been quite different in the Sojj^iet Union. In 

view of the reigning, social arid political doc^ti::ines, several branches 

of jjsychology that are higfUy developed in the U.S. have scarcely been 

investigated in' the Soviet Union.' 'On the other hand, because of the 
♦ 

Soviet ^phasis on education and its function in the state, research in 
educational psychology has been given considerable moral and financial 
support. Consequently, it has, attracted^ many creative and talented ^ 
scholars whose contributions have been remarkable. 

Even prior to World War II, the Russians had made great strides in 
educational psychology. The creation in 1943 of the Academy of Peda- . 
gogical 'Sciences helped to intensify the research efforts and programs • 
in this field. Since theri the Academy has become the chief educational 
research and development center for the Soviet Union. One of the main 
aims of the Academy is to conduct res'earch and to train research scholars 



A study ii^^icates that 37.5%. of all materials in Soviet psychology- 
published in one year^was devoted to education and child psychology* Sea 
> C^ontemporary S6vlet Psychology by Josef Brozek (Chapter 7 of Present-Day 
Russian Psychology » Pergamon Press, 1566) . * 
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in general and specialized educatloi}, inr educational psychology/ and • 
in methods of teaching various school stibjects*^* 

The Academy of Pedagogical Sciences of. the USSR comprises ten 
research institutes in Moscow and Leningrad* Many of the studies 
reported* in this series were conducted at thie .^cademy 's Institute of 
General and Poly technical •Education^ Institute of Psychology, and * 
Institute of Defectology, the Tast of which is coucqrned with the . ^ 
special psychology ^d educational techniqui^s for handicapped children. 

The Acati^y of Pedagogical Sciences l^s* 31 members and 64 
associate members, chosen from among -distinguished Sov.iet scholars/ 
spientists, and educators. Its permanent staff includes mpr^e than 
650 research associates, who recei^ve advice and cooperation .from an 
additiopal 1;000 scholars and teachers • T^ie research institutes of » 
the .Academy have available 100 "base" or laboratory schools and many 
other schools in whicl^ experiments are conducted. Developments in 
foreiga countries are closej.y followed by the Bureau for the Stud^of 
Foreign Educational Experience and Information. 

The Academy has*4t^ own publishing .house /vhich issues hundreds, of 

books each year and publishes the collections Izves tiya . Akademli 

Pedagogicheskikh Nauk RSFSR [Proceedipgs of the Academy of Pedagogical 

Sciences of the RSFSR^, the morjthly Sovetskaya' Pedagogika [Soviet - , 

Pedagogy],- and the bimonthly Voprosy PsikholoRli [Questions of Psychology] 

Since 19^3, the Academy has been Is^uing'collec'tions entitled Novye - 

Issledovaniya v Ped agop,iches'kifeh Naukakh [New Research, in the Pedagogical 
— — ^- 

Scipnces] in order /o disseminate iufgrmatlon on current research. 

/major difference betweGn the Soviet and American conception of 
educational Ves^arch is that Russian psychologists of.ten use qualitative 
rathe-r than quantitative !hethods of research in instructional psychology 
in accordance with the prevailing European' tradition. American readers 
may thus find that some of the* earlier Russian pape'rs do not comply 
exactly t6 U.S. standards of design, analysis, and reporting. By using . 
qualitative methods and by working with small ^"groups , however, the Soviets 
have .been able to penetrate into the child's thoughts and to analyze his 
mental processes. To this end they .have also designed classroom tasks 
•and ^e^ings for r<?search and have emphasized _;ong-term, gei^etlc studie.5 
of learning 



r 



• Russian psychologists have concerned themselves with the^ynamics * 
mental activity and with the aitn^ of arriving at the princit>lfes of the 
learning process itself. They have inve^t%aited such areas as: the 
development of mental ©operations; the nature ^nd development of thought; 
'the formation of mathematical ct>ncepts and- the related questions of 
generalization), abstraction, and concretization; the mental operations 
of analysis and synthesis; the development pf spatial- perception; th^ 
relation between memory and thought; the development of logical, reasonitrg; 
the nature of mathematical skills; and the structure and special features 
of mathematical abilit^ies. . , 

In new approaches to Qdiicatioaal research, some Russian psychologists 
have developed cybernetic ajid statistical models and techniques, and nave 
made use of algolrithms, mathematical logic and inforpiation sciences*. 
Much attention ha^ also been given tp programmed instruction knd an 
examination of its psychological problems and :^ts applicatijn for' 
^eater individualization in learning 

* The interrelationship^ between instruction* and child >tfevS3s^m'ent is 

a source of. sharp disagreement between the Geneva School of p^chplogists^ 

led by Piaget, and the Soviet- psychologists . The Swiss ps^hologfists 

ascribe ''limited significance to the role of instruction in the develop- 

ment x>£ a child. According to them, instruction is subordinate to the 

specific stages in the development of the child's thinking— stages 

« 

manifested at certain' age^ levels anti relatively independent of the 
conditions of instruction. . ^ / 

As representatives of the mater ialistic-evolution^ lyg^ theory' of the 
mind, Soviet psychologists ascribe a leading^ role to in\5t ruction.^ They 
assert that instruction bifoadens the potential of development, may 
accelerate it, and may exercise influence riot only upon the sequence of 
the. stages of development of *tha child ^$ thought but even upon the very 
character of -the stages* Ijie Russians study development in the changing 
conditions of instruction, and by varying these conditions,' they ^dtsmonstrate . 
how the nature of the child *s development changes in the process ♦ As a 
result, they are also investigating teSts of giftedness aTid are usin^^^ 
elaborate dyhai^c, rather than static, indicek. 
— — — — ^ % 

* « ( ' 

See Tlie Problem of Instruction and De-velopmen t at the .ISth In'teraa t ton al 
' Congress o/< J'sycholo gy by N. A. Menchinskaya and G. G. Saburov^, Sovet sk aya 
Pedagogi<R^ 1967, No. 1. '(English translation in Soviet Education , July 
19^7, Vol. 9, No; 9^*) 
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Psycholpgical research has had a considerable effect on the 

recent Soviet literature on methods of teaching mathfematlcs, . Experi-^ • 

1 

ments have shown the student mathematical pot^entlal to be^^-g^^^ter 
than, had been previously assumed. Consequentiy, Russian psycholoaists 
have advocated the necessity of var^ioufe changes in the content and' 
methods of mathemat i^al inatrvction and have participated in designing 
the new Soviet mathematics curriculum which has been introduced during 
the 19 67-68 ''academic year. ' . ^ 

The aim of this series is to a(;quaint mathematics educators and 
td^ch^s with directions,' ideas ^ and accomplishments in the psychology 

mathematical Instruction in the Soviet Uaion. This series should 
assist in openings up avenues of investigation to those whoi^are interested 
in broadening the foundations of their, profession^ for it^is generally 
recognized that exi>eriment and research ^re Indispensable for improving 
content and methods of school mathematics. 

We hope^ that the volumes in this series will 'be used for. study, 
^discussion, and critical analysis in courses or seminars in teacher- ^ , 
training programs or in institutes for in-service teaqhers at various 
^levels* ' ^ 

At present, materials have been i>tepared for fifteen volumes • Each 
book cont^ins^one or more articles undet a' genera V^^ding such as The 
Learning'of Mathematical C<?v^cepts, The Structure of 'Mathematical Abilities 
and Problein Solving in GeWetry. The ^introduction to each volume is 
intended to provide some background and guidance to its content* 

' Volumes*! to VI were pre^a^ed Jointly tty the School Mathematics 
Study Group- and the Survey of Recent East ^urop*ean Mathematihal Literature, 
both conducted under grarfts from the National Science Foundation. When 
the activities of the Shhool Mathematics Study Group end/d in August, 1972, 
the DepArtraent' of Mathematics Education at the University of Georgia* 
uuder\:ook to afes^st in the editing of 'the remaining volumes- We express 
our appreciation to the Found^atior^ and to the. manj^ people and organizations 



who contributed to the est/ri>llshment and continufition of the series • 

^ Jeremy Kilpatrlck 

' ' , Izaak Virszup 

Edward 0. Begle 
James W. Wilson ^ 

vi ^ 
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1. Bracketed numerala in the text refer to the nunibered 
references'^ at the end of each paper* Where ^here are two figures^ 
* /e.gj [5:*123], the second is. a page ^reference. • All references are 

to Russian, editions i althot^ titles have hpen translated and 
^•V aut^prs* names transliterated* ^ ^ 

^ 2. The transliteration schemp used^ is that of the Library 
of Congress, with diacritical marks omitted, except' that K) and J 
are r^dered as a'nd "ya" instead ok "iu" and "ia./ 

3. Numbered footnotes are those in the original paper, 
starred ''footnotes are ns^ for editors* or translator's coimnents. 

<9 



V 



i 



\ ■ 



vii 



4 ^ . ^ 

; TABLE OF CONTENTS 



Introductlou ^ . ^ . ^ 

Learning Capacity' and Age Level: Introduction 

!)• El*kojiin and V. V.^Davydo^ ^. 1 > 

Primary Scfioolch±ldrea'& Intellectual CapabilitieB. 
" and th^ Content of Instructidn> ' . . 
El'Uoxrln. ' 



logical and Psychological Problems of Elementary 

Matheifetics as an Academic Subject -"-^-^ 

V. V. Davydov . • • • • ; * , 

the Psychological Characteristics ^f tl^jB "Preniimerical" 
* , Period of Mathematics IhsMvuction , 
V. v/ Davydov ^ J • . • • ^ , 

Developing the Concept of Number by Means of the* 
^ Relatlpxjship of^<Juantitie», s 
G* I* Minskaya, 



. V 



♦ 



INTRODUCTION 
Leslie Ste£fe 



Matheinatlcs education lacks systematic experimental Investigations 
o£ mathematics leatu^g and teachifig^^that are bas^ on theory. Begl^ 
[1] has expressed the opinion that further substantive Improvement in 
mathematics education will not take place until mathematics education ^ 
is turned into an experimental scl^ce* Plaget [5] observed no 
more was known in 1965 than was known in 1935 concerning what^ 
remains of c>the knowledge acquire^ in primary and secondary^ schools 
after .time intervals, ^say, of five,^ ten^ or twenty yearsj^ Plaget 's 
observation is consistent with Begle\s>. Both are comments on the 
lack of theory-based experimental investigations of mathematics 
learning and teaching* The work of ^El'konin,. bavydov, and Minskaya 
reported- in this volume^ represents a start tow^d the alleviation of 
this condition. The experimental curriculum posited bjr these authors 

' was generate^ by a thorough <theorat«ical analysis and synthesis of the 
cognitive development of children^ fundamental mathematical structures, 
and t*he content of mathematics instruction in the early school years* 
The empirical results obtained are .particularly noteworthy in ligjit 
of this analysis*' and synthesis and are potentially applicable not 
on;^ to mathematics *ieducation I but to the psychology o^ childhood 
as well. • ' \ * ' . . 

In th^ lnt;rodu<^tory chapter^ El^konin and Bavydov o^utllne their 
position concerning the relation of Instruction to the intellectual 
development of children,' a position consdSerably elaborated in l^ter 
chapters. Following Vygotskii, they view a child *8 mental development 
as being ultimately -determined by the content of .the knowledge studied. 
Reseaj^chers (no^tably Plaget) who study the development of mental 
operations generally • concentrate on those mental operations wh^ch are 
maximally independent^of specific subject raat^eru ^El*kon;Ln and Davydov 
criticize this 'approack because it leads to a Wew that the sources 

^ojBr mental development i^ie in the ^individual >himseif, independei»t o'f 
specific historicar^conditidns of existence (including, education), and"^ 
because it leads to an absolute way of /characterizing features^ of* tfie 




child mind according to age Xpvel. Con^quently, th€«^ believe that 
existing intellectua;L^c^abi^lfeies can be studied only by ipaking' 



capabiixties can De atuaiea onxy Dy ipaKing ^ 

''Changes in the cc^Steijt bf^^hat ^children learn at schopi. In fact> the ^ 

main task of their resgarclt' Wa^tfd^^study ways ot designing academic 

^jj^ * ■ . 
subjects, and chiidrefi's^s^tiodl'^Kork ko that much of it becomes . 

"accessible" to thtf. student tf. ^.El*ko»fn and Davydov do not link * their. 

work to Bruaer*8 'facious hypothesis that "any subject can be. taught % 

effectively in some Intefl^ctU4l.ly ..hone^tf form to any child at any' 

stage t>f development [2 :33j«" - The particular weakness they se:^ in 

Bi^uner^s hypothesis is that lj,t ii£akes reference to abstract fotms oT ; 

teaching the fundamentals of any subject to. a child 6i any»age* It / 

••is not possible t6 characterize capabilities for learning with regard 

to §ge level in the abstract — forms of instruction must be found 

that are suitable for each specific piece of content and given age 

level • They contend that Bruner was corr^t^ however > in challenging 

thei traditional absolute way ol characterizing features of the child* s 

iiind according to age level. 

One wonders, however > about the degree of divergence between the X ^ 

views of El^kdnin and Davydov^j^ the or\e hand and the Genevans; on th>» 

other. First, Piaget [5:21] has clparly differentiated experimental 

' pedagogy^^d psychology:* experimental pedagogy is concerned le§s with 

the general and spontaneous characteris|:ics of the child than with ^ ^ 

their modification through pedagogic processes* Second, in commenting 

on the value' of development stage's in educational science, Piaget , 

[5:^711 rejects 4^ notion o£ inflexible stages characterized by 

invariable chjiono logical age limits and permanent thought content. 

As an intaractionist, Piaget [5:172^*73] advocates that the mind's • \ 

Structural maturation and the childjs individual experience each be \ 

f ■ ■ •* ■ 

considered as factors, in intellectual development Third, Piaget % 
[4:161 has consnentsd that ;;;atheraatical structures can be learned ^ . 

if the structure you want to. teach can be supported by simpler, moj 
.elementary structuVes*| These three considerations ar^ not compaetely 
inconsistent with El'konin and D^ydov^s basic position coiicerning 
d'evelopment. Certainly, the Genevans^ work has n*t bee^ in Experimental 
' pedagogy but rather has dealt with the development of .the chi^d in the 

' ^ " , xii . ' 

■ ■ / ■ ■ ■ - " 



most general .waysi But ^perimental pedagogy 4oes ijot Stand in - 
opposition ^> cognitive developmeat Esy^hol-pgy^ Ratlier, ^experliaental 
pedagogy^ J|^^n;iliementar^ to*^> V7ith' th^ potential* of contributing * 
knctwle^jigei'^to developmental proc^ases. *-OnQ of the m^stu fecund' areas: . 
**f oif such- pot ^tial cpntrlbiition lies in the formation of mental ; , 
operatiqns (which may or may pot have been ^tudi^ by the (ienevari . . 
school) that li^^ in understanding ^the; contribution o^ instruction 
In school- mathematica to the formation of mental operations\ ^ 
' In the second chapteir^ El 'konin* -elaborates -on th^ ^points made in 

,the introductory chapter,/ 'Through analyses of the waitings of Piaget, 
; Blonski^v^Zankov, and Vygc^skl^, El^kqnin formulates a ^basic hypothesis| * 
'that a change in the* content of instruction! coupled with a, corresponding 
* change in the type^of teaching' will influence- the.chrono.iogical outline 
of *^the deyeldpment of the -child fntellect* Th^ following ape among ' * 
the variojus basic' ideas that lead to fopnulatiUg this hypothesis, 
f A central issufe is" whether to characterize a given^ age level 
in terms of the prQcesses for which development is concluded at that ^ 
age level or in tenna of the processes for whicfi development is 
> '^l^inning at; that age level-. _rf. the former point of view is* adopted^, 
then one is led ^to a conception of intellectual development as being 
inviolable and independ^t of the content and methods* of presentation 
of subject matter* This point of view leads to exercises being 
presented to the children that demand only previously formed intellectual 
processes for solution. However > if the lattet point of view is ' - 
adopted (and it* is by El^konin) then the cohtent of instruction 
becomes exceedingly important . ^r.rpllowing Vygotskii, El*konin believes 
that the development, of the psycjiological processes for learning • 
mathematics do not precede^ instruction in mathematics, but tha^'t the, 
characteristics for learning ^ne^ con-tent -are formed in the prjocess 
of learning it. The emphasis however > is not placed on the method g g 
instruction (h^^ is where the author diverges from Bruner^s hypofeiiesis) 
but on the contBut of instruction ^ The teaching methods are to be 
organically connected with the content and are to create a bond between 
the child and society, where the teacher represents the knowledge 
accumulate^ by society and is not merely the child's colleap^ue. 

xiii ■ ' ■ . 



*^ . In the third 'chapter, :Davydov.outllnes,.the three b^sic. structures 
of the'Bourbaki — algebraic struct^ures'^ struo^res -of order ,;*and,; 
topological' ^tructiires — as a, basis tot structuring Schqol* mathelnatica 
' irom the beginning. Davjrdov is well aware of the 'role ftf these three- 
basic structures in cognitive development thporj^ espoused. vis-a-vis 
Piagefr.- In fact., it ifi'.here that he ^enuin^ly us^s the results of 
.'psychological research in st^rijcturing the txperiaental curricula;." 
.Ue.dbes so, 'however, in fuli awai^en^s of the d iff iciiity' of determining 
explicitly how mathematical structures and genetic ;StructHres of* 
thought are relate?!. ' In what way are mathematical .^structures a " 
' ciontinaation of previously fotmed gmietJic ^ructures? Vewerthelese, 

curricula designed on the basis of initiaj. Mathematical' sttuctures are . 
'..supported by Plaget's .theory. If' th€f assumption Us^ made that, the 
child' s iaAhematical thought 'develop within the very process pf the 
formation of -concrete operations, then becausfe concrete dperatione 
' 'are to be* consi'der^d as operative Structures,- curricula based, on » 

mathematical structures can/be |.n.troduced at tilje beginning fit the^ • . 
period of concrete Operations. The posaiMlity then exists that the 
onset of fopnal operations can be hastened ishrough stu^ of mathematical 
structure. 'Experimental pedagogy and psychological theory merged 
naturally in Davydov's dnalypis, -l)U^ji^ertheleS8 remained distinct 
(or at least not completely marrie|®B!r^^^tue of, the problems being 
Studied. This use 'of knowledge and thebry'*gained tlirough psychdlogical 
, research 'is a welcom€ relief from harsK rejections . auCh as Menchinskaya' 

[3:781. . ' • * '- . 

"At the beginning of the four4:h chapter, Davy^iov discusses a myriad* 
• of issues co;^emed with the traditional mathematics course in Soviet 
schools, issues brought abdut' in part 4:hrough viewing mathematics from 
a structural standpoint. Arough discussion of these issues Davydov 
. concludes that the concept oV quantity needs analysis in the search for 

the "common root of the branching tree of mathematics," A quantity is 
'defined as any set of elements for which criteria 'of comparison have 
.^been established satisfying eight postulates of comparison. Quantity, 
. then, is a particular instance of. the structure of order. Kolmogorov, 
however, restricts the notion of quantity so that the real numbers 
become quantities. Starting from this more restricted notion of 
quantity, Davydov gives a detailed description of the content of his 
experitnehtal curriculiun for four months of the first gr^de (seven year 

* ♦ ' 
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olds) and the organizatioi|i of iiistruction^in. that^•curriculum• Tl\ls^ 

curriculum pertaining to the concept of quantity is organized around 

el^ht topics^ among which are, th^ properties of eqi^ldLty and inequality. 

(Topic 11,1). The experimental methodology^ employee in9iudes actually • 

teaching the* material in experimental classrooms. The results •reported ^, 

are largely anecdotal and are reported on the most characteristic^ * 

features of the teaching process and its r^ilt*>- th^ features which 

are typical of th^ various classes/. Objective data are given^ " t 

/however > on various*^ p^jjAems given to children at the. end of 'infiit ruction* 

-Generally^ the da^^a reported (anecdotal and objeptive) were very favorable. 
^ ^ . ^ ■ ^ ' . ... 

In the £inal chapter > Minskaya describes the experimentation on 
/ ^ * 
the concept &f number. Number is studied^ using the previous material 

as a foundation, where major attention is given to studying number as 

a relationship of a given quantity^ to a unit of measurement. " The results 

reported are also quite favorable^ consisting of anecdotal data and 

objective dar£a from the administration of various problems* 

* As highly provocative as the volume is» there are shortcomings. 

What evidence should one accept that children have learned 'operatiipjial n 

''structures? Piaget [4:17-18] has identified three criteria — (a) Is 

trie learning lasting? (b)i How much general izatibn is possible? (c) In 

the case of each learning experience, what was the operational J^evel of 

the subject before the experience and what more complex structures l^s 

this learning' succeeded in achieving? A fourth piece of evidence > which ^ 

seems necessary, concerns the organization of the* Vlearneti" structure 

In the child's mind. f • ^ • 

No data are presented with regard to the thifd criterion • While the"^ 

authors assumed concrete operations > the age level of the children would 

suggest variability of stage levels Moreover > the syst«n of problems 

that were used in the experiments and .the experimental methodology are 

highly disputable. with regard to each of the above general criteria. In 

the face of such disputation, one can only conjecture as. to' the •substantive 

contribution of the instruction to the children*^ mental development. 

Here, it must be noted that Talyzin^ ["6:22] considers the instructional 

program not beyond the powers of children in the first grade and that ^ 

it was mastered fully by the majority of pupil^ 
* » 
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LEARNING CAPACITY; ANR AGE LEVEL; INTRODUCTION V 

B/El^konln and-V#^V. Davyddv * 

-*. <*■ *■ ■* 

There has-been much' discussion In recent' yea^s» both here and 
/ abroa^, concerning methods -of improving content of grade school * , 

j' education. In the discussion, attentidn has been centered on findlqg-* 
/ .ways of * bridging "the^ap bet!ween 8chDol\c«rric<ila and modern 

Salentif ic knowledge • Elementary instruction , with its resources 
:^or broadening and deepening education as a whole, is an important ^ 
instrument to be used in solving the^comp'lex problems in bridging 

.* 

this gap. Up tp now, however ^ the resources of elementary instruction 

' p. 

have not been used to thair full extent'* Furth^teore,; attempts 
which have beefi made to substfitntially alter elementary instruction 
have met with a number of serious objections. One particular 
objection has to do with the traditional conception of age level as 
a factor Un the mental activity of prtoary school children > Age 
level supposedly radically limits the range of information and 
concepts which grade school children can learn* ' 

^ 

For several years, the research group at the laboratory for the 
psychology of the primary school child at the Institute of Psychology 
of \the Academy of Pedagogical Sciences .has been studying age level 
as a factor in the intellect of primary school children. Issues 
confronting this research group are: Does age level in fact 
drastically limit curriculum content and the ways it can be altered?; 
Are there capabilities for intellectual development at the primary 
grades which remain undetected? How are these assumed capabilities 
related to ways of designing academic subjects? 



*From Learning Ca pacity and Age Level ; Primary Grades , edited 
;by D. B. El*konin and V. V. Davydoy, Moscow, PrQSvaahchenie, 1966, 
pp. 3-12. Translated by Anne Bigelow. 
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/in this hook/^we outline our approach to these issues and set 
forth soina specif ic7 results of' our attempts to resolve them. Our/T 

fisearch^has been guided 'by the theoretical statements formulafced) 
.as J^g ago* as the i930*s *by tl^Soyiet psychologist 'L. Vygotskii 
which, in our view, reveat the'basid long-term course of development 
of educational and chil4 psychology. Vygotskii* s staten^nt^ are* 
being corroborated and developed fur^iher in contemporary .theoretical 
and experimental psychological r^edrch (A. Leont^ev [7]; ' * * 
C. Ya. Gal*'perin, A. V;- Zaporozhets', ^nd D. 3. El'konin [61; attd ' * 
others). For. us tlie key statement was that in t;he final/ analysisT , -.^ . 
a pupifl^s mental development is determined b y ^ ^he cont;^nt of what he ' 
Is learning , . Existing intellectual capabilities mus^ therefore be 
studied pi^imarily by 'making certain changes in wh^t cAildren le^m 

at school. V * ' 

When Itivestigating mehtal development ,\i^chologists tend to ' 
study certain laentjal operations which are maximally independent of 
specific subject matter (tliis is essentially the approach- taken by 
psychologists of the school of J. Plaget) . Vygotskii was critical 
of this research method: 

The attempt to analyze the mental development 
of the child by making a careful division between 
what comes from development and* what comes from 
learning^ and then taking the results of both these 
processes fin their pure and>tsolated form is typical 
of this approach. Since. not a single researcher has 
-yet been able to do this, imperfections in ^e 
methodological procedures being used are ud^lly i 
cited^'^s the cause, and an attempt is made. to 
• compe'feate for their shortcomings by usifiig abstraction 
to divide the child's intellectual characteristics into 
- thosfesarising from development and those resulting from 
learning [9:252]. ' 

We are.in agreesment with Vygotskii that attempts at such a 
•'division" not only are impracticable, but hinder fruitful study of 
"the actual conditions and principles governin,g the child *s mental 
^ development. The vecry fapt that a child has mastered certain material 
L is the moat important index of his intellectual capabilities and thus 
^ of the next zone of development of his mind. Of course these capa-- 
bilitfes need first df all to be brought to light and established 



and then drilled and converted f roa- "the next zone of development" ' 
(to use Vygotekil^s words)-' into ^actiia] mental skills. Teachers 
frecjiiently^are unable to do this iji actual practice. ^But this 
inability is no reason to adopt the theoretical view that* mental 
.development is ^'independent** of specific content and the actual'^^ • 
leartxing process • On the contrary > one of the basic problems of 
educational and child psychology is to make -this dep^dency known 
(and it; is" by no^ means^ dlredt , simple, or unambiguous). 

In this book several aspects of this dependency are ana^Lyzed ^ 
and certain* methods of ^'groping" for .it- are descifibed. *Majo^ . 
attention is devote^ to child!ren's mastery and /use of knowledge and ^ 
concepts which seem "unnatural" and "super-difficult" wj.thin the 
Jramework^ of traditional understanding of their intellectual 
capabilities as related to age level,. The main task of the research 
is to Sftudy ways of designing academic subjects and children s 
school work so that much of it becomes "natural" and "accessible" 

to them* V ' 

But it must be. definitively stated that such a position is not 
tc^ be^identified with the assertion one meets that "the fundamentals 
. of any subject^ can be taught in some form at any age" [1:16]. This 
assertion by J. S. Biruner is of positive value in that he chall^ge 
the traditional absolute way of characterizing features of the 
child's mind according to his age levels In itself, the conviction 
that 'the child possesq^^ great reserves for intellectual development 

"s correct. ^ • ■ » . 

• * 

It would 110 t be correct > however, to make these reserves and 
capabilities absolute* The reason for not making them absolute* is 
rj^t because they 'are small or becaWa we already see their limits, 
but rather because . we* understand the /sources and conditions under 
which t:h||Jmind and its capacity for cognition are shaped during 
learning. No master how strikingly great this capacity for cognitio 
is abstractly, in each particular instance it is the product of 
many i^on-psycho logical factors. First and foremost among such 
factors are the social demands made on the general intellectual 
development of the person as he participates in a particular 



l^lstorlcal form of production. In the end social demands are 
precisely what set. the "liLmlts" for the education of the xaasses 
and, by the same* token, for the extent of tHeir actual mental r 

• development as well. The type of logic and means of conveying ^ 
knowledge Inlierent In a particular: society al^o'plajr a latrge role" 

in Intellectual development. Means of Conveying knowledge detenalne 
the ways stsjred kifcwledge^ and, the "noxtos" for learning at vat'ious . 

^stages ("age level") of mental development are handpd down. - 

In our view> it quits important to hay(B specific knoWledg^^ 
of various* social sources and^ond^tions. of mental development - 
fn ordet to "chartJthe course" of the lijtell^ect it any .glveii^-^ge^^ 
level. Close cooperation wijth mbdern sociology, ^wlth Ijjbeory of 
.Icnowledge, and wi^ logic is indispensable for acquiring such * 

*^specif ±(i^ knowledge^. These disclpllnea in particular will help , , 
overcome the idea, still currents among many psychologists and 
teachers, that the sources and motivation of mental developnient 
lie in th6 Individual himself, that is, in his "nature" (sometijnes 
understood t9 be physical oV organic) and in the Vinner laws" 
of his Intellectual developnient (supposedly inherent) independent - 
of th'fe specific historical .conditions of his existence and education 
(in the Woad sense of th'e word). : 

Sometim^ 4 advocates of a "rtaturallstlc" point of yiew claim' they 
are advocating the "specific character" of psychological principles 

^ and are preserving psychological analysis from "flat soclologizafcion. 
Of course it is necessary to defend the specific character of 
psychological analysis and to investigate psychological principles 
proper. But it is toportant how psychological^ principles are 

• inXrestigated^ how they are understood, and ih what way they are found 
to be connected with the social conjiltions of hulna^ development. 



This is the way the "naturalistic" theory Interprets the 
sources of human Intellectual development * It does not refuse " 
to ''admit the influence of "social" factors on this development, 
but its "inner laws" are what it makes absolute. A detailed 
criticism of this theory is given in the work of A. N* Leont*ev [?]. 
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I£ one knows th^part\lcular history and structure of soc^ltl 
conditioas oL^uman development » then one knws the very natufe of the 
social lndlvld\ial > The principles hyk which the Individual appro-- 

• priates th;£s nature are the very psiychological laws by which ^e ^ 
becomes, a personality — a peysj?n „ » the . laws of his psychic . 

. ydQvelopm^t » Sociology ^ philosojtix* and logic can show how the 
natur^ of the sociaj: individual is's/iruct^ri^ apd hov it^ functions 
in SicfhieSy* They do not, however, reveal th¥ specific way^> me^ns^ 
and laws- iy wh^tch particular ' indiyidual a ppropriates his socially^ ♦ 
feiVen natuife* Thi^ is ^ patter for psj^dhology ^ but for psychology ^ 

^ of the sort through which one can regard matins ";Lnorganic" iiature 

* aprrectly and can turn- knowledge of it into a tool for studying the 
'processes of - individual psychil: development • . 

Karl Marx^ in his book bequeathed to psychology said that: 
♦ the history of industry and the physical reality of industry. 
« as it has come to be are an open. book of essential human forces » 



human psychology presented to us^^ensually • |^ • • - The .kind of 
psychology 'to which this book, 1. ft sensually the most tangible^ ^ 
accesslHle part qf history, is cloged cannot become a really 
signiflcknt or practicable science" [8: 594-595]. The. "history 
of industry" is, of course, the maximum and final expression of the 
"essential forces^ of human nature. But the ^essential forces" 
and their derivatives (the structure of material and ^spiritual 
culture) are precisely what need to be known\by the "practical" 
^ p8ychol<>gist called upon to stud"^ the development of the human 

psyche, as this development occurs in part through socially organised 
^^^fiirm^of instruction. 

* In Chapter One»* a>epecific psychological and psycho-peda^gical 
analysts of this problem is given (in particulars the correlations 
between learning and development). Before the specific analysis is 
gi^eh, though > it i^t important to explain the general theoretical 
background against which psychological research on the formation of ^ 
the child's Intellect, including it^ features and capabilities as 
they relate to age level, can be carried out. 



The next article in this volume » (Ed .) . 
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Even thoug\i<we are f^nnly convinced that the potential of the' 

human mind is at present difficult even to* estimate, it 'is" so great 
that its determination i^ mainly a matter of "Studying and discovering 
"the Secrets of lear^'fe."^ „ At 'the same tine, it is' most importadt 
in each p,er^.od — including th4 present to study dpe^if ic ^ . 

practical (or realizable in \the foreseeable future) -methods for ^ • ^ 
raising the coefficient of useful" learning activity .and rai^ng the 
level of, children' a intellectual deVeloj^ent. 

It is impossible to c!i;Aracterize capabilities f or ^earAing . 
(p£irti\:ularly"with regard to' age level) in the abstract. The 

-^akne^s of Bruner's formulation (the formulation itself but- not ' _ 
the actual thought), is that it makes reference to "certain" abs^tact 
"forms" 6f teaching "the fundamental^ of -any Subject" to a child 
"of any age." The whole problem, really, is to find forms ol instruction 
which are suitable for each specific instance and given age level. 
And these are not something which can be devised and made "'any way 
you want," as the I6gic by which these very^ forms develop is an 
objective logic det^rmine^as we mentioned above, hy many general 

- social factors. If one gropes for the logic behind the development 
of these, forms, the specific phase 'or step at which the forma and 
means of learning are ' changing now , one is really investigating 
specific new capabilities ^or learning and their manifestation at 

various age levels. " • • 

At first glance -the above statements appear to be only theoretical. 
But they do, in fact, bear a .direct relationship to the methodology 
and tactics of psycho-pedagogical Research into streamlining what is 
being taught. It is advj-sable to study the capabilities for learning 
.at various ages by rejecting and departing from the .accepted and - 
. sQciallv established curriculum (of the elementary scho6l in particular). 



^We agree with the writer and scholar I. Efreraov«in his , 
evaluation of the great capabilities for learning which "the average 
individual" possesses and the role of genuine "stu^iy in bringing ^ 
these out, asAe has characterised this vividly [2 J. 
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Inteiisifylng particular- sections of curricula, showitig that 
children -caxx learrf new content > and shAflng that the changed 
currl^culum both Intensifies further instruction and affects the 
child *s intellect (at first, of course > in ^erimental conditions) 
are practical step's from bur point of view in studying n«w learning 
capabilities. ' - 

>^ The following facts are therefore i^porttot to us. 'As^oxir ' 
experimental investigation shows (see Chapte^ Two*) » as* early as 
tl>e first grade chil^reii caq be introduced' to certain basic relation* ^ 
ships between quantities > a description of their properties in a 
system of formulas usingS letters , and ways of using ^these formulas, 
in the mathematical analysis of one aspect or anothep of quantities. 
After these fundamentals have been learned successfully by "ordinary" 
first-grade children, the concept of niunber as a form of representing 
a particular relationship between quantities may^ be introduced, a 
' very farsighted move for the further study of numbers (fractions , in 
particular). Moreover, first-graders are capable of handling such 
a problem^ap follows. Given the. formulas • - 



— ^ «« 4 and ■ 6, 
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children can find that u > m. That is, they, are guided by the complex 

7 

dependencies existing among -the objective 'facts of dimension, measure, 

.1 

and- number. ' > * 

The work reported in this book is f ocus^ed on. a greater 
broadening and deepening of intellectual skills than is traditionally . 
called for, capabilities of the child's mind which are notf or4iiiariiy>v 
taken into aqcount nor especially "cultivated." Second-graders who 
f-ollow the experimental Russian language curriculum (see Chapter 
,Three) are able systematically to isolate, analyze, and describe 
the grammatical forms of an artificial language on their own which 



*The last three articles ift this volunie*(Ed.) • 
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^is concrete evidence that these children have begun to thlnlc Vabout 
fehe complex ' InnerrelatloiygJ aPtv^n the form of a wor^ dnd ^l>at it 
communicates If this is the kind- of knowledge that t^ie <thild|» 
1% able to b^gin to ponder > HheA the whole sub se^ent, course of 

. study of his nativa, language ^an be made more •^n^eresting, mpre 
serlQuS, and, most important, more intellectually challenging than \ 
wlth^ t^adltl6nal grammar. , * ^ • i 

The material presented in thiS book shows that the %tBllectuail 
capacity of children in the^ primary^^radea is considarabiy more 

extensive and more varied than that toward which the accepted, k 

■ ■ ' ■ / i 

traditional content of elementary in3truction is oriented.^ We if 

* believe this to be a proven fact [3,5]» 

The results were obtained while teaching experimental curricula 
especially designed to ascertain certain "broader" intellectual , 
potential in primary school children* Therefore, it is hot' claimed , 
either that they are complete or that they can be instituted in 
^schools J^n a mass scale in the form in which they wer*e 4|evised' for 

^ experimental purposes. We are, in fact, becoming more and more 

convinced that if the curricula are elaborated somewhat — primarily' 
in teaching methods — Chey are re^dy to be tested on a much broader 
scale than the demands of "pure" psychological Experimentation 
•dictate. 

Devising experimental curricula (in mathematics, Russian 
language, and manual^ training) and -using them in teaching are thus 
thft particular method used to Investigate capabilities for learning 
based on age level [5]» Of course, as such investigations are 
carried out, a number -of issues *are encountered concerning the* 
general ways of structuring academic -subjects which in turn leads to 
" the necessity for 'considering certain specif ic -methodological 
problems. And the latter cannot be analyzed without "involvement" 
in the subject matter — mathematics, linguistics, and so forth. 

Academic subjects actually need to be structured jointly by 
representatives of various disciplines, lut-. since such teamwork 
has nc^t yet been wbrked out as well as it should, psychologists by 
necessity must make excursions into the various disciplines. True, 

* ' 8 



only what pert^Mp^ directly t(^' sej^tiag^up an acadt^jc suMect ^ \ ^ 

interests 'the ps]^i^Kolo:gfi^ts. , The ^^BStt^J-ss^ues cjdneerit the nature oi' f ^ 

abstraction, th^^ genekXc*" coh^ectlon between A>£ifi£pts, me^s of ^ ^ 
, expi^esslng -concepts In symbols , an4 so forth. But if the fundamentals 

• ^ 1 « • 

of the Qpcperimentai •curricula are not' explained in detail it^^wQpld-vfee*. 

d^f f icult?-^?!5^ at the present stage o^wprk, infamy cfse * to ^escti^e 

the actual instrtiction pirocess which leads to the dlsbovery of new * 

araing*. Considerable space, tljep, is. devoted tx> 

-an analysis en maunematical and 14.ngulstic>iisues tbut only from ' * 
/ ' ■ • . ^ ^ 

the standpoint of educational psychology).^ 5*1 ^ ^ . 

< For a par-ticular purpose, research int;cf orfe aspe^it of ^he so- » ^ 
calliad '*for?ial** inteU'ect^j^^the ir^terp^ tnrental) level of of>^ationif 
(see Chapter Five) — wSfe eonildered In our wprk. But the data ^ '* ^ 
• obtained are significant only in the contexF*of a total investigation . > 
of the*chlld^*s intelfectual cap&bilities. . ^ ^ , ' * ' 

As said before, designing ^perimental curricula wa& our method " 
of working. One must keep In^^ind, however, that setting up and 
providing for such work is exceedingly tomjilicated, time-cons unjing'^ 
and crucial because It has to do with the actiial learning process .■\ • 
in real schools. Much^f the Jiurden here falls op those who 
actually implement all the experimental notions/-- the teachers and 
school administrators • These people have b^n a constant source of 
help, support, and\ businesslike critical appraisals o^/all our 
work which are so necessary in a tfew and ^complicated 'matter • Our 
' research group takes this oppoi^unity to^ express its sinc^e 
appreciation to all the teachers who used our cui?ricula and to^-the 
adminlstratio^^of ScHools No. 91 and 786 in Moscow, School No. 
11 in Tula, and the village school at Mednoe, Kalinin province*^ 
for their help in organizing the research. 

This book is arranged as follows.* The introduction (by D, B. 
;El*konin and V. V. Davydov> and Chapter One (by El*konin) state 
thQ theoretical bases for the experimental work and define our 
approach to the study of primary school children s capabilities fo? n. 
learning based on their age levels Chapter Two (sections one and two 
by Davydov, and section three by G. 1. Minskaya) character i zfd the 



*Only Qhapters 1 and 2 of the original work are reprinted in 
this volume (Ed.). " 
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capabilities as they apply study of mathematics ^in first grade^ 

Chapt^ Three (sectiW^ne by L» !• Aidarova and secticgi two by 
A. K*. Markova) deals with the capabilities as they apply to the . 
study of the Russian 'lan^age in grades tw<^ through four* Chapter ^--^ 
Four^by E. A. Faraponova) deals with the capa^bilit^ea they 
apply to manual, training in f irst grade. Chapter Five <by Ya. A* 
Ponomarev) contains ^^majterial showing the connection between instruction 
according to experimental curricula and aspects of the interxial 
level of operatictoSa^ . * , ' 

We have been ablfe to set forth only some of the material we 
have obtained since the fiirst collection of our papei>s [4] came out.*. 
The research i^^ntinuing, and ^new proble^pis and tasks ar$ appj^ring* 
.Stilly it is hoped that by reading this book educational ''theo;rists, 
methedolo gists,- child pgychol^ists, and thoughtful teachers will 
be convinced that the untapped capabilities of children are great 
and that much reipains to be.cfone to improve school instruction, ,what 
the children are learning > and the tempo and level of thei^ mental 
development • . 
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PRIMARY SCHOOLCHILDREN 'S INTELLECTUAL CAPABILITIES 



^ AND THE CONIM OF INSTRUCTION 

D» Ei^konin ^ . .. 

\ ^ 

iTh^ advent of unlvetsal coippulsory elghth^^grade education and. 
In ^heii^ear future, tenth-grade education ±n our country, broadens 
.the opportunities for significantly improving the structure, content , 

^and methods of academic instruction, which, in turn, is involved ^ 

^with our ever-growing interest in problems of the child *s mental 
and personal development, *In ordep^*4;o benefit from these oppdr- 

^ tunities and to avoid haphazard and.-fJremature solutions to the 
pij^ctical problems^f acing public education, a number of complex 
scientific issues neadH:o be worked out ahead of tii^e. Important 
conditions foif a scientific approach to these task'feT is an 'improvement 
in the level of (;heoretical and experimental investigation into the 
mental development of schoolchildren and, in particular, Increased 
attention to an analysis of ^the theoretical views in Soviet education 
and psychology , on these problems* the same time, of course, 
a special examination of the KLstory of the conn^ct^on between 
instruction and pupils* mental drwelopment needs to be done* 

The problem of this connect^n confronted child ps^^zhology as 

•far back as the 1930* s, when a significant change occurred in the 

educational system.— the transition from comprehensive instruction 
at • 

to instruction b^ subjects * Thirty -years ago two hooka devoted to ^. 



issues in the mental development of schoolchildren came out, each' 
written by an outstanding Soviet psychologist — P* Blonskii [2]* 
and L. S* Vygotskii [-8]'. * . 



From t^earning Capacity - and Age Level : Primary Grades , edited 
by D* B.- El^kojiin ^nd V. V. DaVydov, Mascow, Prosveshchenle , 1966, 
pp. 13-53* Translated by Anne Bigelow. 
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Blonskii, relying on analysis of curriculum content ^ attempted 

to chjhracterize the thought process at each stagd in the school 

yeafs and the Qonditions for the child* s transition from one form 



tions^J 



of thinking to another ♦ He^ wrote: ^ 

k. * 
In teaching children, the school inevitably must 
consider the extent to which their thinking is 
developed. We may therefore confidently assume that 
to some e^xtetvt curricula refleci: the general course 
of development of the pupils* tninking; . . 

Rather than analyzing any specific curriculum, 
it would be more expedient to take the content that 
- the most authoritative curricula all have in cominon 
andf.*that to which there are no weighty objectiSins 
frotii anyone. On this basis we can assume that the ' 
part of the curriculum on which the .teachers completely ^ 
agree actually gives a true picture o'f the development 
of a child's thinking. 

But it does so, of course, only in its geperal^ 
approximate features^ and from these. curricula we can 
hope to obtain only the most general picture 'of the 
tievelopment of the child's thought process, satlsf ac^ai5y?>^ 
only at ^he' beginning of the investigation, as a poinjt^. Vy 
of departure for it L2:158]. ' " 

Blorfskii divided the school years into three stages: early 
prepuberal childhood (ages 7 to .10), late prepuberal childhood 
(ages* 10 to 12 or 13), and pubescence (ages 13 to 16)."^ As a 
summation of his curriculum analysis Blonskii outktned the general 
course of development of the thought process as follows. Early 

^and la$e childhood is characterized by thinking according to rules 
and by striving for detail f pubescence is characterized by proof- 
seeking, including skill in mental details Early prepuberal childhood 
is the period of concrete thinking > late prepuberal childhood 
the period of thinking in relationships > and pubescence is* the . 

^period^of abstract thinking [2:169-1701. 



■^We shall not' consider the principles Blonskii used to divide 
the school years into periods. ' | 
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The XEiethod of analysis which Blonskli used may be exemplified 
most clearly by his dlscussida of the mathematics curriculum. 

In almost all^he curricula, arithmetic is to be 
studied in the lower grades^ and algebra In early 
adolescence. The psychological difference between 
arithmetic and algebra is tha^t in the former, when 
one operates with numbers (figui^es), on^ is thinking 
in i^rticular empirical numbers, whereas in the ^ 
latter, wh^n one operates with letters, one takes 
them to mean any numbers of a, given type. Abstract 
thought reaphes its culmination in algebta-j^ In it, 
thought is abstracted even from empirical ntmibers. 
'4 

By* analyzing mathematics curricula one' can chart 
the important landmarks in the development of abstract^ . 
thought in schoolchildren in so f ar^ as the study of ^\xclf 
a maximally abstract subject ''as mathematics is a gopd 
indicator of the maximum leVel which children's abstrs^t 
thought will reagih at various ages. Arithinetic and 

* algebra — first being vbere tjia qualitative distinctions 
of* objects are' abstracted, so that only the fact that 
they are objects, that is, only their distinctness 
(only ntjmber) remains, and the second V^ing where ej^en 
the specific numerical values of objects are abstracted — * 

, these are the two basic stages. 

The school arithmetic course breaks down clealrly into 
two parts whole numbers and fractions # \irtiere concrete 
numbers usually form the transition from the first part to 
the second. Whole numbers are studied in younalr (ages 
7 to 10), and fractions in older prepuberal childhood. 
Through the study^f whole numbers In younger torepuberal 
childhood, the child will reach the ^age at yhlch the 
qualitative attributes an object are ab^tr^cted, the stage 
of quantity and value. Through the study of /fractions the 
child will reach a second "^tage — the stage of quantitative 
•relationship. This latter stage is the stage of abstract * 
thinking about the -relations of objects devbld of all • 
qualities. The stage of thinking in abstract relations 
thus follows the stage of thinking in qualitative abstraction 
[2:161-162]. 

The thinking process develpps further in early adolescence as 
the child studies algebra, and in particular, as, he solves equation 
Blonskli wrote: 
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^At this age the chi^d' learns to ^operate with abstract ' • 
general numbers instead of specific empirical niambers^ and 
to establish maximally general and abstract laws about 
numbers* T3>is> after all, is, essentially what constitutes * 
the unit on proportion and the solution of equations based 

.J on it [2:162J. * 

* * 

Summarizing his analysis of the development of the thought 
process in the study of mathematics^ Blonskii commented that: 

The fundamental stages of development of asb tract 
thought in pupils can be perceived in mathematics • 
curricula* They are:^ 1) the stage where qualitative 
attributes of objects are abstracted 90 that only 
particular empirical numbers and relations between 
riumbers remain; 2) the stage ^of general abstract 
numbers J and 3) the stage of abstract quantitative 
law^ [2^163]* ^ ' * 

^particular research which Blonskii and his associates * 

. 2 
interpreted in the-book we are discussing basically corroborated 

the general picture of the development of children's thinking they 

obtained through\ curriculum analysis. Of course > the researdh 

added detail to the general picture > intensified it, and posed a 

number of problems c^diic^erning the connection between the development 

of thinking and the'^i^iPfelopment of perception, memory, and speech* 

In his final chapter, Blonskii returned to a general outlj^ne 

of the development of .the though^ process and examined it as it 

relates to improvement in perception and memory, ^ut this time ffom^ 

a genetic standpoint* " 

Earl^ prepuberal childhood is the age of very intensive 
development of purposive attention, and late prepuberal 
childhood is the age in which the mnemonic fun<?tion achieves 
its. maximum development, while adolescence is the age^f 
problems, reasoning, and arguments* The function w!rW» is 
maturing at the greatest rate — thinkling — begins to manifest 
it;aelf with great energy, and it plays a tremendous role 
itj, the life of an adolescent and young adult [2:278]. 
(italics ours — D. E*)* 



' 2 

See Chapter III, *'The* Development of Concepts at the Grade 
School Level*^; Chapter IV, "Understanding, Keenness of Observation, 
and Explanation at the Grade School Level''; Chapter V,- "Learning 
and Thought"; and Chapter VI, "Rational Thinking" [2] (it is not 
ouiT task to analyze the methodology^ of this research or the results 



— D* E*). 
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Thinking is oiie of the functions Which in both 
ontogenesis and phylogenesis develops later than many 
others. Because we' do n6t wish to disparage or under- 
rate chlldijeni we should not disparage the thg^ing 
process by ascribing an unnecessarily great Spacity 
for it ^Iciost to babes in anas^ The^ thought p.rqcess 
develops on the basis of the most eleirontary intellectual 
. ^functions, and Ip order to be capable of reasoning > one - Z**^ 
must already be observant, have sufficiejit practical 
experience and knowledge, and possess sufficiently 
developed speech [2:279]» ^ 

Blonskii thus f ixids that perfection of the most elementary 
functions of peirceptlon and memory, is prerequisite to the development 
of tiie ability to 'think. This thesis 'is iu^ortant, because it 
necessitates a return to the principles for designing curricula. 

Actually/ since teachihg ±b supposed to assist iat^lectual 
development, and since the development of the ability to think at 
the early stages of school is determined by the development of 
perception, then it is natural that the use of visual methdds 
not only as a didactic pfrincipie but also, as a prlnci{)le fpr the 
selection of material— - should be basic to designing cui^ricula 
for the primary grades. Blonskii considered it proper that "curricula 
for the early grades are constantly emphasizing the development 
of the child *s powers of observation, while methodology reiterates 
the importance of visual methods in teaching primary school children'* 
[2t275]^ 

His approach to the development of Vpaory was analogous. 
Because memory develops mqst intensively in older prepuberal childhood 
(&ges 9 to 12) and verbal memory attains its maximum development at 
this age, then *'it is understandable why the memorizing of poems, 
of the lilultlplication tables (and of tables of addition, subtraction, 
and division, in fact), and of all kinds of rules, geographical names, 
and so forth, occurs in the primary and midd|,e grades" [2:245]. 

Thus Blon^ii . first analyzed the currj^cula and inferred from 
them the general developmental characteristics o£ the child ^s 
thinking process, and then proceeding from more detailed research, 
substantiated the content of these very curricula by making referenc^es 
to the "characteristics" of the development of the thinking process. 
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As a result It appears to be corfect to assort that these curricula 
correspond to the logic of the chitd/s mental*^dev^elopment and, 
moreover* that they have been *subst^tl,ated by psychology* Naturally, 
while these curricula might be improved^ in Retails, they cannot be 
altered in any substantial way, for this^^.wouid contradict the laws 
of the child's mental development..., \- ,v ' 

Thirty years have passed since Blonskij^*>ls \pok camo^out. A 
great deal ftf research has been done since thaD^ on the child s 
thought processes. All of it ha?i basically cortobor^ted the 
characterization of the thought .^process made by Blonsk^i through 
analyzing curriculum content and the logic of its design. It is 
interesting that he acquired his data by investigating, concepts 
which were formed outside the formal instruction proces^ as well 
as those which were a part of wliat was being taught. ' ' 

Blonskii's study has been discussed in detail because Vt 
demonstrates most sharply flaws of research into the mental 
development of children and because it permits a number of quesrtipns 
to be posed about children's mental development* But first the : . ■ 
origins of the conceptions ,pf children's mental development to which 
the curricula are oriented must be looked into, as well as th6 
principj^es by which the curricula were designed. 

Formal- instriictionv, schools, and curricula have a vpry long 
history — considerably longer than that of scientific child 
psychology. Scientific child psychology appeared in thd nineteenth - 
century, while instruction reaches far back in time. Of course, 
teachers and curriculum designers in the past havg had certain C 
empirical notions about the child's mind. But what determined the 
choice of curriculum content was not so much empirical notions as the 
tasks society demande^hof the training and instruction of the younger 

— < 

generation. In a class society these tasks were different for 
children of each- social class — for children of peasants, worker^, 
tradesmen, landowners, and capitalists. 
^ -.One needs but to recall the school system in prerevolutionary 
Russia (the parish school, the district elementary school, the city 
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elementary school, the city academy, the progymnasium, and the 

gymnasiuia) to clearly imagine the degree of differentiation of - 

instruction which then existed depending on the aJms of the ruling 

classes In the realm of education and to Imagine the limitation on 

the tasks for Instruction in the schools for thoa^e at the "bottom.? 

" The system of differentiated itistructipn, intended for various 

classes (and layers) of society, was^tructured according to the 

principle of closed concenters of knowledge^ and skills. Historically, 

concentrism as a principle for organizing curricular material grew, « 

in our view, out of a mechanical process of a/ranging the tjrpes of 

schools one on top of another. There were fo|^r such closed 

concenters in Russians prerevolutVonary schools: (a) the grammar 

school in which only the skills of reading and writing* were taught 

(chiefly Church Slavonic) ; (b) the so-called public elementary school , 

in which practical skills in reading, writing, and counting, and a 

range of elementary informatij^on aboUt natural phenomena were provided; 

(c) the cifey academ y and the progymnaslum , in which a summation pf 

empirical knowledge from various disciplines (geography; history, 

natural sciences) was provided; and finally (d) the gymnasium (or 

i — 

a compkrable educational institution), in which a strictly theoretical 
education was provided (in the classicaj. humanities^ or the sciences) • 

Certain of th^se closed concenters were dead ends of a aort. 
Transferring from a lower t3rpe of school to a higher one was impeded 
not only by direct political and economic obstacles but also by the 
limited instruction in the lower concenters as compared with the 
higher ones, 

^ f ( 

Although historians of the schools (but notx ju^t historians of 

educational ideas) need to analyze the particular types o^ schools 
and the historical conditions which determined their rise/, the only 
historical ^fact of importance here Is that the elementary school 
began long before children's mental development was studied scien- 
tifically. The content of instruction in the elementary school was 
dictated first and foremost by the tasks set for it by the government, 
which was the mouthpiece for the capitalistic society. * 
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A striking exsjnple of how the ruling class in the person of the 
tsarist government llinited changes in the content of elementary 
instruction in eyery possible way is the debate 6ver the books 
by K. Ushinskii^ Our Mother Tongue <Parts I and II), which ^ 
appeared in 1864, soon after the emancipation of the serfs. ^ 
Ushinskii championed the^ itiea of instruction as development . He^ 
understood that mental deve^ppment' is organically connected with the 
content of instruction. However, even the very limited and, it 
would seem, politically neutral changes Ushinskii' tried to introduce 
aroused stormy protest among the bureaucrats of the tsarist government. 

f'tvBn the pHilosopheri and teachers who were fche most progressive 
of their time (Comenius, Rousseau, l5i6sterweg, Ushinskii^' and others) 
were always limited in their attempts to formulate principl^ of 
instruction' (didactics) by-^^i^tasks tj^e ruling classes of society- 
set for the s^ool. It might be asked 'whether the didactic principles, 
formulated by teachers of the past are an ideological expression-, ^ 
of sorts, of the limits which society placed on the educatiqn of the 
masses. We are inclined to think that they are. If -some of these 
principles are examine^, such as the use of visual aids ,- the principle 
• of comprehensibility , and others. It can readily be seen that each, 
contains both progressive and conservative elements. The progressive 
element was aimed against the scho'l«s.tlfc schdol and against the idea 
that knowledge is i-ncomprehensible to the mass of children and the 
conservative element was aimed at limiting the content of education. 
The progressive element of the principles had significance at the 
very beginning of fhe struggle within bourgeois society for the 
education of the children of the- masses. It was proof that such 
education I was possible, and it showed the conditions under which it 
could take place. But as the" schools developed, the significance 
of the progressive element dwindled, while that of the conservative 
element, which limited the content of instruction, increased. Still, 
the didactic principles governing teaching technique and the 
selection of. content-, at the time the public elementary school was 
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being set up, were an expression of the curriculum designers' views 

about the processes of mental developilient and their relationship to 

teaching. Even the most progressive teachers from the seventeenth 

to the nineteenth centuries (at least before the time of Marx^ and 

the majority until this century) viewed the mental development of the' 

child as a maturing process. This naturalistic approach to mental 

development gained even more support after Darwin • Development 

was viewed as gradual maturation, a natural process which follows the 

inner logic of natural laws in the same way as embryonic development 

does* This point of view is still held by certain foreign investi- 

gators of children's mental development. 

Quite naturally, so long as this view of mental development 

prevailed, instruction was oniy able to follow thi^ natftirally 

unfolding development and make\use only of its finished products. 

Vygotskii described this approach in the following Way: 

The view of the relationship between instruction 
development held first and most widely here up 
to now has been that instruction and development , , 

^re thought of as two independent processes * Child» ^ 
development is represented^s a process which obeys 
..-.-natural laws and is a kind »f maturation, while 

itiatruction is understood as \ purely external use 
'"' of the opportunities^which ariW in ^the developmental 
process [9:251-252].^ ^ 

One thing is certain^ During the struggle to establish the public 
elementfiry school in Russia in the mid-nineteenth century, the point 
of view that curriculum designers took was naturalistic. Like any 
curricula, the elementary school curricula of that time embodied 
materially the tasks assigned to instruction and the views of mental 
development which their designers took^ Didactic principles are only 
their concr^t4. expression. 



3 

Note that Vygotskii inditates that tUis viewpoint was very 
widely held here , that is, in Soviet education and child psychology 
of the thirties. Unfortunately he does not name specific proponents 
of these views* ^rhaps he was unable to because the view was so 
widely held. 
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We .know that elementary school Curricula have tindergone no \^ 
essential changes up to the present. The Soviet ma thematic iaji and 
teacher A;r'¥aJ Khinchin, indicating that our mathematics curriculum 
is a poor copy of prerevolutioinaryvcurticula» wrote: "In our ^ 
tfoutvtry^ where every worker is a conscientious participant inV 
production, school loathematics should nof be restricted to the 
bourgeois inculcation of b^re recipes and narrow practical skills 
which open no scientific perspectives'^ [5:19] (italics our — D. Et). 

The same is true of the Russian language curriculum and of . • 

others as well, even though tha elementary school underwent radical 
reforms immediately after the October revolution. It is not simply 
that elementary education became universal and compulsory. Funda- 
mentally, the school was assigned new'^ tasks, and the content 
instruction was reexamined. Scientific materialistic knowledge 
about nature and society penetrated thinking concerning the elementary 
school, a reformation which resulted in a radical difference between 
the post-revolutionary elementally school an4 the prerevolutlonary , 
**public" elementary school. 

But in spite of the f unddcfental change in the content of 
elementary instiTUction, the y/ays in which it is organized have 
remained^ as they were ^efore. The elem^^tary school has remained 
a, closed concenter of skills and elementary ideas and the content 
(even though ity-is new) has bean organized o^ the basis of didactic 
principles whicH^limit young pupils* opportunities such principles 
as the use of visual aids , coi^creteness , and compr ehens lb 11 it y . 

^ The causes of ^is si taction, while varied, are primarily 
historical and socio-economic. l>fhile it is the task of historians 
of the Soviet school to analyze such causes, one causa is of interest* 
and is indicated. Tlie basic approach to mental * development and 
inl traction was carrie4 over along with th^e^^rricula, which are 
new in content but old in the principles of their design. 

One begins to understand why. Vygotskii regarded the view that^ 
instruction is a purely external use of opportunities arising in 
,the developmental trS^turation) process as the one inost widely held 
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views. However, not only did Blonskii justify the existing elementary 
xiurricula; he substantiated it.with data from psychology. At the 
'same flme» he pointed repeatedly to the influence of *the school 'bn 
mental development. 

My varied investigations, described in thp preceding . 
chapters, have convinced me that the schools* influence _ 
on the thinking process, beginning from the day the child C '"'^ 
starts school, becomes particularly clear in adolescence* ♦ 
In particular, the enotroous influence of such a public 
institution as the school on the development of the thought 
process has become evident in all'^of our research, in both 
particular and general conclusions" J 281-282] • 
• * \ 

Blonskii, In recognizing the influence of the school on mental 
development, was guarded. The reason the school's influence on 
the development of the thinking process '^becomes particularly ^ 
clear iij^dolescence" has Veen answered by certain researchers. 
As they see it» the maturation process is coming to an 6;nd by 
adolescence and^ for this, very reason, instruction begins to exert 
Its decisive influence^. But instruction is not influencing development 
i'n the proper gense of the word, nor is it influencing the appearance 
of new forms of mental activity as these forma have already developed 
fully by this time. Instruction exerts its influence not op the 
appearance or initiation of forms of mental activity, hnt only on 
the level to ^ilch they are' developed — it only exercises them. 

Vygotskii noted this connection between the theory that nental 
development is mat^uration and the .view tSat^ instruction is exercise 
when he wrote that: 

' The child*s memory, Attention span, and thinking process 
have developed to the degree that he can be taught reading^ 
' writing, and arithmetic; but if we teach him these, will his 
memo'ry, attention span, and thinking process change or not?* 
The old psychology answered the question this way: They will 
change to the extent that we exercise them^ but nothing in 
th< course of their development will change. Nothing new \ 
has occurred in the child* s mental development because we ' 
have taught him to read and write. He will be the same 
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child, only literate. This view, which epitomizes- the old 
educational psychology, including Mieman' s famous work, 
' is brought to its logical limit in Piaget's theory 
[9 i 253-254].^ 

Blonskli's conclusion that instruction ^jcerta.its decisive influence 
on the development of the thinking process only in adolescence indical^es/ 
a very significant defect in the curricula and i-n all the content of 
instruction in the elementary school. Curricula are oriented toward 
the already developed facets of tJjA child's mental activity and provide 
nothing but practice material for then. The theory that mentaj. develop- . 
ment is maturation logically necessitates the theory of instruction as 
exercise . It is no coincidence, therefore, that one of the central 
methodological problems has long been that of exercises — how many,^ 
what kind, how fast to increase their difficulty, and so forth. 

At the same time, Blonskli's observation concerning school ins true- 

tlon and maturation raises another Issue as well. VJhy does the school 

not exert an influence on mental development in the elementary grades 

as it does at the adolescent stage? This issue has been noted in more 

recent investigations. B. .G. Anan'ev, who made a special study of " 

elementary school instruction, came t^ the following conclusion: 

In comparison with the other stages in elementary 
instruction, the grjeatest advance in the child's development 
actually occurs in the first year of instruction. After 
this the rate of mental growth slows down somewhat, as a 
result of insufficient attention to the developmental aspect 

\ of instruction. Paradoxical phenomena appear: As the sum of 
knowledge and skills acquired increases, the child's mental 
powers and capabilities, especially for generalization and 
practical application of this knowledge. Increase relatively 
more slowly. Progress through the material the child is 
taught does not bring an automatic increase in what he can ^ 
be taught. This phenomenon deserves careful study, inasmuch 
' as it, is evidence that many possible educational influences 

* .on child . development , on the formation of the child's » l[ 

per sociality, and on his endowments have not been used in 
actual elementary instruction, and the inconsistencies 
between instruction and development have not beeij fully 
overcome [l:24]. 



' Ws- cannot agree with Vygotskii that this is an old view. After 
all, it is being developed by the contemporary psychologist Piaget, 
* it is presented in Blonskli's work, and it persists in curricula. 

It is "old" in the sense of when i^ was originated, but unfortunately 
it is not yet out of date. 

/ 
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L. V. Zaxikov has noted the insufficient influence* of elementary 
instruction on mental development: 

*^ 

Our observations and special investigations in 
schools in >Jo8cow and the outlying districts tjill _ 
testify that no particular success *in pupil development . 
accompanies the attainment o5 a difficult level of 
knowledge and skills in the early grades [ll:20]. 

Thus^ the contemporary investigators Anan'ev and Zankov are 
obtaining the same results as Blonskii did thirty years ago. This 
indicatCT^jRrst, that in these thirty years > no essential changes have^ 
occurred in elementary ins^iruction, and second, that instruction does 
not have enough influence on the mental development of children in the 
elementary school. In^Jlight of these facts it is not at all surprising 
that when they' enter secondary school, the children turn dut to be * 
insufficiently prepared to master systematic courses,' such as mathe- 
matics, languages, science, or history, the- evidence of which is a 
decline in good grades. 

Why, in fact,'doesn' t elementary instruction exert necessary and 
sufficient influence on the child's mental development? Vygotskii's. 
views, as spelled out in a book [8] which appeared at the same time as 
did Blonskii* s, are of interest- here.^ / 
* There is a difference between Vygotskii^s ,and Blonski;|rs 
•characterization of mental development for* school age children. 
Vygotskii thought that mental development was characterized not so 
much by the level of developiiieat; of specific mental processes as by 
interfunctional connections and their changes. As he saw it, each 
period of mental dei;jre4^fepmet\t involved a certaip structure of the s 
mental processes, with the function developing most intensively at the 
period located at the center and influencing the total mental development, 
Vygotskii wrote tliat : , * ^ 
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^Vygotskii 's basic works were reprinted rather recent Jjf and are 
widely known [9, lO], 
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*The child *s psychological development consists 
less in the developtnent and perfection of particular 
functions than in ^ change in inter functional 
connections and relations > on which the development 
of each partial ps3rchologic^l function in fact depends 
Consciousness devel^^pa as a unlt^ cjianglng its internal 
structure and the coxmection among its parts at each 
n^w stage, and not as ttie suk of the partial changes 
ts[king place in the development of each specific ftmction. 
In the development of consciousness, what happens to each 
functional part depends on a change in the whole, not 
vice vetsa 



part aep 
[9:242]. 



^ -r Everything we know about mental development ^ teachas . * 

us that *interf unctional relationships are ftefther , . . ' 

constant^ insignificant nor capable of being removed 
.froii\^ the . biracketa within which the psychological 
i calculation is b^ng' performed,- but that a change in . . 

the Interfunctt^ilil connections,- that is, a change in 
the functional structtire of consciousness , in fact 
constitutes the chief and central content of the entire - 
process of mental development as a_ whole [9:243-244J. 

His characterization of the specific periods pf mental development 
is related to the above interpretation of the process of mental development. 

What we know about the child's mental ^^jii^^relopment 
of consciousness, characterized by a lack of differen- , 
tiatlon of specific functions, is foilosjgd by two other 
' ' stages — ^early childhood and the preschool age. In : 
the, former; perception is differentiated, goes through 
its basic development,, is dominant .in the system of 

interfunctional relations, arid" (as the central function) • ^ 

. determines the activity and development of all the rest 
of consciousness. . In the latter stage, memory copes 
to the fore as the dominant central function. Perception 
and memory, then, have matured considarably^by* the time 
the child enters school and^ are among ,the f utjiJamentaT 
jr^r^quisites for total mefital development s.at: this 'age 

>:244]. V ■ 

The development of- the intellect comes to the. fore in the early school ^ 
years. This development is. In fact,^what leads to a qualitative reorgani- ^ 
zation of perception and memory (which developed earlier) and to their 
c(Kiversion to purposive processes . Vygotskii explained this statement 
in one of his last lectures on mental development at the school age. 
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^He dellvScetf it on February 23. 1934. \^ have a shorthand record 
of it, certain ^parts of which we dan cite here (unfortunately, the text 
of this record has not yet been publishati). 
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This, of course, must b'e understood very conditionally.^^ 
First it is necessary to . eniphaa:|.ze the words "is developing, ' 
and not "has developed." This does liot^mean that the child 
• is a thinking creature by the time he goe^ to school; it me^ns 
. jshat his intellect is functioning quite weakly at this stage. 
One 'might say that the school child [at the beginning of this 
age] has a pygmy intellect with grandiose potentialities for 
remembering and even more gradiose potentialities for per- 
ceiving. Consequently, the intellect is not a powerful and 
predominant aspect of mental activity at the very beginning; 
|- on the contrary, it is at first exceedingly weak in comparison 
• with the functions that have matured during the earlier stages. 
But it goes through its maximum development during the LearlyJ 
school years, uiilike memory and perception at this time. 

■ If we compare the original and the final states of the 
intellect at the school age and^the original and the final 
states of the memory and the attention span, it turns out ^ 

-that the otiglnal and the final statesrof Che intellect will . 

•be widely divergent, while the original and the final states < 
of the memory and the attention span will diverge little; 
that is, the intellect is moving into the d^^|^ .of development. 

To Vygotskii, the consequence is . * 

^ . . that each of these fuHOtions [oerception and ' ^ 
memSfy] in turn ^becomes infellfec-tualiaed , N^mt is,_ they" \ 
change as they aire penetrated by the compon^s of 
intellectual activity. . . . ThiS^ means thatN:hese functions 
become more and more closely coordinated witlv the intellectual 
operations, that they haVe favorable conditions for their 
development, and that they advance and develop insofar as they 
are a part of what is fundamentally -developing at this age. 

' Thus, in Vygotskii 's view, change* in memory and perception during 
early school years are secondafy,"a consequence of the development of 
the intellect. When describing the development of the intellect , 
itself, Vygotskii said in the same lecture: 

" The new form of inner activity at the school stage , . 

consists of the following: While at -the preschool stage 
these inner activities are directly connected with outward 
activity, at the school stage we have inner activities 
which occur relatively independently of outward activity. 
Now we have a child ... in whom in^er and outward activity 
is being differentiated. 



^For a more detailed discussion of the problem of the intellectuall 
zation of functions and of how the child becomes conscious of them and' 
•makes them subject to his will, see the woi;ks of Vygotskii L9, 10 J. 
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Vygotskii thought that the early school age was actually^ the 
period in which the thinkiilg process develops actively. This* develop- 
ment consists primarily of inner intellectual activity independent of 
^tward activity, a system of strictly mental activities. Perceptipn 
and m^xory develop under the determining influence of th^ intellectual 
processes*^ tlnat are taking shape » 

B:|_oaskii presented mental development somewhat differently. 
"The first half of prepub^ral childhood/' he wrote: "is the age 
of the. fastest, most intensive- development of s^-^called purposive 
attention. But what psychologists usually call purposive attenitiop. 
-is none other than perception regulated- by thought" [2:276]. 

Ha continued:* 

Late prepuberal childhood is the age in which the , ... 

mnemonic function achieves j15^\maximum development, 
and- adolescence is the age of problems, reasoning, and ^ 
debate. The function which is maturing at the greatest 
rate — thinking — begins to manifest itself with great 
energy, and plays a decisive role in the life of an 
adolescent [2:278]. -^^x 

As if he were ^'frightened" of this overly high estimation of 
the development of ^he* thinking process in adolescence, Blonskii 
added: i * 

I And yet although this thinking process reflects 
relationships within the objective material world 
and demonstrates a certain awareness of time, it is ^ 
iitill lacking. While It is comfortable enough in the 
concrete world, abstract thought is still a long way 
from being fully mature. An intensive developm^t 
of abstract concepts is ^cAily beginning in early 
adolescence and continues with greater intensity in 
later adolescence. . . . Abstraction ~ thinking ^ 
involving generalization — can develop to the proper 
extent only on a foundation of rich concrete material, 
that is, abstract thought can develop only when concrete 
thought is highly developed [2:278-279].'' 

In Blonskii *s periodization, early prepuberal childhood extends from 
the ages of seven to ten, late prepuberal childhood, from ten to twelve 
^and pubescence, from thirteen oti. 

X 
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If the way in which these two authors characterized mental 
development in the early school years is examined (from the ages or 
seven to eleven or twelve) ^ certain differences can easily be no ted # 

^. ^ In Vygotakll^s view by the beginning of the early school years 

perception and memory have gone through the bulk of their development, 
Blonskii believed that this period is characterized by the intensive 
.development of perception during the first half and 6f the mnemonic 
function (memory) during^. the second half. Adolescence to Blonskii, 
is the- period of the most intensive development of* the thought process 
but to Vygotskii thfe most Intensive development of the thought , ^ 
processes is in the early school years. 

These two investigators describe the same period of mental, 
deveiopinent* Moreover, the facts both of them cite ^e accurate on 

V;^ the whole • The problem is not that one's results contradict the 

other Of course, each had at hi§ disposal an arsenal of data which 
differed from the data of the other. But each was adequately informed 
of the other's work, and knew and took into consideration his data. 
At issue then is not their facta but instead their fundamentally 
different approaches to singling out characteristics of mental 
development at any given period. At least two approaches are possible. 
The first is to single out the aspects of mental development which are . 

^ c<>ncludlng their formation during a period. Of course, both memory 
and perce^>tl'6n are developing during the early school years. While 
tKey do not stop developing they acquire 'a relatively finished form 
• during these years (on which both investigators agree). If the 
view is adopted that, at any given period, mes^tal development is 
characterized by t^e processes which have gone through the bulk of 
their development and are Just being completed, then Blonskii's 
characterization would be pprre^t. But another approach is possible. 
The aspects of mental development which are being differentiated for 
the first time and are only beginning their relatively independent 
and intensive development can be isolated. If this view is adopted, ^ 
then Vygotskii is -correct in his characterisation of the primary 
school pupil. 
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The central issue » therefore, is whether to characterize a . 
given age level according to the processes which are concluding 
their development or according to those which are only beginning^ 
This issue ia important not only for child psychology but for 
orienting actual teaching as well. • ^ 

It is clear, then, why Blonskil considered it- proper that 
"curricula ftir the early grades are constantly emphasizing the 
development of -the child* s powers of observation, while methodology 
reiterates the importance of visual ipethods in teachipg primary school 
children " [2:275] • Elsewhere, in discussing the role^of thought 
and memory in learning, he wrote: ^ . 

The most accurate pedagogical conclusion to be drawn 
from' what has been said in this chapter would be that the 
child is basically occupied with learning by thinking, 
and the basic function at this a^e is remeiSbering by 
thinMng, that is> memorization accompanied by pondering 
what and how to memorize, and recall accompanied by 
pondering what and when to recall [^^^7^. 

Instruction, its content, and the methods brganically connected 
with it should thus be oriented toward the 'development of observation 
and- verbal memory as'^ the bases for the future development of the 
thinking process, thatr is>: "oriented toward the processes which are 
either almost completely developed or are already developed. From\ 
thll^V»t>A liSi^iL. v^^^ curricula being followed, then as well as 
now, are fully justified • 

Vygotskii approached the problem in a fundamentally different 
way. It is well known that he especially empTiasized the key role 
of instruction in mental development. In itself this thesis is not 
new, having been put forth by many progressive teachers of the past:, 
such*as Ushinskii. But the modern discussion of the- problem is the 
work of Vygotskii. It is interesting to recall his attitude toward 
the preschool and school instruction of his day: 

Teaching should be oriented toward th^ child ^s 
' future , not his past development . Only then will 
it be able to unlock the processes of development 
that lie in tlie area' of immediate development. 
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Let us clarify this by a simple example. As we 
know, the comprehensive system of academic instruction 
was giveri "pedagogical substantiation" whll^ it prevailed 
here. Teachers affirmed that it corresponded to the 
characteristics of the child's thought processes. The ^ 
basic error wa^ that the matter was stated, wrongly in^ , 
principle — a result of the view that instruction sl^tild 
be oriented toward past development > toward the aspects - ^ 

of the child's thought process which had already matured, ' . 

Using the comprehensive system^ teachers proposed to 
consolidate what the child in his development should have 
left behind when he started school* They oriented them- i 
selves toward what the child could think out on his own 
and did not consider possibility of his shifting from 
what he could do to what he could not. They evaluated the $ 
fruit that was already ripe. They neglected to i^nsider ^ ^ 
that instruction should carry development forward. They ^ 
did not t^ke the next area of development into consideration. 
They were oriented toward the line pf least resistance, 
toward the child's weak ^ide rather than his strength. 

The si tua^on becomes reversed when we begin to 
understand the reason why the chilj^ entering school with 
functions which matured at the preschool stage tends toward 
thought patterns that correspond to the comprehensive 
system. The comprehensive system is none other than the 
• transfer to the school of a system of instruction adapted 
to the preschooler -~ the consolidation, during the first 
four years of school, of the weak aspects bf preschool 
thinking. This system lags behind the child's development 
instead of leading it [9:277-^278]. 

Recently the relajtionship between instruction and development has 
again attracted the attention of scholars. Several years ago Zatikov 
and a Broup of collaborators began a special investigation bf the 
interrelations between learning and' development [ll, 12]. Tlie material 
published does not yet give us a chance to judge the progress they 
have made toward solving this problem. The concept they are developing 
will have to be critically analysed in detail sometime in the future. 
Meanwhile several purely theoretical remarks are made. 

First, Zankov interprets certa-in of Vygotskii^s theses in a very 
odd way: — - 
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The substance of Vygotskii^s theoretical views is 
that the development of the child's mental activity is 
genuinely social in nature. Collabpration and instruction 
are the determining <»nditions of it* At the same time, 
development is not to be equated with mastery of knowledge 
and skills: Mental functions are restructured, and take 
on a new character during instruction. 

This approach to the problem is very important both 
theoretically and practically* It correctly orients 
educational theory and practice in that is stimulates , ^ 

the creation and application of teaclj^ing methods that 
are highly effective in promoting pupils* mental ' 
development. 

• . • ; . ^ ' ' ' ' 

In setting up the learning process in our experi- 
mental class we are proceeding from Vy got skills - 
theoretical views and are structuring this process so 
that instruct ion precedes development and thus achieves 
the optimum results in the development of the Intellect 
[12:12]. ^ • ' - ^ 

One import^t correction needs to be made in this interpretation 
of Vygotskii*s views* Nowhere did Vygotskii relate the high effective- 
ness of instruction for development to the means of Instruction. On 
the contrary, he always emphasized the content of what was being 
learned as having primary significance for mental development. We 
know that he approached the problem of instruction and development 
as it related to the problem of ^'worldly" and scientific concepts, 
which for him was a model of the relationiship between instruction and 
development* He thus wrote, in fact, "Essentdallv the proi)lem of f 
non-spon^eous and , in particular , scientific concepts is a problem 
of instri^tjj^ and development * . • [9;25l]. In a*ddltion he 
in4icat^''t^at/'from the standpoint of logic, the differentiation of 
the spontaneous and non-spontaneous concepts children form coincides 
vi^h the differentiation of empirical and scientific concepts" 
[9:250] (italics ours — D* E*). 

Vygotskii 's basic idea was that the greatest strides in developing 
the intellect during the school ^.gi^ — becoming aware of mental 
processes and mastering them — are made "through the gateway of 
- scientific concepts' ' [9:24?]. He thus thought that decisive progress 
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^in development was associated primarily with the content of instruction. 
As a result, he was less .jcsoncerned with working out and applying . 

" "effective teaching methods" than with the content of instruction , the 
scientific character of content in particular (the *Wthods" theinselves 
are derived from the content). 

To amplify Vygotskii's views a bit^ it may^be safc^^ that if the 
basic content of school instruction remains empirical knowledge, then 
no matter how stimulating and effective the methods of instruction 
are, this content does not become the determinant of the pupil's 
basic mental development • Instruction in this case only exercises 
and thereby improves the mental pr0ce8ses which are involved in th^ . 
mastery of empirical knowledge, the development of whieh is xih^racter- 
istic of the preceding period of development. Although heVdid.u&t 
investigate it fully, Vygotskii foresaw the organic connection ^v'l^-. 
between mental development. during the srfiool years and' mastery of ^ 
scientific concepts specif Ica^y^ / . 

A second misuij^er standing has to Mo with Zankov^s interpretation 
of Vygotskii* 9 statements concerning **the next area of development." 
Zankov wrote: 

When we analyzed the factual material we had 
obtained in our research we came to the conclusion . ^y^^^ 
that the so-called next area of development is ' ' * 

not (as Vygotskii assumed) the only way for instruction 
to influence child development. # 

The specific role of instruction is manifested not 
only when the adult is using leading questions and examples 
to help the child in his Intellectual activity and the child 
is imitating the adult. The teacher can organize the material ^ 
' the child is using in a definite way so the teacher is n^t 
helping the child but is letting him perform the tasks wholly 
'on his own. Imitation is thus completely excluded. Mean- 
while, as he solves the problems on his own, the child is 
rogresslng in that particular area of mental activity ^ 
12:12-13]. 



Then Zankov cited an instance in which children, on their own, 
examined in succession three objects which had much in common. Observation 
improved with each object, and the children noticed twice as many 
characteristics in the third as in the first. The sense in which the 
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teacher "did not help" the children is not clear in this example. 
He did not in fact show them how to pet-form the operation, but he 
did show what kind of operation waa needed. Although the instructions 
Mentioned d^cription, the children'in fact were comparing the ob'jects 
They performed this operation on their own to a car tain^x tent, but 
it was not new to them. . There can be no Houbt that the first-graders 
had already had practice in making such comparisons and had bedh 
taught to do this. I 

Thus, in this example, perfection of an operation in conditions 
which change while the problem is being examined are being dealt 
with. Zankov came to far-reaching conclusions on this basis, however* 

Tlie facts cited provide a basis ^r assuming' that ^ 
instruction influences pupll^^ development in various 
ways . These ways are not isolated from each other, 
of course, but are in complex interaction. {The 
formation of so-called "neKt area of developmant 
in particular, interacts with other ways in which 
instruction influences the development of pupils* 
mental activity. 

. ' 

One of the important tasks of research is to 
ascertain the varied types ,of relationship between 
instruction and development and to study the inter- 
action among these types. It is of great importance 
for theory. to perform these tasks, since it will 
lead to a fuller knowledge of the intejrrelations 
between instruction and development. 

One should not underestimate the importance of 
the solution of these tasks in actual teaching either. 
The formation of a "nejji: area of development'* as a 
definite way of influencing mental development is 
characterized by the teacher* s showings how to perform 
a task and the pupil's imitation of him. The types 
of ^ relationship between ins'truction and development 
in which the emphasis is shifted to pupils* independent 
intellectual activity are limited considerably here, 
as a consequence. And yet* this very approach to «4r 
structuring the learning process is more important 
now than every before [12:15-16]. 



We have cited this statement by Zankov because it demonstrates 
quite clearly th^/principal distinction between his approach to' the 
problem and that of Vygotskli. Vygotskii did in* fact bel^ieve that 
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the Influeuce of li^s tract ion xjn developm^t Is determlnied to a great 
extent by. the guiding role of the adult InVins true t ion • Thus he 
Wrote: , . "V^ ~ 

f * An animal » even th^^ most intelligent one, is ^ 

* incapable of developing its intellectual capabilities 
. through Invitation *or instrv;ction» It 'cannot master ' 

anything fundamentally different from what it already 
has. It is callable only of being trained. In this 
pense it can be said that the animal is not capable 
of being taught at all, if we take "teaching" in a • ' 

^ sx>ecif ically human sense. 

For the child, on the other hand, development 
through instruction is basic — development through 
collaboration involving imftation, the source of . 
all the specif ically. human mental attributes. Thus 
the opportunity, through collaboration, for rising 
to a higher level of intellectual potential, the 
opportunity for moving with the aid of ^imitation 
from what the child can do to what he cannot — * this ^ 
is the key to all of educational psychology. The whole 
meaning of ins true ti#i for development is based 
on this, and it in fact constitutes the concept of ^ . ^ 
the "next area of development." Imitation, in a 
broad sense, is the chief form in which instruction ' ' ^ ^ 

• influences development. Learning to talk and learning 
in "schoolf are based . to an enormous extent on imitation. 
For in school the child learns not what he knows how 
to do on his own, but what he does not know hpw to do, 
which becomes comprehensible * to him in collabdration with* 
the teacher . What is fundamental in learning is the very 
fa ct th at the child is learning- something new . The 

next area of ' development , which determines the. realm 
of transitions, that are. accessible to the child, thus 
actually turns out to be the most decisive factor in 
tha^ relationship. between instrtiotion and development 
[9:276] (italics ours — D. E.). 

Vygotskii thus thought that so far as development is concerned, 

the most effective form of instruction is that which is carried out 

♦ 

with the guidance of an adult, the teacher, or in collaboration with . 
the teacher as the bearer of the new material for the child to learn. 
Zankov, on the other liand, actually limited the role of such instruction 
in development and shifted the OTtphasis to instruction in the form of 
pupils* activity ofr their own. At first glance it might even geem 
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tbat Zankov^a position «ds the oore progressive and t&odern one* 
But only at first glance* 

Concerning what might appear to be learning on one^jPfewn^ 
Vygotskli wrote: ' . • 

♦ 

Aft^r all, when we say that the child is operating 
by imitation, this does not mean that he looks the other 
person in €he eye and imitates him. If I saw something 
y done today and do the same thing tomorrow, I would be 

doing it by imitation. When a pupil solves problems at 
home after he is shown a model in class^,-'^ la continuing 
Vj;o collaborate even -chough the teacher is /not standing 
bp him just then. From a psychological standpoint we liaye 

right to consider the solution of the second problem 
[involving the application of a scientific concept], by 
analogy with solving problems at-home^ as a solution arrived 
A- at with the aid of the teacher.' This aid, this .collabora- 
if tion, is invisibly present and is involved in the child *s 
solution, which he seaa^ to be arriving, at on his own x 
* [9:284]. 

We may be further agreed that acquaintance on one* a own with s^n 
qi>ject may result in empirical knowledge of it, and acquaintance with 
an« aggregate of like objects may result in an empirical concept of a 
general notion. But it is hardly accurate to say that an elementary 
\|chool pupil can indeped'ently discover the j>p6pertie8 of an object 
on which the concept of it is based and fo^ a scientific concept 
on his own. It may be agreed that pupils* ^tivity **on their own'' 
is very iipportant fot drilling knowledge which they have already 
» ' acquired, for exercising it , but not for the actual 'process of 

acquiring new concepts, not for the .initial discovery of their ireal / 
meaning. - \ \^ 

To limit the tjrpes of instruction bas^ on collaboration with 
the teacher, and to increase the types of Instruction based on 
* "independent activity*' is in fact-^to confine elementary instruction 

to the realm of empirical notions and to reduce developmental processes 



to exercises. Actually, therefore, fundamental theoretical differences 
lie hidden behind Zankov*s and Vygotakii^s differing Interpretations 
of what ^ould seem to be a particular issue about the "next area of 
developnient" and its function in Instruction. ^ 
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How, then, l^Zankov^s statement to be^terpreted that "In 
setting up the learning process In our experimental class we are 
proceeding from Vygotskii's theoretical views and are structuring 
this process so that instruction precedes developiMnt and thus 
achieves the optimum results in the development of the intellect" 
[12:12] • Evidently he accepts only the thesis that instruction 
should precede development, that instruction plays the key role in 
development. But he differs radically from Vygotskii in his 
specif ic^interpretation of the function of instruction. 

What is original with Vygotskii is not his general view of 
the role of instruction in developmental^ but that he saw the source 
of this roLe in the content ofN^H(*:;4^owledge being acquired, in 
the mastery not of empirical concepts but of scientific ones, which 
calls for a special Ibrm of instruction- Collaboration with the 
teacher and his guiding role can be see^ most distinctly and 
directly in this for A The teacher is not simply a person with 
whom the child is collaborating — he is not the parent, nor is he 
the kindergarten teacher. The teacher does not simply organize the 
child*^ personal empirical experience, nor simply transmit his 
personal empiripal experience. The^ teacher' is the representative 
o£ the knowledge accumulated by society ^ The form instruction takes 
during the school years is important because it is the form of the 
child* s life it. society, the form of the bond between the child and 
society. This bond should be as cle^ and distinct as possible. 

The essential difference between Vy got s.feti!s and Zankov^s 



views may be located in the way they charactlrize the relationship . 
betwe^P^nstruction and dev^opment. Eankov does not pursue Vygotskii 's 
new conception of Instruction and development during the school years. 
Zankov indicates that the approach to structuring the learning process 
in which the ^ptiasia shifts to the pupil's independent intellectual 
activity ia/6ore important now than ever before. True, the problem, 
of making instruction more effective has been posed in recent years 
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in numerous studies by practicing teachers, didacticians, method- 
ologists, and psychologists* By more effective instruction is meant 
both .the extent to -which the knowledge and skills stipulated in the 
curriculum are mastered ^ and the. children's mental development* 
Without going ;Lntp an analysis of specific studies^ it can be 
^asserted that th^ basic approach to this problem has been to make 
instruction mora active, with an emphasis on children's independent 
intellectual activity as one of the main features of vitalize 
instruction methods. This movement has involved great numbers of 
teachers and has produced positive results in many schobls* 

However, while the significance of this tjrend among teachers 

is being so high^'y evaluated the reasons for an attempt to vitalize * 

f 

instruction and the possibilities for it should be clarified. ^ Such-^ 
&n evaluation ist especially* important for t]ie elementary school, 
where the child's intellectual activity is just beginning a ne^^ 
cycle of development. The reasons, in our opinion, are the following. 
On-Ua^^ne hand, there is general dissatisfaction with present school 
instruction while on the other hand, it Is impossible to introduce . 
any essential changes into the content stipulated by"^ the curriculum. 
This situatioir^'gi^es rise to a search for ways to increase the 
ef fectivenBss''6f instruction within the existing system of elementary 
education — within the content as it is now specified. 

This search, significant in itself, is aimed" essentially at ^ 
compensating for shortcomings In the accepted system of instruction 
and for the limited scope of its content. The more intensively this 
search is pursued, the sooner the real possibilities of the existing 
system will become clear. Everything theoretically possible will be^ 
"squeez^d'^ out of it, that Is,, it will be carried to its logical * 
conclusion. 

At the same time, it is important to keep in mind that the 
limited scope of the exist fhg educational system has been determined / 
historically and primarily concerns .,j^he content of instruction, which 
is determined by the goals of education. Therefore ev^ completely 
'Vital methods*' and an* increased emphasis on pupils' independent 
intellectual activity cannot change this ^content. What is more. 
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one should also h% ^aye that negative results can ensue If the 
effectiveness of Instruction Is Increased and content remains 
lnade,u.<e. ^ . 

Let us examine some theoretiaal views spelled o\ft by Zankov 
which are at the root of his "new system" of elementary instruction^ 
Zankov assumes th£t this system has already been constructed and 
tested experimentally, the basic features of jS^hich have been 
described in a number of books and articles. -Even- so- these d^cript ions 
lack sufficient data about the actual progress made by the children 
who are taught according tt> the new system* This makes it difficult 
to jrelate the published material c6ncerning thd extent of the children's 
development with the content of what they were studying, 'an^^^<^ 
ascertain the depth of their learning. What determined the effective- ' 
ness of learning and develbpc^nt remains unclear** ^It is hoped that 
complete materials will be soon published, for then it will be 
possible to exariiine the theory and the system in' their interrelations 
and in operaitlon* * " ^ 

^ In his statements Zankov touches upon many theoretical issues, 
and, in particular, on, the essence of development. But his statements 
are very general, and are sometimes difficult to correlate with a 
specific interpretation of t>he conditions for ^mental development. For 
example he wrote: 



The correct approach to investigating the development 
of the child's mind as he learns is closely bound up with 
an interpretation of development as a kind of unit of 
opposing ten4encies. - 

Fear on the part of some 'of our payjchologists and 
educators ta resolve firmly to discover the true sources of 
self-motivation" results from their apprehension i:hat this 
might lead to an under-estimation of external, especially 
educational, influences. There Us no Basis for such 
apprehension. Marxist dialectics does not underestimate 
and certainly does nop deny external causes. But external 
-^tause^ operate through Internal ones [12:21]. 
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' It is' unclear, which causes of dftvelopm^tit are considered 
external ones and which are internal . How is the q^eration of 
sxtarnal causes "through" internal ones to be understood? .The 
following 'Statement by Zankov sheds some light on "self--motivation." 

Our assumption is that during, the experimental 
instruction various typ^a of mental activity are 
developing — in particular, analytic observation^ 
on the oi» hand,. and isolating and generalizing., 
essential attributes and forming concepts on the 
other. In *feach unit of instruction, and in each of 
the lessons, the type of mental ^acjfcivity aj^ternates. 
» The lessons of one type^are separated both in time 
and by the content of tjne material being taught. 

Each of the particular lines of experimental 
instruction i^ having a direct influence as well, 
V> of course, in the sense tha^^ it is altering one 
•of' the tyi^es of mental activity. This direct 
influence is not all that is taking place, however. 
The internal processes are operating according' to 
their own laws, and the varldug' nK?des of operation 
are becoming unified- into a functional system. 
This, 'evidently, is what determines progress in 
. mental development.'. . • The formation of systems 

involving various modes-^^of operation is evidently • ♦ ' - 

the most ImporAnt line of mental development. ... * 

In formulatin/ouri assumptions, we are relying on 

Pavlov's ideass^J?out the systgmatic character of ^ . - 

the work o*f .the cerebral hemispheres [12:28] • 

If it ig agreed conditionally that mental development consists 
basically of the formation of new functional systems (although it is 
unclear what- these .ar^) , how than do they come about? It is the 
task of instruction to develop the" particular isolated forms of 
mental activit]^ (more it apparently cannot do). From this 

^terial obtained through Instruction, "self-motivation" synthesizes 
something^ and pro^ces new functional systems, rvecessarily of a . 

* higher order. . The "self-motivation" possessing this magic power 

is none other than the laws by which the brain functions, constructing 
functional systems out of the mosaic of separate' Elements . 

If our interpretatiofl is accurate, it is not at all surprising 
that some psychologists and 'teachers are wary of such "self -motivation. 
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To recognize it in this form is naturally to assign instruction 
a secondary role. 

Another l^fcerptretation of the facts Zankov cites is possible^ 
however.' In actual f^^^ some lessons cultivate detailed obser"- 
vation, that is, the isolation of as Snany particular visual attributes 
of an object as poss^ible, and exercise perceptiW activity formed 
during the preceding stage of develoiwnent. In other lessons 
conceptualization is cultivated > ;fchat is, a new intellectual activiliy, 
thinking, is formed. As a result of the "influence" of thinking, 
detailed observation is transformed into generalizing observation — 
observation mediated by thought. In this possible explanation 
there is no reference to abstract "self-motivation" nor to laws 
pertaining to the "systematic nature** of the brain. •'It is a simple 
example of the way the previously -formed mental processes are- 
rearranged as the thinking process is formj^. 

The principles of Zankov' s new instructional system^ which 
should be the. concrete embodiment of his general theoretical 
views, needs* to be examined. But first how it came to be considered 
necessary for a new instructional system to be set up must be ^ 
examined* Observation and special investigations testify that 
primary school pupils* development progresses very slowly. With 
respect to tfeis fact Zahkoji^aid: 

We found this to be so even in classes where 
the teachers were achieving satisfactory and^ 
even good results in imparting knowledge and skills. 
Real success in teaching knowledge and skills can 
thus-^ occur unaccompanied by significant changes, ig. 
^ the child's development* What results is a scissors 
effect, a divergence between the knowledge and skills 
the child has learned on the one hand, and his' 
developmental progress on the other ^13:16]. 

It *"is difficult to dispute these facts.* Zankov. continued: 

One may logically conclude that if this is .so . 
(as indeed it is), then in order for instruction to 
stimulate significant progress in the child *s 
development, it is not enough to proceed only from 
.the task of imparting knowledge and skills. The 
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fundamentals and methods of Instruction must be 
thought through especially so that both tasks 
» a re performed at the same time : attainment of * 
significant progress in the child *s development 
as well as knowledge and skills of a high order . ^ 
of difficulty [13:16].^ 

Zankov expressed the same idea more cleanly elsewhere: 

If there is a possibility that a methodological 
approach which is successful in imparting skills 
and knowledge may not succeed in terms of the pupil ^s 
'development, then special direction of. the learning 
process is needed in order for it to be effective 
X for development [11:21]. 

4 ^ 

Agreeing with Vygotskii that Instruction must be oriented 
toward mental functions which have not yet matured, Zankov wrote: 

• Although he was correct in emphasizing the ^ 

role of instruction in forming still undeveloped 
mental functions in children, Vygotskil did not 
take into consideration that the pupil ^s develojj^- 
raent can vary greatly depending on the way the 
learning process is set up. For instance, instruction 
in writing contributes to mental development in *' 
varying degrees and effects depending on the method 
' belx^g used to teach it [11:24-25]. ^ 

The solution which Zankov proposed is similar to Ushinskii* 
As a matter of fact, the problem of the divergence between the learning 
stipulated by the curriculum, and mental development was posec^long 
ago as the problem of "formal education." Ushinskii viewed the ^ 
problem this way: " formal development o ^the faculty of reason in 
the form la which It used to be understood as taking place is an 
illusion . Reason develops only through actual knowledge. . 
(quoted in Zankov [11:16]). 

But Ushinskii is the very one who worked out special exercises 
and activities specif ically/Jiiitended for developing logical thinking. 
There is a contradiction her'e, of course. He saw that instruction 
was not providing for sufficient mental development and saw ways 
of changing it. But h^ was not able to change the content of 
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a^adenuLc j^structton In any essential way because of historical 
conditions. !|e was forced to "compensate" for ipsuf f ic lenc lea 

/In the content o^ what was learned- through particular problems and 
exercises specially aimed at developing the thinking process. Butp 
aftai^ all». this was 100 years ago! * 

Many teachers are following Ushinskii^s methods* But is 
such a division of methods^ with particular .emphasis on proceeding 
not "only from the task of Imparting^-^knowledge and skills" — 

^is such a division proper in our conditions, especially in an ^ 
experimental investigation aiE^d at creating a new didactic system? 

The modern school faces three separate task|r: (1) it must ^ 
impart a definite volume of knowledge; (2) it mt/st bring about 
jmental development; and (3) it must form cognitive motives. Eiach 
of th^e tasks is performed by its own particular methods. The 
very fact that performing the first task does not take care of the 
other two attests to a difficulty that cannot be overcome by ^111 . 
more differentiation in the methods used. But they could be performed 
all at once, by a single method. The central,' determining link in 
performing ^11 of them is the content of what is being learned, 
and adequate teaching method^ organically connected with it. 
The solution to this problem provides the basis for solving others — 
especially those concerning intensive mental developmefit, the formation 
of cognitive motives for study, and so forth. 
^ Zankoy himself perhaps considers this point as he works out 
the details of his new iitfitructional system. There are three basic 
principles in his new system. First, it is necessary to "maintain 
instruction at a high level of difficulty (at the same time strictly 
observing the measure of difficulty, of course). Only a teaching 
procedure which systematically provides abundant material for strenuous 
mental work can aid the pupils* rapid and intensive ^development" ^ 
[11:25]. Second; it is necessary to "go through the instructional 
material at a fast rate : Thus in each grade not only the curricular 
material for that particular grade but also what is intended ^ot 

V 
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'subsequent grades is studied*' TH* 25] • Third ,-^the emphasis on 

the Cognitive side of elementary instruction and on theoretical 

■' 8 
knowiedge needs to be sharply increased^' [11:263 » 

It is linclear whether these principles are given in ascending 
order of s^^gnif icance, but it. is striking that the principle 
relating to what is being learned (the demand for greater emphasis 
on theoretical knowledge) comes last * 

Zankov indicated that the f irs^^^^inciple is closely connected 
with the second. "This principle [of maintaining instruction at a 
high level of difficulty] is closely related to a fast rate of 
progress in #the material^* [12:40}. . 

The requirement for difficulty may refer to the most diverse 
aspects of the learning process* . For instance, after pupils have 
learned to add numbers of several digits, they should be given only 
exercises involving addition of six-digit numbers rather thai) three- 
or four --digit ones; or in the study of unstressed vowels, only 
words which are hardest 'to check and which need to be exajained 
in their most complex forms should be used; or again^ only ppetry 
that is complex in both form and content should be given for 
memorization, not poetry with simple content. If this is the way 
the. demand for a high level of difficulty is interpreted, then it 
refers only to exercises . But even when a Weight lifter is training, ^ 
he never exercises with maximum, record It^ads* 

Does difficulty perhaps mean the degree of complexity of the 
material to be learned? There are grounds for this interpretation 
as well. ***Even if the very best teaching methods are being used/' ^ 
Zankov wrote ^ "and the pupils are exerting maximum effort and have 
the necessary^ preparation, and they, still cannot comprehend the 
material, then it will inevitably \be dead weight in their minds" [12:43]. 



One further didactic princl^e is mentioned in the boo^ n^pll 
Development in _the Learning Process: "The necessity for following 
a sequence of steps as the material is learned is closely bound up 
with observing the measure of diff iculty"^12 :44] ♦ 
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The degree of difficulty is thus the dfegree of poau?4biiity for 
comprehension and has to do witlj the problem of the content of 
knowledge, but the sequence of presentation cannot be based only on 
the degree of difficulty. In general the specif icatiop^ that pupils 
always be progressing in the material and that they always be finding 
out something new in t^fe field they are studying is not directly 
dependent on the difficulty of learning it. Specifying that pupils 
should always work to the fullest extent of their intellectual powers 
indicates that development is b^ing interpreted as a function of 
practice. x ^ 

The principle of difficulty involves the content of what^ is 
being learned, at least to a alight extent, but the specification 
of a fast rate pertains not to content but to rate as such. In 
Zankov*s opinion, no matter what the material , mentaj. d^fevelopment 
depends on, the rate at which the pupils go through it. For a given 
unit of time such is -probably the case for the simple reason that at 
,a fast rate more material will be covered Irt that time* But the 
quality of development itself is hardly going to change in this 
process. It is a fact that iS children go through the present , 
curriculum in three years instead of four, their mental development 
will keepT pace with the increased speed. I'Jhether the qiiality of ^ 
mental development changes is problematical and not proven. 

If the difficulty of the material and the rate at which the 
children progress in it have any meaning for development, than it 
is not direct but only mediated through the content of what is , 
being learned. tVus in essence Zankov, too, is forced to conclude 
that it is the cont ent that determines mental developm^t. This is 
reflected in the principle that is last on his list and first in 
importance. But the way it is formulated elicits doubts. Wliat, in 
■ fact, does the stipulation that ''empliasis on tHe co gnitive side of 
elementary instruction and on theoretical . knowledge. . . be sharply 
increased'* mean? The " cognitive side'' and ''theoi^etical knowledge" 
are not ldenti9al. The ''cognitive side" can be broadened significantly 
and the emphasis on it in^eased significantly, but the emphasis on 
theoretical knowledge can be held constant. Analogously, If the 
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amount of empirical knowledge is broa:dened significantly, theoretical 
knowledge can }fe held constant because theoretical knos^ledge proper 
is scientific knowledge. The issue is thu^ actually to increase the 
emphasis on theoretical , scientific knowledge in elementary instruction. 
But increasing^' the emphasis on such knowledge is possible only if it 
is already a part of the content. As there is hardly any such content 

*ln the modern curriculum, it needs to be added. In traditional 
curricula, emphasis on empirical knowledge is all t^at cax> be increased. 

Curricula are provided ^iu the book Elementary Instruction , but 
unfortunately they are not detailed so that it is impossible to judge 

'•'^frpttt them what each item covers. » 

Just to give a few examples, in the curriculum now in effect for 
the study of Russian in the first grade, words designating objects, 
actions, and qualities are classified. This classification is based 

. on empirical a^ttributes. In Zankov*s curriculum this item is replaced 
by three others: (1) the noun (term and definitions), (2) the veijb 
Xtetm and definitions), and (3)^the adjective (term and definitions). 
Nothing is essentially changed by giving children t^e terms and the 
.definitions. Thus if the definition: ''Words designating objects 
are called nouns** is given, the notion of what a noun^s remains 
just as empirical as it was before the term and its definition were 

• introduced. The same may be said of the concepts of '^root,*' **prefix," 
and "ending.** 

Zankov wrote tliat : 

During the first two years of instruction, the 
children are not given the terms which designate 
parts of speech (**noun,** and sg. forth) , and remain 
unaware of the formal attributes characteristic of 
a given part of speech. It comes down to the point 
that even in the second grade the^ parts of speech 
are distinguished in the following manner: **words 
designating objects,'^ **wDrds designating the actions 
of objects,** and "words designating* the qualities 
of objects.** Consequently, even though the pupils 
are led to generalize (a group of words designating 
objects, or their actions or attributes), these 
** words are not brought together in the form of a ^ 

definite linguistic category with its own term and 
fotmal, attributes. Thus awareness of a relationship 
among words does not reach a qualitative level. 
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Our dxperiance has showu that by the time children 
are in the first grades they are already capable of 
' ■ ^earning a number of^ terms with good comprehension, 

and observing the forinal attributes of parts of sp^eech 
[11:76-77]. 

In our opinion, these data still do not indicate that anything . 

- " A • 

besides an empirical notion of parts of speech is being learned* 
Neither the introduction of a term nor observation of formal 
attributes in itself clarifies the nature of the concept being learjxed* 
Zatjrfcbv criticized modern elementary school curricula for not 
• equippi&g pupils with the fundamental^ of science:, "l^^cause they 
^^%o not,?^ he wrote, ^*the mental development of pupils is being 
impedeti, since material which does not correspond to the logic of 
the sciences cannot be learned with comprehension" [11:78]. ^•While 
this criticism is accurate, there is no proof that this basic 
deficiency is remedied in the. new instructional system. For ^ 
example, consider the arithmetic curriculum'. It has three bases: 
(1) number and numerical series, (2T awareness of the decimal aysteii 
and computation methods, and (3) understanding of interrelationships 
in performing'^arithmetical operations. In. essence these principles 
are not new as the traditional curriculum contains ^nd accomplishes 
the same objective's^ ^ The empirical obserVationa made* on numbers / 
and on the operatioi^. with them are simply systematized in a di^^^roit 
way in the new system. . The concepts of number^ of the decimal 
system, and of arithmetical operations, however, do not change. ^ Of 
course that is true if one does not think that by singling out terms — 
sum , elements, difference , commutative law , and so forth. — the cpntent 
of the corresponding concepts changes andr that they are converted 
from empirical notions scientific ones* The demand for more 
emphasis on theoretical knowledge in the content of elementary 
instruction in the new system is not met. This is quite natural 
^ because such a change necessitates special experimental researclt in 
educational psychology. Furthermore, without fundamentally changing 
the actual content ^of elementary education, it ds impossible to 
solve the basic problem of Increasing the effectiveness of instruction 
by Imparting more knowledge and skills thereby intensifying mental 
d ev elo pmen t * - ^ 
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The theoretical vi/ws which Vygotskii formulated have served ^ 
as a basis for our MCf5^rimental research. Of fundamental significance 
was his idea that ixistriiction fulfills its main role in mental ■ 
development primarily through the content of whfct the child \^ 
learning. The adult — the teacher — is the key figure and helps 
the child to develop wdys of operating with object sr through which 
he can discover their essential properties — those which cojistitute 
genuine concepts. 

What Vygotskii said about^ the comprehensive system of 
instruction which the s(feh<3^dls followed u^til the beginning of thfe . 
thirties , has been already quoted. After the trau^tion to teaching 
by subjects, the content of what was being learned essentially did 
not change, even though it was divided into Subjects. Instruction 
still has remained empirical l,n content. One may say then, with 
complete accuracy, that instruction consolidates preschool mod^s of 
thought And the preschool empirical attitude toward reality. It- 
*doe§.^ji»^--»hape a new theoretical attitude nor new modes of thought 
and does' not advance mental development* 

\vcademic subjects proper, in the sense of systems of concepts 
to learned In the elementary grades, were not designed. The 
"task of designing them has just now come up and has not yet been 
satisfactorily resolved. / 

One of the objections currently being raised to a fundamental 
^nge in the content of ther^ elementary'. stages of instruction is 
based on developmental cha/acterlstics of children which limit the 
possibilities, for such a change. But the objectors usually forget - 
that the "ciiaracteristic^" necessAry for learning the new content 
- are themselves formed in the processes of learning it. Vygotskii 
himself noted this: "'ihe development of the psychological basis 
for learning fundamental' subjects does not precede the beginning 
, , of_ instruction but takes ' place as an integral part of_ the learning 
process" [9:269]. * Furthermore, it is usually i?ot taken into 
consideration that the characteristics of mehtal activity observed 
in primary school children at present are themselves a definite 
result of the existing curricula, which are empirical in content. 
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At the end of the twenties Vygotskii and his callaborators 
studied the child's capability for forming concepts on his o^. 
They established three basic stages in concept development: 
syncretism^ complexes, and concepts proper* The j^tage of complex 
thought includes five successive forms: (1) the associative g 
cctoplex, (2) the '^collection" complex, (3) the chain complex,. ^ 
(4) the diffuse complex, and (5) the^pseudoconcep^* I^ we super- 
impose this on a time scale it »turns- out^^^^pia^'the primary school 
years are characterized by complex thought with a predominance 
of so-called "psev^oconcept's J concepts- proper develop in adolescence. - 

In- their internal makeup pseuddconcepts are typical complex, 
that is, generalizations in which the child does not go beyond the 
bounds of visual » immediately^ perceptible properties ^f objects. 
Their external similarity to concepts lies in the fact that some 
of the attributes on which such a generalization ik based could 
■ coincide with ones which might be selected and brought together 
on the basis of an abstract concept • ^ ^ 

'in the last twenty years Piaget and his collaborators have 
'^onducted numerous investigations of ' the development of the 

thought process in the child ► In these Investigations they have 
established three basic genetic stages of mental development. The 
first is the preoperational stage, the seco.nd is the stage of 
concrete operations, and the third is the stage of formal operations'^ 
[6,7]. Theyearly. school years are characterized by a predominance 
of concrgre operations, on the basis of ^ich properties discovered 
through iimnediate Visual experience can be systemati'zed * 

Essentlallj^, thb stages In the development of concepts * 
indicated by Vygotskii and the stages of mental developm^t 
established 'by ^Piaget coincide, even though they describe mental 
development from different standpoints — Vygotskii, from the product 
standpoint, and Piaget, from the opera t ional standpoint. 

The numerous facts corroboii'ating Piaget *s data are interpreted 
.* by many psychologists and teachers as showing the necessity of these 
stages for mental development — necessity in terms of both their 
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sequence, and their ^^distribution" by age ,level > In our view/ these 
data accurately portray the acttwl characteristics of the child s.^ 
mental development. However ^ they do not make explicit the 
condl^ons and causes for this particular "outline'' of the formation 
of the child's intellect. Moreover, they provide a basis for 
making this outline absplute and turning it into a kind of 
"constant" found in any course of mental development, no matter 
what the conditions of instruction.^ We believe that there^ is no 
basis for such an absolute appr^ch. In reality, this outline 
reflects «nly tAe fully defined ^Ss^ecific course of childhood 
Rental development which is taking. place in the particular 
historical forms of a system of instrucVlon (in the broad sense 
of the word) within whic^i — . at the early stages, in any case — 
. empirical knpwl edge is predominant, t^d modes of learning which ^ 
are mediated by genuine concepts as elements of the theory of a 
subject are poorly represented. There is reason to think that a 
change in the content of instruction and a corresponding change 
--TS^the "type of teaching," as P. Ya. Gal'perin calls it [-4] » will 
influence the "chronological outline'^ of the development of the 
child's intellect. \ , - > % 

Our position on this issue is that it is a theoretical 
hypothesis which needs to be tested experimentally to be further 
substantiated and corroborated (this is the very task we have been 
pursuing in our specific investigations which in part Are spelled 
out in this book). Morfeovbr, tnaterlal demonstrating the^accuracy 
and farsightedness of this approach to the problem has' already been 
gathered. Thus, on the basis of s|eclal research, Gal'perin has 
come to the following conclusion: 

When> concept. formation is taught according to 
'the method of developing corresponding operations 
by stages, one finds neither complexes, nor 



^There is an analysis of Placet's basic view of^the problem 
of "development and Instruction" in the afterword by A. N. Leont'ev 
and 0. K. Tikhomirov to his book about the genesis of logical 
structures |;7:433ff.]. _ f 
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pseudocottcepts, nor intermediate forms composed 
of elements of scientific and everyday concepts* 
The"! child cai^ neither omit an essfential attribute 
from a concept nor introduce anything nonessential 
into itt Real concepts are formed successfully- 
and rapidly in tKe later preschool years, and 
their range is limited only by the knowledge and 
skills, n^^ed as prerequisites « 

We believe, therefore that the results of 
iTygotskll's research retain a dual significance « 
for the present as well. First they show the 
. course of concept formation in the conditions 
which sttU prevail "^od^y, aijd second, they 
describe strikingly the ^'concepts" children have 
at the early stages of general development, where 
this situation probably aannot be altered* 

.At the same time one should tU)t forget^ 
however, that concept, formation by stages is 
revealing incomparably greater potentialities 
for the later (and perhaps also middle) preschool 
- years than has been realized .before, and thft the ^ 
way concepts are formed in contmporary school « - 

^ instruction, which also charactBrl^es a pfocess 

only by ^.ts final result, should not be considered 

a standard for mental development or a natural ^ 

limitation on instruction ,, [A :22-233 (italics ours) . 

In our vlew^ these statements can rightfully be applied to 
Plaget*s characterisation of mental develo^gnt as well* At th^ 
same time It is necessary to kej^p in iaind that the overaT.1 approaches 
of Vygot!akii and Piaget to estimating the child**'a capabilities for 
learning new matisrial differ fundamentally. The defenders and 
followers of Piaget believe that new material can be learned only ' 
if it is translated into the language in which the child himself 
thinks » that is, if it is adapted to his current level of mental 
development. Since scientific concepts require operations other 
than those "which have formed in the child *s personal empirical ' 
experience, the first two years the child is in^ school are supposedly 
to be spent teaching him the fundamental operations of logic which 
underlie the further study of mathematical and other ^sciences. 
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It is thus proposed that* the child's thinking process be 
developed first, through special eKercises, ^'the level at which 
■ he will be able to master the basic concepts of a particular 
branch of science, and only then introduce new curricular^ content 
(see the book by Bruner [2]). These propositions explicitly are 
based on^the point of view that the development of thought is a 
process having no direct connection with the content of what- is 
being learned and therefore is independent of instruction* 

Vygotskii approached this issue in a fundamentally different 
;way» As already noted, he proposed orienting Instruction not \ 
toward the aspects of mental development which have already been 
formed > bift toward those which are still forcing; not "adapting'^ 
the material being taught to existing characteristics of the cjhild^s 
thinking process, but introducing material which would demand of ^ 
him new and higher forms -of thought (within the limits ascertained 
m through specialized research into mental development, of courke). 

Thus, in order to carry but research into real possibilities 
for childhood mental developmant it is necessary, while holding to 
certain premises, to introduce new material the mastery of which 
is a very important measurement of these same metntal capabilities • 
* Vygotskii wrote in criticism of Plaget^s v^iews: 

For Piaget the indicator of the level of the 
child^s thinking is not wliat the child knows nor 
what he is capable of learning, but how he thinks/ 
in a field about^ which .he has no knowledge. 
^ Instruction and* deyelopmentf , knowledge jand thought 

are opposed here in the sharpest way [9:254]. . 

As we see it, the conjunction '*and*' in the problem of **instruc~ 
tion and development''^ is neither disjunctive nor contrast ive but, 



Some premises underlying new ways of setting up mathematics, 
Russian language, and manual training as academic subjects' are spelled 
out in subsequent sections of this book. [The latter two are not 
included in this volume (Ed.).] The materials which describe the 
way primary school children learn new curricular content serve at 
the. same time as indicators of their intellectual capabilities (not' 
•'Absolute" ones, of course, but only a.s correlated with this content 
and the way it is introduced) • 

•« 
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on the contrary > copulative ♦ Apart from ,^ns^uctio{i there is*not. 
and c^rtaot ba^: mental development at all. It is the most important^ 
the key condition anji source of mental development* 

The problem of setting up elemdhtary instruction, that is^ 
expanding the content of its basic subjects^ so that'lt will 
finally result in the formation of,*full**f ledged concepts, is the 
subject of special/ research. In the very processes of determining^ 
the psychological ^iremises for setting up elementary -instruction 
material and testing experimentally the possibilities for learning 



this new marerial, the potentialities for the mental development 
of children of e^arly school age* are in fact/*being investigated < 
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LpGICAL AND PSYCHOLOGICAL PROBLEMS OF . 
ELEMENTARY MATHEMATICS AS AN ACADEMIC SUBJECT* 

V* V. Davydov 

Def J^ciencies in the traditional mathei^atics curricula for the 

.school are being discusseci^ freq^uen,tly both here and abrpadt These 

curricula do not embody the basic principles and ^^o.ncepts of modern 

mathematical science, -nor do they provide for the necessary develop-- 

raent of childrens* mathematical thought, nor is there continuity 

from the elementary school through the university. 
If . * . 

Studies are being carried out in various count^ries and by inter- 
national organizations for the purpose of impro\^ing curricula. 
Proposal^ are being made for ways of presenting modern mathematical 

* concepts rationally in academic courses (for high school, oh the' 
whole) • Some of *the proposals are unquestionably of great theoretical ^ 

, and practical interest.'^. 

A curriculum in its concentrated form conveys the content of an- 
academic subject and methods of developing it in teaching. In essence, 
therefore, attempts to change a curriculum have to do with a change in 
the content of the subject and the search for new ways of structuring 
it. Structuring mathematics- as an integrated academic subject is a 
very complex task, demanding the cooperation of teachers > mathematicians, 
psychologists, and logicians. Selecting the concepts with which the 
study of mathematics in school should ' bej^in is an important part of 
solving .this general task. Thej^ie concepts are the foundation on which 



*^^om Learning Capacity and A^e Level ; ' Primary Gradete> edited 
by D*'B. El'konin and V. V. Davydov, Moscow, Prosveshchenie , 1966, 
|ip. 54-103. Translated by Anne Bigelow. 

"^See, for instance, the curriculum proposed by V. G^. Boltyanskii, 
N. Ya. Vilenkln, and I. M. Yaglom [4], a survey of American research In 
^fchis field [40, 50,^47], and others. 
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i^demic subject is built. Children obtain their general 

Ln the. reality of mathematics in great part from the 

tcepts they learn, which, in turn, has an important 

influ&ft^«^on subsequent progre^ in this field/ Many of tKe students' 

difficulties in mathematics in elementary and high school come about, 

we believe, first, because what they learn does not correspond to 

the concepts that actually constitute matjiematical structures, ^^^j^ 

second, because general mathematical concepts are introduced into 

school courses in the wrong sequence. 

Unfortunately, the content of elementary mathematical concepts 

and the method of introducing them in teaching have not been discussed 

at any length nor carefully investigated up until now even though 

this is the only^asis on which the curricula now in effect can be 

thoroughly and critically analyzed, their virtues and major shortcomings 

pointed out, and new variants in the content of school mathematics 

projected. Work in this area is further impeded by the fact that 

curriculum* designers as a rula do not take into account, to the degree 

that they should, modern methods of psychological and logical analysis 

of the learning process, and they underrate the significance of these 

2 ■ 

methods for structuring mathematics as an academic subject. 

In our experimental vork on curriculum design [lO,l2,15], we 
found it was particularly necessary to determine' the most appropriate 
concepts with which to begin mathematics instruction in school. 
Ascertainment of these concepts created a number* of more general prob- 
lems. There is the problem of the. logical nature of the initial 
concept^ of the discipline itself and their relation to the concepts 
tSSt are Initial in the design of the academic subject. There is the 
problem of -relating scientific defintions to the attributes of the 
object toward which the 'person learning these definitions is actually 
oriented. There is the problem of abstracting the attributes of an 

2 

Of course, the designers of any curriculum orient themselves 
toward the psychological and -logical aspects one way or another; the 
question is on which psychological and logical data the curricAilum 
developers are relying, whether they are taking modern methods of 
psychology and logic into consideration, and how much emphasis they 
are putting on these data and methods as they structure the academic 
subject. 
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object ^and converting them into concepts, both in the course of 
elaborating knowledge historically and in the mastery of it by an 
Individual • And there are many other logical and psychological 
problems. ^ * 

Traditional curriculum designers have also had to resolve ' 
these issues one way or another. However, curriculum designers 
prefer to focus no^^^s^i^theoretlcal and cognitive or logical and 
psychological matteps, but on the mathematical aspect — problems 
of connecting the mathematical material itself. As a matter df 
fact, the discussion of trends in redesigning mathematical education* 

. also basically revolves around the amount^ of mathematical knowledge 
to b«^ included in (or excluded from) the curriculum (see £48], for " 
instamre). Logical and psychological issues a^ain remain in the 

. background, first, because of insufficient exposute, and second, 
because the opinion prevails that the content of an academic subjec't 
— in spite of its uniqueness —.is a relatively direct projection, 
simply an undeveloped copy, of certain purely . *'sclentific'V informa- 
tion (an original critique df this widely held opinion is giyen 

'by G. P. Shchedrovitskii [42]). • * 

At the same time, if the strictly mathematical aspect of the 
curricula is examined, especially the fundamental concepjts, much 
is found that is perplexing from the standpoint of advanced mathe-- 
matics. The study of mathematics in 'school .begins with natural 
numbers, the basis for instructiop for several years. The selection 
of this ^^basis^* is usually substantiated by mathematical reasons, by 
indicating the rnle of the natural numbers in the system of mathematical 
knowledge. But the role of thd natural numbers in mathematics is not 

^ so- clear as it at first s.eems to be. A mathematical analysis was ^ 
thus called for to bring out some basic feature of number as a 
mathematical concept. It turned out that purely mathematical argu- 
ments were less of a factor in ''basing** the mathematical curricuia . 
on number than were the methodo.logists' 'apparently obvious ideas of 
the **primacy*^ of certain concepts and the origin and development of 
abstraction botj? in the history of knowledge and in the ontogenetic 

■ process of the child's mastery of it — that is, ideas having more 
to do with logic and psychology than with **pure" mathematics. 
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Recently, particular attentiQj\ has been given to basing the 
school course on set theory, when curricula are being modernized 
(this tendency is quite conspicuous both here and abroad)* Wlien 
this change is made in teaching (particularly in the primary grades, 
as is observed in American schools, [SO]), it will inevitably 
create A number of difficult questions for educational and *child 
psychology .and f or^didact ics , for there is almost no research 
presently on how the child learns the meaning of. th^ concept of a 
set (as distinguished from learning counting and numbers, which 
has been investigated from many angles). 

It is worthwhile to examine what is said concerning the concept 
of a set in/^nathematical literature, especially becatise some authors 
do not ackrtowledge it as the initial and primary concept. The very 
basis of mathematics and its initial and general attributes currently 
are being completely reevaluated (see the studies-, by N» Bourbaki)* 
This matter is closely involved with defining the nature of mathematical 
"abstraction Itself and ways of deriving it, that is, with the logical 
a?pect of the problem, which must be taken into consideration as the 
academic subject is being set up* ^ \ ^ 

Material cited below is taken from mathematical sources char- 
acterizing the connection of the concepts of number and set with * 
other mathematical concepts (the general concept of structure , in 
particular). This is being done not by any means to tresolve any 
mathematical issues a§ such as most of the issues to be touched upon 
have already been resolved and made a part of the "general** literature. 
Rather, it is being done to relate the available solutions to methods 
of organizing the academic subject, the purpose being- to clarify 
certain lop.lcal and psycholofilcal issues. 

Logical and psychological research in recent years (the work 

of Piaget, in particular) has found a relationship b^ween certain 

^'mechanisms'' of the child's thought process and general mathematical 

concepts. We are making a special study of the characteristics of 

this relationship and what it means in structuring mathematics as an 

1 academic subject (the theoretical aspect will be dealt with here, 

3 

rather than any particular variant of a curriculum)* The basic 



^Specific problems of organising the elementary course in school 
mathematics are dealt with in the next section of this chapter, [See 
the next article (Ed.)*] 
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lo^iqal and psychaiogical problems which must be discussed before 
the matlfiRMtical iourse material can be arranged are briefly 
enumerated at^-^iTe conclusion of this sedtion, ' 



liH Concept of Number and its Relationship to . Other Mathematical Concepts 

The natural numbers have been the fundamental coiicept of mathe- • 
matics throughout mathematical history. They play a very significant 
.role In all areas of production^ technology, and everyday life. 
Consequently, theoretical mathematicians have set aside a special 

place for the natural numbers among mathematical concepts. Statements 

. ■ t. ■ • ■ ,> 

have been made in various ways to the efiiict that the concept of 
natural number is the initial stage of mathemati^cal abstraction, and 



that it is the basis on whi^h most mathematical disciplines are built 
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The choice of basic elements for the academic subject of mathe- 
matics essentially confirms these general statements. The assumption 
is made here that as the child .becomes familiar xrfth number, he Is 
at the same time discovering the initial features of .quantitative 
relationships. Counting and number are the basis of all subsequent' * 
study of mathematics in the school.^ 

There is reason to believe, however, that .while these statements 
justly point out the special and basic significance of number, they 
^stlli do not adequately convey its relationship to other .mathematical 
concepts, nor do they accurately evaluate the role of number in the 



4 "Number is the basis of modern mathematics. . [8:20]; ','All 
mathematics depends upon the concept of a natural number. . ." [23:12]; 
"The concept of number is the initial one in structuring the majority 
of mathematical disciplines. . . . ^It is thus no accidept that the 
study of mathematics begins with an introduction to number" [22:230]. 

"The study of whole (natural) numbers is the basis, tha founda- 
tion, for mathematical knowledge" [43:5]; >"Whole (abstract and compound 
concrete) numbers form the basis of the arithmetic course in elementary 
school" [38:6]; (.'In elementary school one first must deal with the 
concept of (natural) number and the counting operation" [39:6]. 
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process of learning mathematics.. Certain significant shortcomings 
in the present mathematics curricula-, teaching methods, and text- 
books are primarily the result of this fact. The actual relation- 
ship between the concept of number and other concepts especially 
needs to be e5||iined. ■'.iji- 

For this purpose let us consult E. G. Gonin's book. Theoretical 
Arithmetic [22>, which is notable in that ^ significant portion of 
it is devoted t?o setting forth basic Mnglglviathematical. concepts .^ 
on the basl^ of which the properties of numerical systems (the 
subject of theoretical arithmetic) are then brought out. 
^Sf ^ The Initial concepts here, possessing certain properties and 
^relationships, are set, elements of a set, and subset. There are , 
certain simple methods of obtaining new sets from those -given (union, 
intersection , and difference ) . These methods and their properties 
are designated by a special set of symbols (A U^B for union; A fl B 
. for intersection;- A \b for difference). The concept of c orrespon- 
dence between elements of sets is of great importance. A correspon- 
Wdence between element^ of sets A and B determines the mapping of 
set A to set B, designated, for instance, by the letter f ( function 
• or unitary, operation also are sometimes spoken of instead of mapping) 
The special con|itions of composition and the identity mapping are 
introduced (the latter is a sarUckai case of a one-to-one corre- 
^^dence) . ' If a one-to-one correspondence between elements of sets 
' iSktB, then set A^is called equivalent to set B. With the Intro--' 
duction'of the concepts of equivalence and proper subset of a set, 
it becomes possible to define Infinite and finite sets ( a set 
equivalent to some proper subset of itself is called infinite). 

Related to . the concept of correspondence is the concept of a 
relation determined in a set. Relations possess such basic proper- 
ties as reflexlvity (nonref lexlvity . antiref lexlvi ty.) , . symme try ., 
transitivity , connectedness : The concept of isomorphism is a general- 
ization of the concept of equivalence of sets. Every set has the 
property of power (equivalent sets have the same power, nonequivalent, 
differing power). The creation of the system of natural numbers has - 
to do with the necessity for describing this important property of sets 
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Along with the relation of equivalence*, an Important role . 
In mathematics is played by the relation of order (the ant i sym- 
metrical and the transitive relations) > through which the concept 
of an ordered set is defined. The continuous and discrete 
ordered sets are defined by introducing the concepts of section , 
coterminous element , leap , gap , and otljers. « 

'The concept of sca lar , additive , and additive-scalar value 
is another very important mathematical concept ♦ The power^'of a 
set is a particular case of scalar value. 

The concepts of a binary operation and certain properties of 
it (composition , identity , and assp , clatlvity ) , and the inverse 
o perations permit special forms of sets ^ groups and subgroups — 
to be distinguished. A set with. its allied operations of addition 
and multiplication is in cerUain conditions a ring . A particular 
case of a ring is a body (diviaion ring). A special form of a 
division ring is a field [22:7-96].^ 

Numerical systems are defined on the basis of this chain of 
concepts. Thus ''the discrete well-ordered commutative semiring 
with a unit element- which is not zero is called the system of non- 
negative whole numbers" pF^: 97]; "the minimal well-ordered semi-- 
field is called the sysneb of non^negative rational numbers'* [22:13l], 
and so forth. « j 

If the concept s^wfe' luave enumerated are examined, several things 
are noticed. . - First , the concept of number is related to many 
concepts which precede it the concepts of "set," "function," 
"equivalence," and "power," in particular. It is only a description 
of a particular — if quite important — property of sets: their 
power. Thus number is not primary or fundamental in the general 
structure of modern mathematical concepts* Very important concepts 
(set, value, group, ring) are introduced before it and independently 
of it. The properties of numerical systems themselves, in fact, are 



We are simply enumerating the basic general mathematical 
?ncepts here in order to show their relation with the ^ concept 
>f number (for definitions of them see Gonin^s book [22], or the 
irticle by B. .Gleigevlkht [20]). 
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revealed on the basis of other general mathematical concepts • 

Suth is the actual relation between the concept of number 
and otH^r't^athematical concepts* The reasons for certain categor- 
^ical st|afi|^ts that the concept of numb^c is primary and that 



mathemac^c^^^ not contain the definition of it^ are therefore 
liot qu^te clea^^" If what is meant here is the lack of a sajtis- 
factory definition, then this in itself is no reason to assert 
the/^rimacy" of nbmber. If the difficulty (or impossibilitjy , even) 
of defining it within *the limits of arithmetic is what is njeant, 
this does" not exclude the possibility of a full-fledged defiuiti-on 
within the ^limits of mathematics as a whole. If it ia^^sumed 
that, in its fu^^ly developed > finished theory, nupibei/ is ft^ro- 
duced (described) through a system of axioms, this does not mean 
that broader foundations for the axioms themselve^^re lacking — 
whether in mathematics or in other fi^elds of knowlec 
foundations are being discovered in logic, for instance [23]) • 

■ One should keep* in->tftind that the term 'definition" has more 
than one meaning^. When it is. taken In the' sense it has ip formal 
lo^ic , the impossibility of setting up such a definition is iden- 
tified with the ''primacy" of the corresponding object » with the 
impossibility Of deducing it. But there are theories of definition 
in existence now which do not coincide with the* traditional approach 
of formal logic ^ the matter (see the works of B. M. Kedrov [26], 
^mong others)* ... 

It should also be. mentioned that attempts have been made in the 
history of science, and a great many attempts are still being made, 
to provide a definition for the concept of number. The definition 
by Frege-Russell, which stimulated a number of other attempts, i§^ 
well known (an account of it is given in R. L. Goodstein' s book [23]) 



^'U SKevchenko thus wriltes: **The concept of number is 
primary . Arithmetic does not provide a definition for it. • . • 
Mafhematics dbes not contain an ^answer to the question of what 
mmber is, an answer which would', consist of a def ihit iojj/of this 
concept through other, previously established concepts: Mathematics 
gives this answer in another form, by enumerating the properties 
of number expressed in axioms [43:13-14]. 
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Thus the present difficulties, mathematical as well as logical, 
in defining number are no reason to acknowledge its primacy iu the 
general mathematical system of concepts, .^^^ 

It coMld be assumed, of course, that even thoughsspany preliminary 
concepts Aji^aj^quired simply to* describe numerical systems; these" 
systems taken together constitute th/ subject* of mathematics itself 
in its general features, for something becomes a mathematical**^ 
phenomenon oifly insofar as it "is expressed in numerical form. But 
this assumption is not juatified. The relation of equivalence^ 
for instance (a reflexive, pjnnmetric and transitive relation), can 
be found in .the equality of segment-s or in the similarity of figures. 
Examples of the relation of order (an .ant isymmetrical and transitive 
relation) are '^smaller'* with regard to segments, "younger,'' for 
people, and "softer," for minerals [22:27, 33]» Here the subject 
for mathematical consideration is given without being expressed' # 

I 

first in numeiS'ical form. Seen this way a series of numbers is 
itself only. a special case of these relations. 

This state of affairs is not basically at variance with the 
fundamental significance of the concept of number for mathematics 
as a whole nor f or^ the study of it. It is important only to 
ycorrectly evaluate the specific role of this concept and its. relation- 
^ip to other concepts. While an important place is assigned to 
number in the general system of mathematical knowlecjge, one should 
not come to hasty conclusions about the place it should occupy in 
the mathematics curriculum. • " - ^ ' 

The following situation Is. typical. Methodologlsts (N. S* 
Popova, for example) who think that school mathematics instruction 
must begin with an introduction to natural numbers themselves still 
note that the quantitative relations of sets can be taught without 
having recourse to counting or even being able to name the numbers. 



8 

Goodstein in particular mentions the rej^ationship between the 
definition of riumber and logical 'problems : "The answer to the ques- 
tion 'what is numh^^r? ' depends at least in part on the answer to the 
^ more general question 'what is logic?* We shall see that there are 
various levels of logic, permitting various definitions of number" 
[23:12]. {\t should be npted that the formally logical .''indefinability" 
of numbei|' seems to have to do with only one of these levels.) • \ 

.. ■ . I 



As ye study the outogenetlc and phylogenetic 
developi^nt of numerical ideas, we have become- 
convinced that the concept of number and the count- 
ing opefcsLtion emerge simultaneously when the category 
■ of quajltity and the category of order i'hteract » 
although both catiagories can exist .independent of ^ 
number and counting and independent of each other 
[39:9], ^ * . 

Even before he can count, the *child distin- 
guishes fami"tiar' groups of objects in twos and 
even threes. . . * This direct perception of a 
set attests to the beginnings of quantitative 
notions in the child > although at this point he 
is still a long way from mastering, the concept of 
nuaber [39:ll]. 
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These ||t:at^ements acknowledge, on the one hand^ that number 
and coimtii^^ ca^ be derived from the categories of quantity and^ 
order and that t\xe latter are independent of the former. Also, 
they acknowledge Hhe possibility that the cliild^ can conceive of 
quantity before he masters the concept of number. But again the 
way the* academic subject is set up proceeds from the view that at 
school "one must first deal with the concept of (natural) number ' 
and the counting operation'' [39:6]. This approach to the selec- 
tion of starting points for instruction becomes possible if at 
least three" assumptions are made. 

First, it must be assumed that although the categories o'f 
quantity and order occur in phylogenesis before number and inde- 
pendently of it, they- lose their independence when it appears 
and\are so '^iisplaced'' by number that, practically Speaking, they 
cannot be the >asis for* the formation of mathematical concepts. 
Number, as the Result of the interaction of these categories, 
embodies them so completely that they themselves can be discovered 
through numbers, the sequence of wKich, incidentally, the child 
learns rapidly and successfully. Their dual it^ture needs to be ^. * 
distinguished within number and counting [39:14]. 

Second, before number and counting appear, the quantitative 
assessment of aggregates in both phylogenesis and ontogenesis 
bears a prearithmetical character; ''pucearithmetical operations*' 
have to da* with elementary quantit:at>lve and ordinal ideas [39:10, |l]. 
'The appearance of* arithmetic in phylogenetiq development results 
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in conscious counting ^nd full-fledged numerical ■ concepts 
[39:i0]. In. ontogenesis, which does not repeat phylogenesis 
in totality > it is evident' one should begin immediately with 
the formation of "conscious counting** and /^full-fledged numar-- 
leal concepts/' The dual nature of numbers arid counting re~ 
quires . that the' teacher pay special attention to the child* s 

• "prearithmetlcal^* training, but in itself, apart from instruc- 
tion in number and counting, it has no meaning. 

Third, the relations!? of number and counting (full-fled g ed 
concepts and arithmetical operations) to the categories of 

'^quantity and order which occurred prior to them (undeveloped 
concepts and prearithmetical formulations) permits arithmetic 
(number) to be made the basis for learning all of mathematics. 

lu our view these assumptions . ignore certain important cir-.. 
cumstances, both strictly mathematical ones and logical and psy- 
chological ones as well. First, as has been shown above, many 
genera^ mathematicat concepts, concepts of the relations of 
equivalence and order, in particular, can be dealt with syste- 
matically in mathematics independently of numerical form. These 
concepts do n^t lose their independent character. With them as . 

,a basis it is possible to destrlbe and study a specific topic* 

that of ^various numerical systems, whose concepts do not in tliem-- 

selves cover the sense and fceaning of the initial definitions. 

As a matter of fact, in the history of mathematics, general concepts 

haveldeveloped to the extent that '^algebraic operations," of which 

the four operations of arithmetic provide a fam'iliar example ^ have 

come to be applied to elements of a totally "non-numerical" 

9 

character [5:13]. 



^It is appropriate to cite here "the "detailed characterization 
^of this process by N. Bourbakl : "The concept of algebraic operation, 
Noriglnally restricted to natural numbers and measurable quantities, 
Jgradually broadened 'p^^^^^H^l ^^^^ broadening of the concept of 
^number* until it outgrew It and began to ^be applied to elements of 
a completely ^ non-nurae>rical * character, such as the permutation of a 
set, for instance. . . v Undoubtedly, the very possibility of these 
successive expansions » in which the form of thp calculations remained 
constant but the nature of the mathematical objects on which the 
calculations were beinfe performed changed fundamentally, led to the 
gradual discovery of the guiding principle of modern mathematics: 
Mathematical- objects in themselves are riot so e^ential — • what are 
important are their relations" [5tl3]. 
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In phylogenesis, people evidently distinguished sets and 

their powers as objects^ of certain practical transformations before . 

they did the numerical characteristics proper of aggregates (see, 

for /^ample^ the viewpoint of I. K. Andronov [3:6» 11-12]), but 

tVe general concepts of set and power were formulated much later ^ 

than the Ittempts to define number theoretically (see the comment 

by E. G'.^onin [22:13]). Of course, the notion of set and of the 

relations of equivalence and order did not have the theoretical 

fonn in ancient 'times which modern scientific concepts have* But , 

one should not c^^li^e from this that ^'prearithmetic^l'* comparisons 

of aggregates in themselves are less significant than "arithmetical" • 

ones, nor that arithmetical operatipns are a more ^'important** form 

of knowledge than ^^prearithmetical*^ description* 

point has to do with difficult theoretical-cognitive and 

logical problems about the connection among the universal > the par- 

ticillar, and the uniqyi^ iiji cognition, and about the relation between 

practical ('*real^*) and theoretical abstraction. These problems, 

unfortunately, have not yet been sufficiently worked out in relation 

to the origin and development of mathematical knowledge. But we 

can assume that even though arithmetic (numerical systems, laws of 

calculation, and so forth) was the l&ading mathematical discipline 

> 

in' a particular period in the development of mankind — in connection 
with specific economic needs — the development of production and of 
mathematics itself pointed up the limitations of its forms for 
desig'hating quantitative relationships, and the specific nature of 
Its deficit ions. For a while it was as though this specific form 
^^outdid** thet general featiures of the subject of mathematics and 
even appeared bo be **loCtier'\ But subseq.uently these -features were 
expressed in ^ fom specific to them anci they revealed ^ structure 
which called for special means of description that did not coincide 
with the arithmeticaT repros'entation of mathpmatical relationships. 
And yet arithmetic itself (the theory of numbers) has come to occupy 
a new place in the general system of mathematical disciplines; its 
specific methods and concepts have acquir-ed the necessary relation- 

1 

I. 
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ship to general inathematical and algebraic , definitions • 

•The occurrence of **prearithinetical*^ behavior in ontogenesis 

if 

indicated, not a lack of awareness /of ^^quantitative notions/^ but 
only a special — and no less significant — way of designating ^ 
and analyzing them which, can and should be expanded . Wid of course, 
it is necessary" to see'Xihat the child forms an accurate conception 
of the relationship between "prearithmetJ^cal" and '*a^ithmetical'' 
operations* But attempting to introduce a specific arithmetical 
form for expressing mathematical relationships *as fast as possible 
distorts the child's conceptior\ of the^e relationships ind the re- 
^lationship betwee^j the general and the specific* 

There have .been recent attempts to extend the stage of instruc-- 
tion at which the child is intr^ifced to ^thematics. This yrend can 
be seen in methodolpgi^al manuals, as well as in some experimental 
textbooks. For instance, problems, and exercises designed to train 
chilciren to establish ,t»he identity of groups of objects are introduced 
in the first few pages of one American /:extbook for children six or 
seven yea^^s old [46 J. The children -are shown how to unite sets, and 
the Appropriate mathematig^ symbol^ (the symbols \J tod" "hj^ ) are 
introduced^ ^- The^study of number^ is based on an 'elementary knowledge 
of sets [|6:82]. The concrete attempts to move in this direction 
may not be of ^ual m^rlt, but th^ trend itself,. we think, is entirely 
proper and fiarsighted. 



"^^Let us quote Bourbaki^s characterization of the relationship 
between iirithiwetic and algebras ''inasmuch as the set of natural -> 
numbers possesses two^ internal laws of composition — additiA3p and 

J multipilcation — ^classical arithmetic (or the theory of numbers), 
having as its subject the study of natural numbers, is included in 
algebra. But from the algebraic;: • structure defined by thes^ two laws 
there emerges a structure defined by' the relationship of ortler ^ a 
divides J&' ; the very essenceNpf classical- arithmetic consists of the 

^ study ^ the relationships between these;, two structures which occur 
together^^ [5:15]. ^ " ' ' % ' 

11 

Al^o among the opinions which have been expressed about im- 
proving'^the mathematics curriculum is a defense of the traditional 
method of introducing the child to number, a defense of the advis- 
ability of startii^ the school mathematics course directly with numr 
ber (see the book b)?^ A» *Menchinskaya and M. I. Moro [33:88-89], 
for instance)* . * . ^ . 
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.• One other circumstance t-- the specific nature of mathematical 

. ab&tracti-on is of great importance in choosing starting points 

for the school mathematics^.course, A. Kolmogorov*^raises higlily 

• Henri Lebesque^s attempt, to explain the material' content of mathe-^ 

matical concepts*, but he criticizes him for underestimating the 

independent nature of mathematics. In conformity with Engels* views, 

"iColmogorov emphasized that mathamatics - - 

studies the material world from a particular point of view^ 
- **that its inanfediate^sub j ect Is tha spatial forms and quant i- , 
/' ^^ fs s g, relatioriships.pf the real world. ,Tliese forms and ; , 
S^^mpnshlps /themselves, in .their pure form, rather" than * 
• ^sp roKm c material bodifes, are the reality whiph mathematics /. 
^^tudies '[29:11]. . ' . \ 

Kplmogorov is speaking here of-' mathematics as'^^ci'euce, of 
* ■ , - .. - * 

course*, but the tnatter needs to be taken into consideratic^n. iYi set-. 

ting^ up the. school subject'^as well*' ,The curriculum should provide 

the child with work-in which he wi]^*be able to^ "move away" from 

concrete bodl.^s accurately and at the prope? moment, after havins 

* " f' ' 

digtinguishe^ ^tlieir spatial forms arid quantitative relations/and 
having given them their "piire fomi." Only 5n. tile basis of this can 
he develop an accurate understanding of mathemajiics. But he must 
develop this ^'form" throftgh constant^ relation to specific bodies,- 
operations \Jlth which the' concepts gain a" real material meaning. 
There Is a eontradlctton^ of a sort here in the elementary stages of 

^ mathematics inst^ctiouv (and not only elmentaty, it seems). What 
the research ''^at^iem'atidian has before him in its "pure form^^ has to © 
be constructed in th^ child *s head. This "form" is not given to him 

* |at -the ..start. It must be derived » arrived at through a definite course 

yof Itudy. . ' ' • ' ' ' ^ ^ \ 

At the same, time it^is clear that,, for the time be(ing, the child 
cannot approach\(ie ^academic mateVial he\s beginning to ^ork with, from 

^ the poiu^of view bf^"ptire" forms and relationships because -he does 
not ye^ly^have this poin-t of^view. On the contrary^ by the time a person 
, has* distinguished "pure form," he wi.ll' be ^perceiving the ihaterial bodies 
thenfselves differently.' / , \ ». - 

l{6^ can this cantradictiou be resolved in th^ coutsee of teaching 
maJthematics? ' What organi^^atierr-rsf^.the courae and what method of intro-- 
ducing' concepts contributes best ^to( the solution'* ot% th^s problem?- Not ^ 



The jConcept of a_^^t; and Its Relationship to Mathematical Structures 

Opqgrattons" ^' sets and their properties * The concept of a set 
is introduced In mathematlc$ without being logical^ly def lned'» What 
this mea5)is is the following. Disciplines primarily hiave to do with 
certaiA' objects which are coip^blned into aggregates > classes , or sets > 
Objects belonging to a set, are called elemejits of that set [22:7''8]. 
, Sometimes a set <Lan be described precisely by enumerating all of the 
elements in it* * But f pr A^a^y extensive sets this is difficult or 
simply impossible to do;. The more common method of designating sets 
consists of clt^g the rule which lets one determine whether any ob- 
ject does or does not belong to the set. Tills rule (or 'requirement 
placed on objects) is connected with a certain property present only ' 
^in .those Qbjects which satisfy this rule. Consequently , "bound up . 
in each set IS a certain pi:operty .present, in those and oti^ those 
^objects which be;j.ong to that set'' [22:9]. *!; ' 

It cah be seen- by examining this way Df introducing "set^' t;hat « 
in itself there is nothing specifically tnathematicalyabout it.' 
Actually, apart from ^ mathematical infeerpretatiot^of ^^sets , people 
both in everyday J^lfe arid in various scientific research are constantly 
distinguishing classes, aggregates collection of objects > and separate 
elements making up these collections*. V .And in aacii particular case the 
property according to which the' set* is distingtiished is the essential 
one. Finding this property (^distinguishing the collection^*) .and Te- 

t .r f 

latlng it to-'the element (including the element in the set) are the 
problem for the sciences involved (physics > chemistry > biology, polltl- 
cal economy » and others). Rules for designating properties of objects 
and for distinguishing a certain- collect ion of objects 'on the basis of 
these prope^rties were formulated wlt;hln the bounds of formal loglo as» 
far bacTc as ancient times. Every noum, si^c*' it is a generalization, 
designates a certain property and sets apart the class of things 
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^*The concept of a c!Lass or an' aggre|>ate or a s^et of objects is 
on4 of the most fundamental In mathematics. ' A -set l-s determihecj by a 
pafticular prope^S^'^ or*^at tribute* . . which each object being examined 
cither should or sXpuld nc>t possess; tha objects wiiich possess the 
property. ; • form the , set'* ^ /'^ [8:163].^ 

*i • * . " ' r 



even the elmentary units of the course can be set up in a sound » 
way if the answers to these questions are lacking. The greatest 
defects in traditional methodology fome in the way thesovvery 
issues are solved. It does not reveal, to the extent that it should^ 
the characteristics of quantitative relationships which must be dis- 
tinguished In order for the initiaJL mathematical abstra^^tions to be 
structured in the child's mind and for further work to ba done on the 
level of these abstractions. \ 

The issue concerning- how to begin t,he mathematics course and 
whether it is advisable to begin |t directly with numtrer is not a 
narrow nethodological and specific issue, buf a^ f ujidamental ^one from 
the standpoint of developing general notions about mathematics in the 
"child. It may be assumed th^^the real significance of the elementary 
stages of instruction in fact consists. oS sho^ng children ti^^^gene^ral 
characteristics of the abstractions Constituting the subject -of further 
study and comprising- its ''pure form.'' The nature and deg^e of this - 
**purity" will not directly coincide with the theory of^ the. subject, -of 
course, but there should be, some similarity in the content : Determining 
exactly what the difference anJl -the partial siniilarity consist of is a 
subject for logical and psycholo^al as well, as educational research.^ 

^In any case^-her^ is the point from whi^h .t;wo paths lead — either in 
♦ . ** 

the direction of .real mathematical knowledge or in the direction of its 
"verbai-ayiRbolic'^ fictions, which one fj.n4s !'r'equently^ in. actual teach- 
ing practice. » v . . . >^ 

The material cited aboye indlcate's that the general, concept of a , 
set occupies a special place In modern mat^hematics . . It i&>^ppe3^:ing 
more and more frequently in the literature pertainirlg purely to 
scl:^ol as w^ll, and is receiving ever greater emphasis as ^number is 
introduced. Therefore it is worth oar while to discuss thq meaning of 
this concept as one of the possible starting points |a tihe teaching of 
mathematics. " . , ^ . 



' ''"^The psychological significance which 4he first s'bages of the 

'child's acquaintance with linguistic phenomena have for the further 

s-tudy '^f the Russian lanuage isMist^ussed in (ihapter^III [of the origi- 
nal book (Ed.*)]. ' * * * ^ 



corresponding to it (house , person , and so forth) • Simply setting 
apart an aggregate, a class of real objects, and interpreting them 
as a **set'* is no sign, however, that the .approach to objects made 
in other science^ or in practical activity is specifically mathemat-' 
ical» In mathematics, an important abstraction occurs. For a -"ser,* 
the native of the elements dees not matter ; what belongs to the par- 
ticular set is all that needs to be ii^icated. But such an abstract 
t-ibn in and of itself is within the bounds of formal logical descrip- 
tion and purely logical rules by which certain relations (as in 
syllogisms, for instance) can be made apart from the "^^concrete** 
nature of the objects being examined, 

■ ) 

©ourbaki has an interesting idea about the historical role of th 

* 

concept of a -set in modem mathematics. 

We . . * are- not touching upon the ticklish issues, 
semiphilosophical and semimathematj.cal, which have come 
up in connection with the problm of" the '^nature" of 
mathematical ''objects/' We shall limit ourselves to the 
comment that the^ original plualism in our conceptions of . 
these *'objects," regarded at firsX as idealized "abstract ^ 
tions" of sensory experience and preserving all of their 

* heterogeneity, was replaced by "a singl^^ notion as a result 
of > axiomatic research in the niuteenth and twentieth cen- 

^ turies^ by,' successively reducing all mathematical concepts 
first to the concept of whole number and then, at tj^e 
second stage,' to the concept of a se^ The latter, which 
for a long time was thought to be "original'* and *'indefin^ * 
able,** was the subject of numerous argument^ ..because of 
its exceptional generality and the foggy ideas which it . 
elicits in us. Tl^e difficulties disappeared only when 
* the concept of a set itself disappeared* (and with it all 
^ tVte metaphysical pseudoproblems concerning mathematical 
'^objects'') as the result of recent research -into logical 
£onualism^. ' From the point of view of this notion of a set, ^ , 
-mathematical structures, strictly speaking, become the only • 
mathematical objects [6:25l]» 

ITiere are a number of essential points i^n this fundamentally 

x 

important statement* One notices first that re ducing all mathemat- 
ical concepts to the concept of a set resulted in difficulties cause 
by the exceptional generality and ^ foggy Ideas (this should evidently 



. ^^A set is ah exceedingly general concept . . . \ We conceive 
of set as something which can be discussed according to the laws of 
formal logic'^ [27:7^]. 
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be interpreted to mean the real propertfes of objects) which this 
concept elicits. These difficulties were overcome only with the 
^'disappearance'' ©f the very concept of set* Since **set^' is still 
in very wide use (by Bourbaki among others)^ this statement; appar--- 
ently refers, to^the ''disappearance" of the original, initial, inde- 
finable character of the coij^ept of a set* Mathematical structures , 

15 

not sets, are the sole mathematical materi^. The concept of set 
assumes that these structures have certain Properties > even though* 
this might not be' at all evident at the start, 

R» Courant and G. Robbins have noted a particular circumstance 
having to do with mathematical research into sets. The mathematical 
study of sets is based on the fact that sets may be combined by 
certain operations to form other sets . . The study of operations 

on sets comprises the ^algebra of s^ts'** [8:108]. These operations' 
are "'union'* (''logical sum": A + 3) , ''intersactipn'' ("logical product".:. 
AB) and "complement" (A') of sets [8:110,111].''^^ 



15 

The problem of the nature of the subject of mathematics, as 
well as of the other sciences, has specific philosophical aspects 
which must be taken into consideration if the whole problem is -to 
be resolved. The most important of ^ese is the recognition of the 
objective existence, Independent .of the position of the^ inv^tigator, 
of the very properties ,^ qualities , and relatio^aships of th^ things 
being studied which are only reflected in the ^lystem of scientific 
knowledge. On this pl^ne it is quite accurate to ask 'what mathematics 
reflects in the real world, and what properties of things it ^distin- 
guishes , designates, and investigates, that is, what the nature of 
its material is (and this aspect of the matter cannot be dismissed 
witli any argum€>nts about the allegedly "metaphysical" character of 
the problems occurring here). What is studied by any particular 
science, including mathematics, is not things in and of themselves, 
not objects with all their properties 4;nd facets intact, but certain 
aspects, points, relationships, and. connections among real things* 
The structures studied by mathematics might be a particular instance 
of such relationships. 

''■^^'Tlie set of all elo.meats each of w!iich belongs to at least one 
of the sets A and B (designated by A \J B or A + B) is called tl|p union 
or combination of sets A an4 B. The set of all elf^m^nts each of which 
belongs to A and B (A A B or AB) is called the^ intersection of sets 
A and B. The set of all elements. each of which belongs to A^ and does 
not belong to (A \ B) is called the difference of Sf^ts *A and B [22: 
12, 13, 1.5]* * 
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In and of themselves, these three operations are a translation 
of quite ordinary connections among things into a conventional lan- 
guage » These connections have also been expressed through formal 
logical structures. In ordinary logical terminology, union becomes 
^'either A or B or both** Ca particular thing belongs to at least one 
of the aggregates); j.ntersection becomes *'both A and B" (this thing* 
belongs to both aggregates) ; ^ complement becomes '^not A'^ (this thing 
does not belong tp this aggregate, which itself is part of another). 

In our view the operations enumerated do not, in and of them- 
selves, reveal only mathematical characteristics. The translation 
mentioned from one ^'language'' to another cannot, -in itself, reveal 
a tlew quality of an object. Tlie purely quantitative specificity of 
objects, that quantitative relationship which mathematics investigates 
In one way or another i does not come to light in this process- 
Obviottsly, matters which reflect a specifically mathematical approach 
to the investigation of sets are actually concealed, left unexpressed 
at times, in these descriptions of the operations and in the ways they 
are. used in algebra. 

This comes to light in the following circumstances. l-Jhen the 
operatioQis mentioned are Irltroduced, mathematicians f ocus> primarily 
on the study of their properties (or lax^s ) which manifest themselves 
in a syst^n of equalities . Courant and Robbins isolate twenty-six of 
these laws, among which are: . ^ 

1. A -f B = H + A, 

2. A + (B -f C) ^ (A V B) + C, 

3. A + A =»A, 

4. AB = BA, 

s 

5. A (EC) = (AB) C, 
■ 6. ^ AA = A, 

and others [8:.lio]. 



^^The possibility qf this translation of f-ormal logical f.ems irito 
thn language of sets^is noted by Courant and Robbins [8:112-114] in par- 
ticular, as well as l(y Bourbaki [6:;^-13]. 

18 ^ 

At the same tJane this does not eiiminate tlie importance of mathe- 
matical symbols for describing logical relationships and the possible 
"{•atchin^" of new aspects of them in thls_ process (the latter are' not' 
always clearly indicated, unfortunately). 
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It should be noted that the first, second » fourth > and fifth laws 

are eternally identical with the commutative and associative laws of ^ 

ordinary algebra, but the third and sixth laws have no parallels in 
19 

this algebra. ^ ^ * v . 

Thus A. G*. Kurosh has written: "The operations of intersection 
and union of sets are connected by the following mutually reciprocal, 
distributive laws: For, any three sets A, B, C, 

A n (B u c) = (A n B) u (A n c), 

A U (S n C) = (A U B) n (A U C)" [28:9]. 

« * 

' In the laws cite^ it can readily be seen that set operations are 
not. isoJLated one from another but are combined in definite r^latiojis . 
Thijb combination emerges in the form of equalities ^ indicated by a , - 
speicial symbol (^'«'**)* 

I The statacient is united with united B and C," by itself — even 
when extremely abstcact elements are assumed — signifies only the fact 
of union and says nothing about its properties. But if it is further 
affirmed that this union is. equal to another (that is, to the united A^ 
and B, united with C) , then a specific property of the operation is 
r&^vealed, a property designated jjj the associative. law > which indicates 
that the order in which the sets are united is unimportant for obtaining 
^he final result (the other laws having equality in theij formulas 
can be viewed analogously)* But do all real-life' aggregates (''sets'') 
come under the associative law (and. the other la^^^s)? 

The laws of compositioq and the concept of mathematical structure > 
Imagine that there are three sets: a^ack of old wolves (A) , "a group 
of "rabbits (B^ , and a pacl^ of wolf QU* (C) , and let fthem be combined 
in the following way. First "Combine B and C. The result of ^^this "union" 
will be B U C; for the wolf cubs are hardly going to "devour'' the rabbits. 
Tlien combine A with (B U C) . It is quit^e possible that the old wolves . . 
will become occupied with --"caring for" the wolf cub^ and will not touch 



"^^".Tl-iG laws 1 to 26 form tliB l;>asis of the algebra of sets" [8:112]1 
"niG verification of the laws of the algebra of sets rested on the 
analysis of the logical meaning of the relation A C B^ and the operations 
'A t>B, AB, and A\ *We can now reverse this process and use the laws 1 
to 26 as the basis fo\ 3^ ^algeb^Ta of logic' More precisely, that part 
of logic which coi^erns sets or, equivalently .^properties or attributes 
of objects may' be r^uced to a formal algebraic system based on the laws 
1 to 26"'[8:fl2^. (Here the relation Ac B signifies that A Is contained 
in B, that is, is a subset of B.) ■ - ^ 



the rabbits. T\\e result of the union will be A U (B U C)^ But 

will this be* maintained if the order of* union is altered » if A • * 

and B ate combined first and only *then combined with C? Obviously, 

it will not be maintained* The wolves will ^Mevour" the rabbits, 

and it will turn out that the associative law does not apply: ^ 

A U^(B U C)^/ (A U B) U C. ' 

20 

Only at first glance is this example naive. In .fact the 
introduction of the associative law and other laws obviously assumes 
a system of limitations on the objects to which they can apply. 
I'hese limitations can involve the simple ^'exclusion'* of some set of 
objects from a broader set, or a specific indication of the system 

of conditions in which the rule being applied "works." Bht in ^oth •* 

ft 

instances the process of structuring an abstraction and setting up ' 
constructions (of mathematical elements) which can then be the subject 
of mathemat?ical transformations proper are being dealt with. 

From this- point of view i£ impossible that all real-life 
("natural") aggregates of things are Inherently mathematical sets, 
^or- the inclusion or exclusion, union or intersection of aggregates 
mathematical operations. Obviously » ^ real--life aggregate becomes 
a mathematical set only when it is presented in certain conditions, 
or under certain "limitations," that is, one must be able to distin-- 
guish and abstract, ce1^taln properties and relations in it (a certain 
s^tructure , to use Bourbaki^s term). T^Ixat "are these properties and 
how ^are they Isolated in ^al-lif e objects and become a subject for 
mathematical analysis? These questions are of primai^r significance 



20 

Courant and Robbins have some interesting ideas about the 
applicability of the laws of ^rlthmeticr "These laws of arithmetic 
are very simple, and may ^eem obvious. ' But they might not be^ appli-* 
cable to. entities other than integers. If a^ and b are symbols not 
for ir^tegers but for chemical substances, and if "^additioiV is .used 
in a cQlloquial sense > it is evident that the commutative , law will 
not always hold. For example, if sulplruric acid is added to ^ater, 
a diluted -solution is obtained,, while th^ addition of water to pure 
sulphuric acid can result in Hisaster to the experimenter. Similar 
. illustrations will show that in this type of comical ^atithn^tic* 
the associative and dis ti^ilj^utive laws of addition may^also fail" 
[8:2]. 
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when it comes to actually setting up the elementary curriculum. 

As a rule, a person who already has a practical knowledge of 

Tnathematics is not aurare of the way the subject of its? operations 

can be delimS,ted» For this person it a lready delimited and has^ V 

21 

its own* particular characteristics* But this subject is still 
concaalecJ from the child and ne^ds to be distinguished from other 
aspects of t^ngs (physical > chemical > and so fl^rth)* Teachers* 
ideas concem-ing ways of distinguishing the necessary relations in- 
fluence the elementary mathematics curriculum and the chpice of 
suitable concepts, means of representing them, and types of exercises* 

'^From a psychological point of view,: problems which a person solves 
by establishing (and mastering) certain ways of operatineand distiij- 
guinhing the necessary attributes and relations among things, are of... 
particular interest. If these pro^^ms and ways of operating are 
known, t^^^^nst ruction process can hi orgsftiized so that^adequate 
abstractions can be formed soon enough in the child *s mind, instead of 
chains of external verbal designations directly cor>nect;ed with the ' 
numerous properties of the things." 

Describing these problems and operations is difficult because they 
have already been remove^ from the knowledge that has been learned and 

^^obesquc paid special attention to this matter as It pertains 
to arlthipetical operations: "We assert ^ for instance, that two and 
two are four. I pour two liquids into one glass and two Into ar^other; 
then I pour them all into one container. Will it hold the four liquids?-^ 
^That isn't fair/ you answer; 'that^s nat an arithmetical question./ ^ 
I put first one pair of animals Into a ca^e , then an6ther pair; how many 
animals will^there be in the cage? 'You are being even more glaringly 
unfair,* you'say, 'since the answer depends on .the species of the animals 
One beast might eat another up; we als(? need to know whether the count; 
is to be taken • immediately or after a year. In which time the animals 
could die or bree'd. Essentially we do not know whether these aggregates 
ydRx are talking about are unchangeable, or wte'ther each object in the 
aggregate preserves Its Individuality, or whether there are any objects 
which disappear and reappear'." 

"mt what d,oes wliat you have said mean if not tl^^t the possibility 
for applying arithmetic requires that. certain conditions be fulfilled? 
So'far aSv the TuX(^^ of 'recognition . . . that you gave me is concerned,- 
it, of course", is perfect in practice, but it has" no theoretical value. 
Your rule is reduced to the assertlon\that arithmetic is applicable when 
it is applicable, .This Is why it is ImposMble to prove that two^and^tw 
are four, which nevertheless is indisputably true, since the application 
of it has never deceived us " [^9:21422]. t 

" ■ /■ , . 
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even seem aupep^uous* In itself it is as if this knowledge were 
directly coun/cted with the properties of the things to which it in 
fact is diredtly related. '^^^^ certain extent this is permissible 
in dealing wiVh theoretically developed *'minds,*' h^t unfortunately 
the type of child who often is conforonted by such a problem does not 
yet know the methods of setting up a particular abstraction > * Natural- 
izing it^ making it iato an object, thus results in the loss of the ^'^ 
ability to "see^^ the ^pr<^erties of thp thing itself on tjhe one hand> 
and in the limitation of the abstracjitlon ijiself to the object on the, 
other > that is, the impracticability of the abstraction, no matter how 
profusely it is ^illustrated witK /'concrete^' examples. 

, This need^ to^ be. discussed especially in view of the fact that 
the term set has been introduced in school courses too superficially 
and mechanically at^ times in the modem methods t>f mathematics teaching. 
This term is equated with any aggregate of ".objects as a kind of generic 
designation (a set of apples, a set of chairs, and so forth), an the 
assumption that it gives the* concept of number a *'ma4em" grounding. 
In itself, the tendency toward providing this ^'grounding" is justifiable. 
But at the same time one cannot simply replace such words as "pile** and 
"group** with the word "set," deliberately not indicating- the system of 
specific conditions under which real-li^e a^regates become sets (in ^ 

•particulars the wtdely used guides for teachers ^y I. Andronov [2,3] 
suffer,, fj;om this def§jg;f:,^i.i;i the way they^grqund arithmetic in set theory). 

Using the concept of a set as the basis for teaching mathematics 
thus ^desjands a much broader cohtext.Jiian' the external characteristics of 
a set which are. sometimes described. A set acquires its meaning from 
and*-t)perates within special systems of relationships amgng particular 
categories of thi^ig^s . ^O^l^y .thrOT^h an analysis of these relationships 

^can ^the set ^itself be distinguished, that is, the unit possessing thes^ 

: relationships ai^d the laws inlierent in them independent;. -e^ its physical 
and Q.t*her "concrete" nature* A set is abstracted as a consequence of 

-isolating certaiii. relationships among arbitrary objects* Tlie laws 
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, In his study G. Shchedrovitskii [4l] examined in detail the 

problems of working out methods of expressing "knowledge" in any sym- 
bols and the role of certain systems of operations of replacing and 
correlating thes* properties of objects with their symbolic analogues, as 
well as the illusions one thus gets of the^' 'immediate nature of "knowl- 
•• edge,". \ ^ 



characterizing these relationships are the '^limitations" by which the 
specifically mathematical features are isolated and abstracted. It — 
is practically a prerequisite' for working with the concept of set to 
be acquainted with th^se laws* 

But basing the teaching of mathematics on "the algebra of sets" 
means d^e vising a t dtally dlfferetit academic subject from the one now 
taught in the schools. It is iii5)ortant to note just how^ relevant 
this task is* Inasmuch as attempts are already being made to perform^ 
It^ and the concepts of "relationship — structure" are even penetrating 
psychological thearies of the thought process (Piaget), it is advisable 
to discuss the meaning of these concepts *more specif ically* 
« Bourbaki^s statement describing the "-units" of mathenSatics as mathe- 
mat leal structures has been cited. But what are structxyes? 

The common feature of the various concepts having this generic 
name is that they are applicable to a set of elements the nature — ^ 
of which25 has not been determined* In order to determine the 
structure, one or a few relationships by which 'elements of the ^ 
set are found are given . . ; then it is postulated that the 
given relationship' or relationships satisfy certain conditions*^ . 
(which are enumerated and are axioms of the stru*cture being" 
examined) [6:25l]. ' . 

Bourbaki points out three basic types of mathematical structures; . 
algebraic structures > structure of order » and topologlsial structures 
(while noting that the further development of mathematics may quite 

L . , - 

^^Of the two basic comp^ents of any * calculation > ' that Is*, the 
objects on which operations are being carried out and the ruJLe^ of th^ 
operations, only the latter are ^really essential, 4^ this higher Jevel 
of abstraction . * • ^objects' of calculations have ;a *^nature* .which ) : 
remains almost\compl^te\y undefined: More precisely. In his; calcuiationa 
an algebra student does not want to know snyt^^||ig about, ^thes^ obi^ts 
other than the one fact that they obey the laws he Is studying" L13V52], 

24 ' . ^ ' 

By "basing" we mean the genigine basis of a course — the logic 
and content of Its foundations and not just those elements^ of the termi- 
nology of set theory and scattered information about sets which are 
introduced in connection with solving certain methodological probiema 
within the traditional mathemattcs course • ^ - ^ 

' ^^BourbaHl has^ footnote here which we have cited alm^t in full 
on page 71. \^ ' \ 



possibly lead to an increase in the nuiober of fundamental structures 

• ' 26 ! 
E6s256]).. The point of departure for defining a structure consists 

pf Hjcelationships^ which can ba quite* divetse. 

The ordering principle of modem mathematics as a whole is the 
hierarchy o'fy structures , going from si^p^e\^to* complex, an4 from gen- 
eral to particular. At the center are the tjrpeB of structures enu- 
merated above — the generative structures » which are mutually ' irre- 
- ducible. Outside this nucleus are the complex structures , in whicli ^ 

one or ,a> number of .^generative structures (topological algebra^ alge- 
^ braic topology, theory of integration^ etfc») are organically combined^' 
A^er this come particular theories in which the Numerous mathematical 
jtructures of a morer general dikracter collide and.^taract as at an\ ^ 
intersection, the units thereby acquiring^ "&dividuality" (the theories 
ol^Classicar mathemati^cs ~ analysis, theory of numbers, a^id so forth) 
[6:256]* . ^ ^ 

The above, According to Bourbaki, is the architecture of modem 
mathematics. This architecture is brouglat to .light by jcioving f roitt^ the 
gener^ ^ l , the f.iindamental , the productive , and the . - simple to the particular , 
; the derivative , the complex , and the individual > resi)ectively . The content 
of complex structures can ]?e correctly understood only through an analysis ' 
/ of the transition within which the original, simple structures are com- 
bined organically and interact generating particular and individual ones. 

This outline of the development of mathematics ^ as a science^has a ^ 
direct relation to the theories of setting '-u^ the academic subject. The. 
cliaracteristics of the elementary, initial structures are of p'articu-- 
-lar significance* ^ 

Algebraic structure i^defined by^the "law of composition," that is, 
by the " relationship among three e^lements which defines the third element 
simply as a 'function of the first two. These laws of composition are 
of two types , Internal laws and external laws . 4 

"A mapping f^ of a certain^subset* A of . the product EXE Into E is 
called an internal law of comp/osition of the elments of set E. 




26 

"The distinctive feature of the concepts of modern m^^ematics, 
the basis of them, is the primary importance of structures ^d algebraic 
dperatlons" [30:56], ^ . \ 
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value f_(x,y) of iiiapp;Ltig _f when (x>y> e A is called the image of 
X and y.with regard to this law^^ [5:17]. 

. The associative and coinmutative laws have to do with the internal 
laws, of composition. '^A certain law of composition (x^ y) x T y of 
the ele^nts of set E is always -called associative if no matter what 
the elements x, y, and z of E are, (x J y) T z = x T (y T 2)'^ [5:23]. 

Let T be a law of composition of the elements of 
set E*. Elements x and y of E are called permutable with 
regard to law T , if x T y and y T x are defined and 
X T y = y T -x. 

'*A law of composition T of the elements of {set E 
is called commutative if for any pair (x, y) of element© ^ 
of te f<|r which x T y is defined, x and y are permutable" 
[5:28]. (Tlie symbol T signifies :an arbitrary law of 
composition here.) 

''A mapping f. of a certain s.et A C Q X E B E is ' / 

called an exteAal law of composition o:^ the^ elements 
of set n called the set of operators (or the ^rea of 
operators) of the law> and of the elements of 'set E. ^ 
Tile value jE(a, x) , taken as ^ B <a, x) c A, la called 
the image of a and x with regard to^this law. Elements 
of Q^are called the operators of the law [5:55]. 

A full definition of algebraic stnucturq follows. 

Algebraic stru^-tire in set E is any structure . • 
defined in E by on^ or several internal laws of compo- 
sition of elements of E and ^y one or several external 
lat.7s of .composition of 'the opetators from the sets of 
operators H ,/0 ^ and so forth> with elements of ^E. 
These laws ar^' subject to certain conditipnar (for 
instance, as^oqiativity and commutativity) ^r arf ^ 
l^^subjer.t to being combined' with each other iri certain 
relationships [5:60]^ 

The structu re of order is defined by the relation of order. 

ThiS" is the relation between^two elements > x and 
I y, which is expressed most frequently in the words ^'x 
is less than or^^equal to y* and which „ls designated for 
the general case by x R y. It is no. -linger assumed here, 
^s it w&s in the algebraic structures ^^thSt this relation 
siwply defines one of the two elements as being a fAinction 
of the other, The axioms -for an order relation are: (a) 
for all x,^x R x; (b) from the relations K R y and y R x» 
it follows that x = y; and (cV froji^ ^e relations ^x R y 
'and^y R 2, it follows that x RV^'' [6:^^2]. 
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The concepts of "neighborhood ^'' "boiindaty and ^ ^continulty to 
which the idea of space' leads, are formulated mathematically in 
topological stnifctures [6f^52-253], 

Bourbak^r^ Ideas about the '^architecture of mathematics*^ are > 
quite tempting to teachers, logicians, and psychologists. One begins " 
to envision^the ^tudy of mathematics as ]^elng based on general 
(sin^jle) str>^tures and ^the .aqademic subject as being developed 
through the ^nterrelat'^ons an^^Tnterweaving among them. Two aspects 
of the matter need f o. be -distinguished when discussing the feasibility 
of. this prospect. The first doncems the possibility and. advisability ' 
of the arrangement of such a course, given the educational goals and 
instructional methods of the present mass school or the ^school of"^ 
the near future* "There ^re standard answers ^or sudi^an arrangement 
and standard, usually limited, solutions with which one must agree 
when t^e ''actual" circumstances are taken into account. 

But there is another aspect" of the matter as well concerning the 
• exploratcjry nature of the experimental study of gener^/'problems of ^ 
structuring academic subjects, tod mathematics in particular. The * . 
ideas inherent /in the experimental study of Structuring 'mathematics . 
are of primary \8ignificance for they estab^lish the prerequisites for 
a substantial and Justifiable revision of the iderfs of traditional 

education, for working out a new interpretation of the nature of 

\ < * • - ^ 

abstraction and generalisation, for the connection between gener'al*' 

and particular, for ways of developing the child's* 'thought process, and- 

so forth. In other' words, research in this field can answer various 



difficult* questions, questions that are important . tq^the present a^d 

future school! ^ • 

A number of foreign publications show that some of Bburbaki's ideas 

already are being used' -in one way or anothe* in experimental curricula 

- . - 27 

and textbooks (in certain units of the high schoot course, mainly). 

They are reflected to a certain extent, for instance,'' in the textbook 

by R. Davis [9] intended for mathematics instruction in the fifth and 



27 

E» Rosenbaum has surveyed ^some studies^g^owing this trend 
[40}. article by A» I. Markushevich [3l] couLaius a critical analysis 

of slml).ar investigations. Also, see the "memorandunt". by a group of 
American mathematicians [32],' as well as [45] and [21^ 
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subsequent grades of the AnsertcfiL school (-ten- and eleven-year-old 

cMldren). This textbook is aimed at the study of the elements of axio- 

tnatic algebra, the GartesiM system of coordin^es ( coordinajie geometry) » 

and function^. The^ author, in summarizing hls^twn and ^ome other ' , 

experimental projectS^remarked **that fourth- > fifth-, and sixth-graders 

are more receptive to abstract mathematics flhd approach the subject 

with more .creativity and originality than' do older children" [9:2]. 

Some authors believe it possible and advisable to introduce the 

concepts of finite mathematics, the theory of probability, and the^ 

28 

like to children at an^arly age. The special significance which 

the geipi^l principles of logic have for learning mathematics and other 

discip]afe^it^**1^com^ apparent here. In particular, it has been proposed ' 

that the child' s . first two years in school be especially dewted to 

introducing him to the operations of logical addition, multiplication^!" , . 

inclusion, and so forth. *'These logical operations undoubtedly are the 

basis of the more specialized operations and concepts of the various ' 

branches of science" [7:^5]. '(We should note, incidentally, that if ^ 

the child is» given'this training, the laws' of the "algebra of sets!' ^ ^ 

can also be introduced relatively early.). . " . * 

, < Essentially, exploratory research? in this area can only te complex , ■ 

since it' involves ;natheraatical , logical, psychological, and instructional 

matters. For example, prob^tms concemiiig the order /in which structures 

are to b^^^troduced, the range of concepts to ^be studied and the rela-> 

tions among them, the determination ^of the attributies of these ^concepts, 

tlie differentiation of "general"- arid "particular" attributes, et,f:. , 

occur on the logical and mathematical levels . ■ ' r 

f — 

For psychology the problem consists particularly of using cei;tain 
instructional material to reveal the^ system of the child^s pperations ^ 
through which h^ discovers, distinguishes, and learn's initial ^atfletc^tical' 
relationships. In doing this It is important to consider the stages. 
of learning, and the various ways and degrees* to which, the child learns 
and lises the con>c^pts. . ^ , * • 

A- t,hird group of Issues may be called psychodidactic >' Could sych 
an experimental curriculum actually be iipistituted in tbfe school?' 



, ^ N. Ya. Vilenkin [49> has proposed aft original system of exercises 
which introduce primary school children to the ideas\ "of the 'theory of ^ . * 
priobabillty and ways of working, with matrices. ^ ^ *• 
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Would it be within ^ the children's capabilities, and at what ags 
(in which grade) should it be introduced? And mainly, what would • 
be the effect on thfe intensiveness with which mathematics is j^eamed 
and on the quality of the learning? Psychological knowledge concerning 
the sources, conditions, and rate of development of the .child ^ s^ think- 
ing will have much to do with answering such questions. These 
points shall be dealt with, since interesting data have been gathered 
about them in^ child psychology. 

^ ■ 

Psycholjjgical Prerequisites for Structuring 

ithematics ^s an Adademic Subject • 

At first glahcg_J^t seems as if the concepts of "relation^" 
j^'^tructure,"" "laws compositio^," and bther concepts having |j|^plex 
mathj^natlcal definition8j|^ould not 'be ^involved with^ fopning mathemati- 
cal^ideas in small children. Of course, the real and abstr'^t sepse 
of these** concepts in their entirety and their place in the axiomatic 
structure of mathematics as a science demand a well-developed, mathe^ 

* matlcally trained*' mind in order to be learned* But there are concrete 
^ psychological data ind^bating that the child grasps certain properties 

of thingg 4^signated by these concepts relatively early. 

* .One shou5.d Jceep in mind that from the moment of birth ur^il the 
age .of sevftn to ten, the child is developing^1;^^i^}^^^lex systems of 
general ideas about the world around him and laying the foundation for 
thinking abbuli objects. In doing so, the child acquires a general 

* orientation toward spatial-temporaj. and causal-resultant relationships 
* orf the basis of relatively limited empirical material. These orienta- 

tidn schemes are a kind of framework for the "system of coordinates"^' 
^ within which the child begins to learn in 'ever greater detail abojjt tlte^ 
various properties of a multiform world. *He is not acutely ^wat^.'of 
these general s-chemes, of course, and c^annc^t express them vefy^^eil in 
'the form-of an abstract statenten|:. To yput ft figuratively , £k^2^5re 



the intuitive for^ of organization of 'the child^s behavior ' (although 
he comes to express them more and morp rea-^ily^in statements > too, of/ 
cojuVse)'. * ' ^ V . 

■ / i / 
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- Many Soviet and foreign authors have studied the preschooler's 

formation of general orientation schemes* . Part qf this res^rch has * 

,been summarized in the book by D. E. sn?^konln [l4] and in ^tfhe studies 

edited) by A. /Zaporozhets and El'konita '[52] . ' / 
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In Tecept decades the Swiss psychologist Piaget and his associates 

, have intensively studied the development of the child's intellect and 

his general conceptions of reality^ tiiaet^and space. Spine of the ^ 

% studies are directly related to problems, of the developiaent of the ♦ 

^^Qhd^;Ld's.'tQatheiBatical thinkingt and thus it is djq)ortant that we 4is- 

cuss .i;heja as they apply to curriculum desx^. \ ) 

In one of his most recent books written\in collaboration with 

• Inhelder [37]^ Piaget cites experimetxtal data about the genesis and 

f onoation in children (up to the age af twelv6 ^ar fourteen) of such 

eleinentary logical structures as classification and seriation * ^^|^^" 

fication assumes the performance of the operation of inclusion (A + A* • 

• 

for instance)^ and its inverse (B - A^ - A). Seriation is the ordering 
of objects. in Systematic Series (thus*, sticks of varying length can be 
arranged in a series, each menfcer of which is, Idnger than any of the 
preceding ones and shorter than any of the subsequent ones). 

In their analysis of the 'formation of classification, Piaget and 
Inhelder show how the child moves initially from ^ the creation of 
a "visual aggregate" based only on the spatial proximity of the objects, 
to classification based on the relationship of similarity ("non-visual 
aggregate") , and then to the -moHt complex form — the inclusion of 
clashes Into^an hierarchical- arrangement as detepnined.by the relations 
between the extent and the content of a concept. The authors discuss 
the development of classification not only on the basis of one but on ^ 
the basis of two or three 'attributes, and the development of the *i 
.^ild*s ability to alter' the basis of the classification as^new elemeiit^ 
are added.- They also find analogous stages in the formation process/ 
of seriation as well. 

The specific goal of their investigation was to find regularities 
in the development of .the operative struct^es of the mind* The 
property of reversibility (the ability of the mind to move forwdxd 
and backward) is discussed first. Reversibility occurs \»hen ^Opera- 
tions and actions can develop, in two directions, and an Unde^tfanding 
of one of^ these directions brings about an undei^s tending of^the other, 
ipso facto" . [36:15]> 
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According to Piaget, reversibility is the fundamental lav of 
composition inherent in the mind. It has two mutually complementary 
and irreducible forms: conversion (or inversion , or negation ) and 
reciprocity * Conve^rsion occurs, for 'instance, when the spatial 
' shifting of an object from A to B be nullifie moving the 
* object back from B to A, equivalent in the end to the identity 
transformation. ^ ^ 

Reciprocity (or compensatipn) is the situation in which, for 
exaD?>ie, af ter ,the object is moved from A to B it remains at B but 
the child himself moves from A to B and recreates the original situa- 
tion in'^ifhich the object' was next to him. Here the moventept of the - 
' ob'ject is- not nullified but is compensated for by the corresponding 
' • shift the child himself makes. This is no longer t^e same form of ^ 
transformation as conversion *[36: 16]. 

Piaget has shown in his> studi*es that these transformations first 
occur (at the age of ten or twelve *Vonths) in the form of sensory- 
motor schemes-. In a* series of stages, through the gradual coordination 
of t\ie sensory-motor schemes and through functional symbolic and lin-* 
. guistic respresentation, conversion and reciprocity become properties 
of intellectual ope rations "^d are synthesized into a single operative 
structure (from the ages of seven to eleven and from twelve rb fifteen). 
At this point the child can coordinate all the spatial shifts into a 
single pne. ^ ^ 

Piaget believes that through psychological ^investigation of the 
■■ development of arithmetical and geQmetrical operations in the child ^s 
••-.'mind v(particularly the logical operations) operative structures of 
^ thought can be i^tified with algebraic structures, structure^^'of ^ 
.\ order^l^d topological structures [36:13]. Algebraic structure ("the 
group") thus corresponds to the ope'rative mechanisms of the mind which 
coma under one of the forms of reversibtlity — inversion- (or negation). 
A group has four elementary properties; (a) the composition of two 
elements, of a group also yields an ^element of a group; (b) one and only 
one inverse * element corresponds to any non^^r^^ element,; (c) there 
exists an identity element; (d) successive compositions are associative. 
In the language of* intellectual operations \thi^ means thai.: (^) the 
^ • coordination o€ two systems of operations comprises a^ new scheme whicfi' 
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can be conibined with the ^recading ones; (b') an operation , can 
develop in/two directions; (c) when we return to t^e point of 
depar4:ure, we find it' unchanged; (d) the same point can be arrived 
at i^various ways, but the p^int itself remains unchanged. , Piaget 
wrote: "In a general sense 'group' is a symbolic translation of 
certain particular functional properties of thought operations: 

the possibility of the coordination of operations, and the pbssibil- 

' 30 
ity of recurrence and deviations*' [36:16]. 

^ form of reversibility such as reciprocity (transposition of 

order) corresponds to the structure of order. In the years from 

seven to eleven and from eleven to fifteen, the systeiS of relations 

based on the principle of Reciprocity results in the formation of 

31 

the structure of /Order in the child's mind [36:20]. ^ 

The facts concerning the development^ of the child "dftshis own" 

* (that i^, development independent of the direct influence of instAxc- 
tion in school)'/indicate a discrepancy between historical deyelopmeijt 
of geometry and the stages in the child's formation of geometrical 
concepts. The latter approximate the order of succession of the 
basic groups in which tppology comes first. According to Piaget's 
data, topological- intuition, forma first in the child and tl^n he 
orients himself toward descriptive and geometric sf^uctures. . Specif i-- 
cally, as Pia|et notes, when the child first attempts to dr^,.. he 
dqas not distinguish squares, circles, triangles or other geometric 
^igurQs, but he does distinguish open and closed figures, a position 
•'outside'' or ^Hnside" in relation to a border, and division and 
neighborhood . (without distinguishing distance ,^ for the time being), 
and so forth, perfectly [36:23]. 

Since the operative structures of thought form in stages,, ii is 

^ important that we present the scheme of stages that Piaget cuit lines. 
From birth until the 'age of two is th§ stage of sensory-motor ^Ujlnking. 
Conversion and reciprocity already occur in its schemes,, but as purely 



The formation of a logical structure such as classification, 
^ involving the inclusion of the part in the whole, presumes algebra!^ 
structuire, according to Piaget [36:18]. 

"^''"The devglopmqnt of s^rlatlon as a logical structure is a process 
of 'Mi'scovering" the form of relationship which yields the structure 

of order. , * 

86 

' \ 



r 



external^ motor characteristics of the child ^s behavior (moving 
an object away from himself and back, for instance)* 

The stage of visual thinking (the preoperative period), when 
the child is broadening his knowledge of his environment and is 
transferring schemes of external operations (with ob^jects) to the 
level o^ representation and is becoming capable of performing' them 
mentally (for instance, he begins to carry out mentally the system 
of transfers which he has dqyie on objects up till npw) , extends^ 
from the ages of two , to seven. The mind's capacity for a certain 
mobility forward and backward improves when ^objects are being used^ 
although it encounters a number of difficulties. I 

The stage of concrete operations occurs from the ages or 
seven or eight to eleven or. twelve. The child's mental operations 
acquire the property of reversibility and a definite structure, 
but only for solving problems with objects, not the level of '^purely*' 
verbal statements* Conversion and reciprocity exist separately. 
Operations on classes and r^l^tionsAips are still elementary 
(elementary ^'groupings")* • , 

The stage of formal operations extends from the ages of eleven 
or twelve until fo^rteen or fifteen* These operations are performed 
on the level of **pure^(verbal) statements as well as on problems 
with objects. The' two structures earlier Ibsed separately on con-- 
version and reciprocity are synthesized and correspond completely to 
algebraic structure and the structure of ordet. ; 

These stages always come in the same order. Piaget sees the 
source of mfental development * essentially in the inner logic of the 
formation of the mind as a particular '^system** comparable to an 
organic system* The real milieu (the social conditions) can hol^ 
back or stimulate the course of mental ^development , but it cannot 
determine :|ts basic content, direction, or general rate. 

Specifically, Piaget believes that mental development is not a 
di^rect function of instruction. In fact, opposing tendencies' can 
develop here. For^ instance, ^^in^deppndent "spontaneous" development 
leads the child from, topoldgical ideas to descriptive and geometric 
ones, but the sphool geometry course begins with metrics* This 
independent development needs to be taken iijto consideration, and 
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Instruction correlated at the right time with the developing opera- 
tive structures • Then instruction will accelerate the' further 
developioent of the child's mind* 

Let us escaaltte Piaget's basic views as they pettain to matters 
^^^rriculum design. His investigations shav^ first, that in the 
prelschool and school years, , the child is forming operative structures 
of thought by which he can, evaluate the fundamental characteristics 
of classes of objects and their relationships. Furthermore, at the 
stage of concrete operations (from the age of seven or eight) the 

cliild*s intellect is acquiring the property of reversibility, which 

« 

is expeedingly important for an understanding of the theoretical 
fontent of academic subjects and mathematics in particular. 

These data indicate that traditional psychology and education 
have not given enough attention to the complex and capadSLous nature, 
of the stages of the child^s mental development in the periods from 
two to seven years of age and from seven to eleven years of age. 

.Piaget himself directly correlates these operative structuj 

with basic mathematical ones. However, although it is completJely 

accurate and justifiiable from a factual standpoint to ta^k abdut' the 

"translation*'^ of certain properties of a **group*' into the language of- 

operations, Piaget has no clear and well founded answer concerning 

'the source of this correspondence* What his position ^omes down to 

is . essentially that mathematical structures are a formal "continuation" 

of the operative structures of thbught [36:16, 27]. The cause of the 

correspondence, then, is a genetic relationship between the>^o types 

of structures • ^ 

This relationshiV exists because operative sttructures come about 

♦ 

as an abatraction of the operations perforoied on objects. The content 
of the ai^sV^ction in mathematical logic is of the same nature, as 
distinguished, for instance, from physical abstraction, which is 
performed with regard to the properties of the object itself [36:30]. 

Thus, the source of the -^correepondence" between operative and 
mathematical structures lies in the general type of abstraction (the 



A. I^. L^ont^ev and 0. K. Tikhomirov provide general analysis 
of Piaget 'a conception of childhood mental development, as well as a 
characterization of his theoretical and cognitive positions, in the 
afterword to the ^tudy mentioned above [37 J.* 
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abstraction of operations ) > Without going into a discussion of 
whether such a type of abstraction exists and what its actual, ^ 
characteristics are (theire afe grounds \ for assuming that it exists-) |. 
it is fair to ask the following question. What kind of real object^. 
give rise to these operations which are subsequently abstracted? 
It?" is po^^ible to avoid anasSyering. this question directly (as Piaget 
^essentially does), in which case the source of the correspondence^ 
between the st;ructures is^^seen only in the particular type of abstrac- 
tion wbich they share equally* But if an attempt is made to answer 
this que^ti^^ the answer should give an l^ndication of the property ' * 
the real objects have which, when isolated and "formalized*^ in an 
operation, gives rise to both op^erative and mathematical structures. 

Do the operative and mathematical structures have a common 
"object", and if so, what is it like?* Piaget gives no indication of 
this, because the essence of his view is that no such 'common object 
exists* All that the structures of thpught and mathematical structures 
have in common is the type of abstraction. And it is natural that 
If mathematical structures are a* "continuation" t>f previously formed 
"operative structures," the child will discover the real subject matter 
of mathematics only ^^elatively late — betweei^ the ages of twelve and 
fifteen, when the strt^ctures become forlhal. In~ol:^er words , ^mathematical 
thought is possible only on the basis of formed operative structures 
(and eveui then the object of th&ee operations remains in the background). 

Thus, the child^s development of the operative sitructures of his 
mind is not determined by "familiarity" with mathematical objects Or 
by learning ways of operating with them. Rather, the preliminary 
formation of these strucj^es (bb the "coordination of operations") is 
the basis for mathematical thought and for the "isolation" of m^he-^ 
mati^al structx^res. 

^rn the end this solves, to a certain extent » the "tricky" theoret- 
ical-cognitive question about the sources of mathematical knowledge* 
Piaget himself posed it directly: :"Does the activity of the mirid give 
«isa to mathematical relations, or does It j^st discover them as a 
kind of external reality which actually exists?" r56:lO]. He doe^ 
not give a definite answer to this question. ^On the one hand, he 
acknowledges the external source of mathematical knowledge, and on 
the other, after actually comparing operative and mathematical struc-^ 



tures, he concludes that "the activity of the mind gives rise to" 
the latter. A more detailed analysis of his position on this matter 
is needed; we shall remark only that the ^iswer to this question 
determines th^ way in which'^he sources of mathematical ^thought , 
and thus the conditions of its development, are understood. 

From our point of view, mathematical^ relationships are an ob-^ 
jectlve reality, relationships among things that really exist. The 
activity of the mind just discovers them, and to the degree that J.t 



disbovers \heir content, it itself develops • The child appears to 
encounter these relationships very early. At the*age,of two or three 
he is alrea^fiy in fact leamijig many mathem'atical relationships of 
things • These are spatial- temporal characteristics of objects having 
a definite quantity . Evidently, as the child becomes familiar with 
the objects through phyaica;L manipulation of them, » "operative struc- 
tures*' (in particular, "rearersibillty") are '-formed which thereby 

^emerge from the very be ginning as characteristics of the child's 
actual mathematical thought. This thought is not scientifically 
mathematical yet» but it does concern mathematical relationships among 
things. As thp» child gains further undersffciding of the relaWonships 
among definite quantities of objects, he develops . classification ana 

-serlatlon, ^ich apparently are practical t pan's formations of 'a math^ 
matical nature, that is, not "logical** structures, as Piaget assumes, 
but* practical methods of distinguishing and designating certain mathe- 
matical relationships. And '^reversibility*^ is th^echanism for carrying 
oxit these methods of operating with objects J In this case it ^ecom^s 
clear why the properties of operative and mathematical structures 
correspond to each other. The former from the very beginning are 
formed as mental mechanisms by which the child orients himself to • 
general mathematical relationships. 

Thete i» a **genetic relationship** here, too, not based on a coni"- 
mon type of abstraction, but ba'sed on a common object , the orientation 
to which Requires a particular type of abstraction. Of course, genetic 
(child) psychology confronts a difficult problem ~ finding the"* charac- 
teristics of this object, the ways the child '**disco^ers**^ it, and the 
reasons he **discovers** the very properties of things which* at the 
height of formal mathematical analysis are described as special rela-- 
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tloxishlps and structures < We thus have the experimental problem of 
det^OTiining the causes and conditions of the- correspondence^ Investi- 
gated by Piaget in such detail « between the operative structures of ^ ' 
thought anii inathematical structures* 

On th^N^asis of Piaget *s results, a number of important conclusions 

f \ ♦ ' ^ *^ 

can he drawn about designing the mathematics cuVriculuci. First, the 

factual data abput; the development of the. child s intellect betvaen 

the ages of two and eleven indicate that the pro'^rties of objects 

described in the mathematical concepts of "relationship or structure" 

not only are" not "alien", to him at this time btit themselves' becojae 

an organic part oX his thinking. w * - 

Traditional curricula (particularly in geometry) do not take ^ 
t:his into consideration. Thus they do not bring oiit many oi. the 
hidden possibilities in the child's intellectual- development • Material 
from contemporary child psychology supports the general idea oi designing 
an acadWlc subject based on concepts of initial mathematical structures 
Of course, there are '.great difficulties here since there has been no 
expei?fence yet^in designing this kind of subject, One^of these diffi- 
culties has to do with determining the age-level "threshold^' at which 
Instruction according* to the new curriculum can begin* If we follow * ' * 
Piaget 's logic, apparently these curricula can be used oilly aftqr 
children have fully developed the operative structures* (at fourteen or 

. f lfteen>. But ^if we assume that the child's actual mathematical thought, 
develops within the very process which Piaget designates as the forma- 
tlony^f operative structoires, then these curricula can be introduced 
much earlier (at se^ven or eight, for InstAice) , as the chiC-d begins 
to perform concrete operations with a high level o£ reversibility. In 
"natMisal" conditions, when traditional cur ricul^^g^fe being used, it is 

*^ulte*possible tha^ formal operations devfelop only between the ages 
of thirteen fifteenJ. B^t cannot their development be "accelerated" 

through earlier Intrbduct^ion of material which can be learned only by 

We believe that there is su^df'a possibility. The plane of mental 
operations Is already developed sufficiently in children by the age 
of seven or eight-,^ and through the use of an . appropriate curriculum 
which gives the properties of mathematical structures "openly," as 

V ' ■ ' ^ . ■ 



well as the means fo* analyzing them, children can be brou^t 
^more rapidly to the Ifey^l of "formal" operations than they are when 

' they discover these properties "od their own." . ' 

At the sameftime, there i/ reason to assume that the characte^- 

.^tiQS manifested by the thought process at .tiie stage of concrete 

••operations, which Placet plapes at the years from seven to eleven, 
Vre themselves inseparably connected with the ways instruction is • 
organized in the traditional, elementary school. This instruction f- 

• (bath here and abroad) is based on masdm^ly empirical content Which 
frequently has no connection at all with a conceptual (theoretical) 
approach to ihe "subject. Children's thinking which is. glared' to 
the external, directly perceptible atftributes of things is supported , . 
and drllJfed through this -kind of instrugtion. ^ ' 

GaA'pe-rin [l?,35-36] has noted the connection between the "phe- ; 
nomena" Placet has discovered in the .development, of the child's thinking, 
and the way^ ±4 which the in§.truction whfch develops | this thinking in 
the child is organized. A special investigation by Gal'pertn and 
\: %. Georgiev [18] has brought 6ut an important fact.* They diacov- 
-e.re^d that by changing the organiz^on an'd content of preschool 
instruction in elementary ^mathematical concepts, cettain "phenomena" 
which Plaget had previously found in children of this age consi8tentl3f. 
disappeared. Of particular significance in their new organization of 
instruGfion v^s the earlier Introduction of means of measuij^ng ^quan-_ 
titles of objects, whi,ci/" removed" the possibility that children 
could evaluate quantities of objects only by impression, by phe most 
directly ^ perceptible attribute (the child's primary orientation to 
directly perceptible attributes Is^inherent in Plaget' s "phenomena'." 
in fact) . ^ 

In our experimental- investigation of the way flrst-gr^rs count 
^hen they^ave learned ai>out number ^through the tlra^tional curriculum, 
we too have discovered a tendency among many of them to evalu^^ 



^\l*konin has done an aifalysis of »the empirical^ature of the 
content 'of elementary instruction [l6]. We haye indicated some faators 
explaining the empirj-cal nature of the content of elementary scliSol 
subjects, in another study [ll]. w . _ 

* *See Vdliine I~^of this series f 9r' a^theM^eeearch repor^ by 
Gal'perin and Georgiev (Ed.). > j *^ 
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quantities of objecta directly » These children or£&nt^ themselves 
mainly tovard the outwardly 'pe^^ptible attributaA o^f aggrag^^s 
of objects^ Ignoring the J^tpdiEiti.lon Id counting titey have*. been 
given beforehand, which ^iftera from, tl^e imioediate propertiet'of 
the elements of aggregates [lO]» /TWps siiuation> which is analo-^ 
gous to Piaget*& "phenot^a," 'occurs if^gularlj with the accepted 
system of ^introducing . th^* child tp number aAd counting in the 
schools. But these ^*phen<>menaJVare .xemoved (simply eliminated) by' * • 
changing the system, and* by r^irg^l^j^g^all of the children *s work 
leading up to the concept^of niamber* *If the introductijDn to ntmijer 
is based krom the very beginning on the operation defining the 
relationship of a whole and a part, (any whole and any part) p then * 
all chlTdren from their firsti few days In first grade can correctly 
d^tepnine the numerical characteristics of 'aggregates without "re- 
gressing," to .estimating numerical ,chara<^teristics through a direct 
implression of the aggregates » True, such instruction gives the 
child another abstraction besides the one he obtains in the traditional 
curriculum, but this is precisely the task of this different organl-^ 
zation. From the very beginning it develops in the child the ability v 
to use special "standards" as means of orienting himself to his 
surroundings (work having to do with this way o^ teaching counting 
is described in "^tail in this book, as well as in an article by*E. 
Orlova [34]). . * . y . 

Although Gal^perin notes the great significance of Piaget*s in- 
vestigatlons, he says: >^ V • 

J Ir\ the or y-" the shift ftom direct thought to mediated 
thought is the r^al problem . • . This shift is dictated 
not only by the logic of the gradual mastery of ^'intellectual 
operations," as Piaget supposes, but by^the way ^he shift to 
"thinking with tools" is actually ^rgar^i zed, by the way the 
mastery of the use of standards and measures, those real 
tools of' Intellectual activity, is organized, and by the way/>, 
the develoqpent of mediated thought, ^in L» "VygotskilN 
sense, is actually organized [17:36].-^^ 



's 



In our view, the. real charactefistics of the child^« thought and th 
stages <and rates of its development can tfe judged only in the cojitext 

^ . ^ . , m 

34 ^ 

As far bacTc as the early thirties Vygotakii, the >Sovi*etNpsycholo 

gisf , formulated a number of profound theoretical statements abcftjft the 

general conditions for the d^velopWnt of mediated thought a^Jd- tfie role 

of^socially elaborated modes of ^activity ("tools and sign^^"i.^in this 

process [5l}* 
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jif ^ .experimental' solution Of tbis aeneral^oblem^The ^rates^ 



theins4lve^ ^re ^derived frorfi the sp.ecific-wfys^Xiy^Jhich instruction,^ • 
"is actually gaiij^ll^;^ * :in "particular,* the rates, are deriyed fnom . ' 
the extent. to :whi/^;*iid* .the age .levHs at whith, di^dren master . 
-the real •'fitandards" ' (or con'ceptmal . "norms*'') -of mental activity. 
*'At the satoe' time. within'the context, of this problem, answers will 
he sought ,to questlqns a^Qut the .so-called 4evelopiienJ^ character- 
istics o5"the chiLd'.^ .Ainking, which in essence can be only relatj.ve ; 
"dependeat on-the wajr the .developiafent of 'thinking i-a "actually -prganized 
in- the ^instruction '^yo^ss < in the broa^ sense of the «oTd) . - , ' ^ 
' ■'. The* 'mosb'iinportant^'e5n: oi^ this 'brianisation'i is 'the coi^tene . . 
of the acatie'ralc sjabjects. w^ch' in t^jhUs. closely asBociate^- Wth ■. _ 
the type of instruction , (in, the- sehse^developed by Gal'perin,." [l9]) ... . 
By al-terlrig the content' aiid the'type of instfuction in ,a partlqulSr ^ • 
way] the optimal conditions for developing -Mediated thought can be -\ 
studied experimentally an'd^be ^^jjy«^oiogical, prerequisites for ' • 

structuring acadeTOic- subjects thereby brought- to light. 

Thus factfr-are now available which show a close r^^lationship 
between, the operative structures, of -tt^e 'child's thinking and general 
mathematical structure^, although the "mechanism" of this relationship 
is far from clear and has be^n^ittle investigated. The existence 
of this relktiohship opens/up broad possibilities (for the time being, 
only possibilities!) for letting up. an academic subject which develops 
" "from simple structures L their complex combinations." To mak^ these 
possibilities a reality it will be necessary to study the shift to 
mediated thought, and its developmental norms. The method we have 
mentioned of setting up mathematics as an academic .sul? J ect may -itself 
be a key factor in developing in children the kind of thought iSroeess 
which has a sufficiently stable concep-tual . foundation. 

Some General Problems of Deciding on 
1 the Oontent of Academic vSubjects. 

From the material cited above we may single out certaiji key 
. logical and psychological assumptions in the way the traditional 
mathematica course is. set . First, it is assumed here, in one 
vay or another, that the course ntust begin with a relativlly siniple. con 
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. cept, t^e flirst abstraction. .^Number is. assuioed td^brf this, kind of 



concept. 



' We have attempted ^to^ show (p. 59)^ that nunJber is* nettber* simple ^ 

nor the first in the system of moder^ general i&athematical concepts. 

Taking ^it as the "basis" essentrally contradicts, the assiimpXion it- 

.self. • The "siii^lici1:y" of learning -it is itot th§ s^ina as th^ "simpli- 

city of; the content of the 'concept of number* as. tl|e prop^osed found^ai- 

tion for school mathematics^. It is a rather ^ complex abstractlan VhitSi 
* • * 33 . * » ■ ' -* ■ 

necessitates many "simpler" bases. * J. ' . tf* ^ • 

^ The exlstenoife of this ^ cdhtradlct ion can be' seen, *for one things 

in the growing tendency , at present to -introduce «dthfr bases int A* the . 

elementary mathematics course (one of these beiiig tl>e concept of set) . 

Orie. of the arguments in defense of number .as ^he %asia'^ is to point 

' - i ^ ' ■ ^ * - ^ , " 36 
out t^at it \^aa first in the histor y of mathematics its^elf^'as well. 

> ' ■• 1*''. 

This argumefit reflects another assumption made in setting up the 

^ * <j . 

Qoinrse — linking *the ^^asls" of it with the hlstoi^r of 'knowledge.. ' 

But vas this concept "first" in the hiatory of matKema^lcAl knowledge? 

And what Is the most advantageous way to approach the history of . 

♦ 

concepts? * • , r "? ^ 

Numerous data. Indicate * that in human h;istory (and in. ontogenesis , 
far that matter; , see p* 64), the^^categories'^of ^^quantity ," "or^r," 
and a number of others appeared ^nd were he^mfisi^^ ^e£ote were 
expressed in specifically numerical form, " ThiQi essSwitial point caA 
hardly be ignored.' Further, as mathematical theory shows, certain* 
abstract laws of modem algebra are inseparably connected with* the 
simplest calculations and can be seen in them. "There are. few con- 



35 

*- ' The following statement by J. Dieudonnd is striking: "We ^ 
should note* . that even though they ^the concepts o£ number, "^pac'e 
and time] serve the needs pf practice^ these concepts are still very; 
abstract. . ." [13:42]. ' ^ ' 

36 * 
^ "In the thousands of ypars of existence of mathematical science 

mathematical abstraction h^s gone through three stages . • • * • The 

first stage belongi to the time when mathematical science was conceived 

to the mofaent of its very beginning., The first, basic conrfept with w;hlch 

mathematics deals, — the concept of number was bom at this stage 

of abstraction'' [27:ll]. ^ 



cents In mathematics which would be more primary jthan .the. law of 
composition' : It seems to be inseparable f rojii elementary, calcula- 
tions with natulral niiinbers and measurable quantities** E$:64]» 

The architects of th^ traditiqnal Academic subject Ij^ore^re^ 
numerical," "fion-arithmetical"" methods of analyzing mathematical 
' relationlhips. They do not isolate phenomena* having to do with 

composition or the calculations characteristic of^em (but not only 

* of "Ihem). Both of these approaches are possible only if on^ already 

• believes that in the history of knowledge" itself ''whole number" ^ 
njj^es the^key position, y definite theory is guiding the study 



occut 
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of history here. 



But as we have indicated above, there is another theory, in 
i which the concepts of "relation or structure" are of the greatest 
/ significance • ^ Through this theory, aspects of the history of knowl- 
edge itself which usually are not detected can* be brought to light 
and investigated, ^n particular, one can trace the close relations- 
ship between operations on natural numbers and tflfe laws of composi-^ 
. tion. Tliat the ^'calculations" are preserved here is not wha^t Is 
•important • What matters Is that which is the center of attention 

^ of the person performing the analysis — particular t:har act eristics 

*/ 39 
of particular objec^^r more general methods of transforming them. 

* ^^^Bourbakl gives a detailed description of .-the relationship 
between the concept of the law of composition aJrd classical mathe-* 
natical theories, in addition to showing how this concept* is 
gradually set; apart and becomes abstract in form [6:64-72]. 

?^Bourbaki has investigated the "arithmetization" of mathematics 
as it relates to a very specific; historical level of development of 
^ its ideas and means of analysis [6:35-37]. 

■^^Tliis is how the French educator and mathematician Andr^ 
Lichnerowicz describes what happens if this relationship is ignored: 

It [classical arithmeticj is set forth in early nineteenth- 
century style and . . . is a kind ot amusing worship of operations. , 
whose hidden meaning is independent bf the numbers'with which it is. 
operating. Our pupils, as they' core to us, believe.' in the existence- 
' of addltibn and multiplication which operate in the absolutely ^ 
infinite universe [30:55]. 
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In empltfical history^ the sequence of tlie change iU calculations 
\^ks from 'dumber" to "operations The academic subj[ect \fe-also set ' 
up t6' follow^ this Sequence, directly.' The thesis — and it is correct — 

• abqut^ the necessity of beginning the course with the sources of knowledge 
actually tutns out he»e to mean/the subordination of the outline of the 

* academic subject to the^ exteriial, empirical histQijy of the discipline. 
This kind of "his torlci?m"^/t urns into- external 'chronologism.^ In other 
words, "when the pfoblfem^f the relationship between the historical and v. 
the logical aspects pjf^/tHe acadenjlc subject 1^ being ^Ived, preference 

' is given to the hisXorical/ which frequently is taken in its concreti, 

40/ ^ ^ 

empirical form. , ^ • 

This points to still pnother assumption about the traditional way 

in^whlch the academic subject is set up. Tlie material in it is , arranged 

scS that as the child learns It he gradually ^fon^s a generalization , 

which * rep resents the final ' Bum of progress through the material. In 

the history of knowledge*, general principles (generalizations) emerge 

relatively- late. Thus, it is assumed, the transition tp the general ^ 

^ notion/ to the' abstraction, needs to be kept gradual in instruction^ 

too. For instance, the ^ child should ''first learn , the techniques of 

working with whole numbers (with partJlcular mathematical "objects") and 

only then shift to working with letter, sjnnbols, which reflect more 

general "objects." For several years the child\hould store up ideas 

about particular cases of functional relationships^ and only later acquire 

the concept of a function and general ways of describing it. 

Tills arrangement of the academic subject is- based on the assumption 

4:hat the general notion only follows from an aggregate of partlculaif, 

"concrete*' knowledge and crowns it. But in fact, thl/s particular 

knowledge 'exists side by side with the general notion and with what 



In different ways, but with equal Justification, many authors 
have criticized this fact. We shall cite soipe of their statements. 

"We need • . . to perfect teaching which right from the beginning 
will be closer to our science. ... I do not think, that we need to 
arrange teaching according to an historical scheme in order to achieve 
this goal" [30:55]. * ' 

"Many prbblems which children are solving In the elementary school 
right now have come down to our day from ancient times. They differ 
from the problems solved in Babylonian schools * only • in external form, 
but not in mathematical content. . . ^. Excessive interest in arithmetic 
results in a poor knowledge of mathematics* ^ [49:19X 
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came beifoi:© it* A peculiar situation develops here. In order to 

• learn particular informaticii^ tiifere is no need to have a general inter- 
pretation of it, but havin^this interptetation dbes not change the 
, essence- of th^ particular* ^ 
\ this interpretation' of generalization fully corresponds to the 

way th'fe academic subject unfolds according to- the- empirical development > 
of scientific khowIiMge Itself, In the real history of science, however, 
and in the learning process which corresponds to it, the general notion ' 

% / i 

/ 4 

and, the abfetractf^ion play a different role^ frpm the one^ they are assigned 
in traditional -pedagogy and educational psychology,. The appeai;ance of 
new generad/'^ldeas i^ sc^nc^ hjis *an impoftain^t infj-uence on how ±ti 
previousj:^ original, simple starting points are' interpreted. The ideas 
#t the/^*top^^ inevitably alter the way of laying the foundation, which^ 

tlSan reflect^ the *'new'' general ideas. The general not only foil 
';A^£Tj^mjt^ particular Itere, but also changes and restructures the wholer 
V A^pe^it^ce and arrangement of the particular knowlAige which'^has given 
rise to it. . * 

As applied to mathematics, this point is expressed i*n the followinj; 
.-Statement by Lichn^rowicz: *'The characteristic feature of mathematics 
to think and rethink everything as "a whole — is the essential Aifficulty 
and basic hindrance to teaching by historical outline, hx^t at the .same 
time it Is the very guarantee of progress in mathematics • . • . Because 
mathematics is so general, the original concepts arid theorems undergo- 
an ^ inevitable and c^plete reinterpretation . Wliat appeared during the 
searching process to be the original stage turns into a simple exercise, 
from new do ints of view", [30:55-56]. 

The academic subject should, of course, correspond to the Ills to^ry 
of the discipline, but as expressed in theoretical, logical form which, 
cleared of cliance occurrences, concentrates in itself the sources of 
the discipline as well. Differentiating between genuine historicism 
and external chranologism in each specific instance is a special research 




41 

This interpretation of the relation between general and particu- 
lar, which is found dn didactics and specific methodology, has deep 
roots in the theories of abstraction and generalization, which themselves 
are rooted in classical sensationlsm (the study by A. N. Shimina [44] 
^.s one which examines the philosophical aspect of this problem) . 
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task. We should note that at times it is imp'ossible' to go by termi- 
- jiology alone. VJhen Lichnerowlcz ^ [30] objects to the dominance of the 

'"'historical plane" in teaching, for instance, he essentially has 
' "chronqlogism" in mind. A defense of the "historitial plane," on the 
'other hand,- Is^ometiraes a demand for genAe unity.^of theory and 
history. For instance, in the preface to the book. The Teaching of 
Mathematics ^ it is stated that Dieudonn^ (a prominent French mathe- 
^'matician) ''holds to the idea of Introducing mathematical structures' 
according to historical perspective" ^[l3:8] . But if one^'^examines 
Dieud^nn^'s study itself [l3] one'makes^a remarkable discovery. While 
' he distinguishes definite historical stages of mathematical abstraction, 
in teaching he categorically ^opposes blindly followirfg thte modes of 
thought peculiar to the. ancients. He calls for a search for the 
'relationship betw^n "historical persepctive" and moderp ideas. 

■ This' is how Dieudonn^ describes the task of teac1)ing>»t^ematic8 . 

9 '"'^ "We are inclined these days, particularly a\nong , 
^ teachers . . • , to contr^iv? to conoiBal or minimize the 
abstractness of mathematics for as long as possible. 
"ThisHs a big mistake, in my view. Of course, I am 
not saying that the child should be confronted with 
very abstract concepts from the very beginning, but 
that he should learn these concept^ according to the — 
.development of his mind and tKat mathematics should 
appear in its real form when the structures of the 
child's thought have formed ...» The essence of 
mathematical method should become the basis for 
teaching, while the material being tau#it should 
^ be presented simply as well-chosen illustration" 
£13:41], 



Dieudonri^ maintains that even though it is im|)ortant to take the^ 
historical perspective of the development of algebra into account, the 
child should openly '^- ^shown the abstract essence of algebra, and 
should develop a capacity for abstraction and for using its theoretical 
power. 

^^In particular, he sharply criticizes the teaching of methods of 
problem solving by means of reasoning ad hoc each time, methods whiciL 
were known even to the Babylonians. , , T 

"Undoubtedly it is because of the venerability i.of these methodsj 
that these rules remain as they are taught in our day, in spite of 
frequent protestations by mathematicians: If we accept It as a proven 
fact that at the age of ten, a child cannot understand the mechanism of 
equations of the first degree with one unknown, then we should wait a 
few years, but not cram a great nuinber of unnecessary methods into his 

head" [13:43]. ' ' 
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The theoretical eipreasion of 'the , history of knCwledge'co^ncid^s 

with 'the gradual discovery of ^general ideas » with the shift from siinr^ 

ple^;^,px^tQ^ry , and "eBq>ty'* abstractions to complex^ derivative, and 

concrete ^concepts* Knowledge devetops herfe, fi:oin tiKe abstract (one- 

sided^ extremely "meager") to th^ concrete .(^^^y"^"^^^^ > thf> ttn'i^y of 

the diverse) • Thievery path — the patfi^^of ascent from the abstract 

to the concrete — corresponds to the theoretical method of mentally 

reproducing reality > the method developed in dialectic logic. . > 

* J • 

' Here, too, the ways of setting up the academic subject ^^cannot 

help but have^ something fundamental in common with scientific thought > 

since they bcith*have the same goal — ' to reproduce co nc rete knowledge 

about an object in the Arson's mind. The school /ubject has certain 

features which distinguish it from "pu?e" science, for its dpecial 

function is to form the very mental capabilities o^ individuals for 

which special didactic methods are necessary. But basically it|ia 

simila:^ to theory ♦ Both move from simple to coiq)lex> from abstract 

43 

to concrete, from the one-sided to the unity of the diverse* 

The theogy of gene r al izat ion and abstraction thus is closely 
related to achieving the logical and psychological prerequisites for 
setting up an academic subject* The choice of initi!Sfr^Qoncepts fcJr 
an academic subject at a given level , of development of the particular 
science, as well as the principle by whicb these concepts will be 
developed^ depends greatly on the interpretation of the relationship 
between general and particular, logical and historical, empirical 
and theoretical. 



The theory of generalization on whicli the traditional mathematics, 
course is based can be characterized as the process of reducing empir- 
ical knowledge to a general, abstract description of it. But one does 

f^d here the^ reverse influence of abs;trac^lon on the **reworking" 
of empirical, |>articular knowledge. In essence 'this theory ignores 
• the special llffeic which abstraction possesses, the logic of the theo- 



E. V. Il'enkov's book [24], for one, gives a detailed explanation 
of the dialectical-materialistic theory of the ascent f.rom thp abstract. 
€o the concrete. In a special study [25] he analyzes the content of 
certain academic subjects and ways of strticturing them from the stand- 
point of th^ theory. ' ♦ 
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retical form of knowledge by which' ^e concrete caa 'be derived from 
the abstract and use can be made of the concrete content of the 
concepts themselves. From tftis comies the-fieai^'of ahjstraction 
(see witty HesciJlption of this point by Dieudonn^ [l3]), the 
inability to work with' it (the opinion that mathematics, is "hard" 
to learn has become commonplace, after all), and t^he' .use of various 
"tricks" to simplify the teaching of mathematics (its methodology 
is tlje mo^^t highly de\^loped of all specific methodologies, but even 
so the traditional 'course in school ha§ only barely "made it" to the ; 
mathematical ideas o£ the seventeenth centiiry) . * ' - 

, ^' Th^ renewal qf the search for ways of structuring the^mathe- . ^ 
matics course, and in particular ,**th^ investigation of the possibility 
of setting *it up on the basis (if ^he concepts of "relatipn or structure," 
presupposes > in our view, another theory of generalization — a theory 
which reveals the "mechanisms" of working with the concepts themselves 
and of working on deriving concrete knowledge through the interrela^ / 
tions among abstractions. Sxxth a theory is the dialectical m aterialistic 
theory of the relation among the universal, the particular, and the 
uhiqu^ in cognition, and of the forms pf theoretical generalization and 
its relation to^the history of cognition^ These problems, which were 
posed by Hegel in his day and subsequently by the classics o^f Marxism- 
Leninism, are being analyzed more and more^ broadly and deeply in our 
philosophical literature (we ^ ref e^Ki^ihe reader to the works of B. *M. 
Kedrov [26], E. V. Il'enkov [24], Z.^ M. Orud^hev 135] , and Zh. AbdilMin, 
A. Kasymz^anov, L. Naumenko, and M. Bakanldze [l], among others). 

Psycholbgical"\nd educational research is needed into tfie way 
childrex\| learn the forms of generalization ihdicated in this theory., 
as well as the way to structure academic subjects so as to insure that 
this very course of generalization" is taken. In other word^S't is an 
important task of ^ research to determine the m^ahs of developing theo- 
retical thought in children (mediated thought, in psychological termi- 



A/ *^ 

The processes of "reduction" and ^'deprivation/' as they are un- 
derstood In modeini logic, cannot be identified with "induction" and 
"deduction" in Mill*s classical interpretation (see the analysis of 
thes^ concepts in the studies by Il'enkov [24], G. P. Shchedrovitskii 
[42] and others). 
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nology), the princtple of which consists of the shift from abstract > 
^ general definitions tcT* con^lc^e , particular #descriptions of W object. 
This problem needs to be solved in order to set up an acadeiaic subject 
which will satisfy the requirements o^- modem science. Otherwise » any . 
"revolution:s" will result only in superficial changes in the traditional^ 
curriculuto> which will often contradict its established content^ an 
example of which is the way many methodological studies propose using 
■ ^set/ theory characteristics. '/'Set" \d a striA:ly theoretical term 
having meaning only within a particular system o£ approaching the mathe-^ 
tnatic^l* modeling of objects (see p. 58>) • ► At present the point of 
• departure for this 'ayst^ is "relation vor &truature/* . The problem of**^ 
finding a meana^ of I presenting and explaining this system to c^iildren 
seven or eight years old is really tifce problem of finding the beginning" 
of the mathematics courset But this is. precisely vJtat many people avoid, 
for the introduction of "relations" requires a diffCTent logic and a\^ 
diffeirent theory of generalizatit>n from the one by whldi we ate usually 
guided. "Set" (or more accurately, "quasiset") is presented as a 
' direi;^, external, Igeneric characteristic of aggregates of objects, and 
^ thus it is not allowed internal mathematical movement, the chance to 
"unfold" (incidentally, such "reforms" are readily accepted by the 
strictest ^supporters of the traditional mathematics course). 

Any relation (or structure , on a parti^cul^ar level of analysis) is 
the object of a profound abstraction and at "the same time the beginning 
df a concept (the be^glnning , and not the end, as the logical traditions 
of Locke an4 Mill customarily assert). Special symbolic means are 
^ needed to introduce it (the relation) i\ito .teaching (see the general 
j|lvpracteri2ation of these in Shchedrovitskii^s study [4l]). y*A lack of 
knoV'ledge of special symbolic means seriously hinders the study of the 
theore^tical form of generalization and ways of developing it through 
^ ins t mixtion. It is important to keep in mind at the same time that 
rel^l^tjlQn or structure Is learning material of a special type which 
has not really been studied as it should by education and psychology 
^ (Vygotskii notied certain features of it in his day L51J)» Structuring 



We a^e speaking t^here of learning which is' taking place in special 
conditions of purposeful instruction. Piaget has carried out a general 
psychological analysis of the role of relation or structure in the child *s 
* thinking [36, 37] (see the summary.^of his studies (in pp. 83-89). 
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* mathaaatics' as a modem acadeiaic subject and, particulstrly ^ ^eter- 

mining the actxial content of its eleftentary units, will. depend 
'* ^x&a.%ly the performance of con^jlex research into the bases of 
this type of learning. o ' 
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THE PSYCHOLOGICAL CHARACTERISTICS OF THE "PRENUMERICAL" 
PERIOD m MATHEMATICS INSTRUCTION* 

# ■ ■ 

y , * / V» V» Davydov 

The Fxindamental Concepts of School Mathematics and Their 
Genetic Relationship: A Theoretical Analysis 

•In the search for the logical and psychological base§ for 
structuring matheiaatics as' a school subject, a distinction was made 
between two approaches to. solving the problem. * 

On the one hand, the possibility of studying -fundam^tally new 
methods of setting up the mathematics course on the basis of the 
concepts of ''relation or structure" was discovered. This approach 
involves a complex of logical, psychological, and didactic issues ^. 
whose solution will open the way for a subject radically different - 
from the currently accepted one, both \n its content and in its 
educational goals »^ 

On the other hand, within the framework of the traditional 

mathematics course there are a number of psychological arid logical 

^^^^ 

issues whi^h, if solved, will mean a morerational "companionship" 
of it^ basic units and an improvement in the way they are arranged 
\ from gr^de to grade (a change in the relationship between school 
ar4.thmetic and algebra, for instance) • Issues of this type are % 
discussed below* 




From laearning Capacity and Age Level : Primary Grades, edited 
by D. B. El*^onin and V* V. Davydov, Mdscow, Prosveshchenie, 1966, 
PPr 104-189 ♦ Translated by Anne Bigelow. 

1 • * 
- . /In the preceding section of this chapter we discussed the 

base*s' on which this kind of academic subject might be structured. 



The Origin <ff Concepts and Its Importance in 
^ Structuring the^ School Subject ^. . 



. The inathematics course (excluding gdometry) in our ten-year 

school is. actually broken down iilto three basic^ parts: arithmetic 

(grades 1 to 5); algebra (grades 6 to 8), and elements of analysis 

(grades 9 ,to 10). The basis for this subdivision is not clear. 

Each basic part has its own special "techniques," of course* 

Those o4 arithmetic, for instance, have to do with calculations 

on numbers of several digits, those of algebra have to do with ^ 

» 

identity transformations and finding logarithms, and those of 
analysis have to do with differentiation. But are there.. deeper 
bases stemming from the conceptual content of each part? 

pie licademiclan A. N. Koln^gorov has said, "The entire , "^'^ 
sttructtire of school algebra and all of mathematical analysis can 
be erected on the coMept of rejfl. number. . . ." [13:10] « At. the 
same time he made' this, striking remark: 

The '''algebra" being t^ght in high school, with 
its approximate extraction of roots, its logarithms, 
and so forth, is almost closer to a first chapter in 
analysis (or in an introduction to it) than to pure 
algebra proper. If moderii speciajlists in algebra, 
succeed in convincing everyone of* the necessity of 
interpreting the word "algebra" in the sense which 
suits them and which is fully justified logically^ 
but which does not conform af@.l to school tradT^ 
tion, then we are going to ha^ to raise the question 
of renaming the subject now b^ing taught In high 
'school as algebra [13:10].^ 

Thus school "algebra" is such in name only. In fact there is 
no essential difference between the second and third parts of the 



^dern ("pure") algebra studies algebraic structures fsee the 
brief description of them in the preceding section of the chapter 
[the preceding article in this volume (Ed.)]). 



aourse (a number of the tmits of "algebra" in grades 6 to 8 are 
preparatory to the transition to analysis prot>er)» Ofcqurs^^ the 
actual relationship «%etween "algebra^' and analysis -is more complicated 
and confused, but this is because of the historical development of ^ 

school mathematics as a^subject which attempted to satisfy the' 

' 3 * 

.most diverse and at times contradictory demands. 

This issue is touchect upon in a study by Ya^ S, Dubnov [6] , 

who, on the one hand, notes that many concepts in "algebra" lead 

pupils directly toward the basic ideas of analysis (such concepts 

,as function , limit , and coordinate ) , and on the other hand, laments 

the lack of an organip relationship between "algebra" and. ''the 

new mathematics" (analysis). To emphasize the great need for 

achieving as complete a relationship heire as possible; Dubnov a^ld: 

The new mathematics should be no:t an annex built 
to adjoin the traditional course , but another story . . 
put on it , a superstructure for which the foundation 
of the entire building should be prepared wetll in 
/] advance , We^thereby approach the problem of prepariuR 
for analysis and asialytic geometry. The ideal 
arranganent of mathematics instruction would make it 
impossible to determine the point of transition fmm 
the old mathematics to the new [6:156]*. 

As we see J.t, a distinction needs to be made here between two 
things: the existence ^ in principle of a similarity between "algebra" 
^ and analysis, and th^ degree to which the relationship bet^ei^ analysis 
and school "algebra," geometry, and trigonometry is actually achieved. 
In traditional curricula the latter has not been developed nearly 
enough. The former matter, however, is firmly grounded on the concept 



3 • 
This is how one methods manual evaluates the content of 

"Algebra": The ^chpol algebra course embodies separate issues 

various mathematical sciences^ algebra, theoretical . arithmetic, 

and theory of numbers, and mathematical analysis . . ^ • This 

all goes to show that the school algebra course does not reflect 

the unit^ which may be seen to characterize the contemporary 

state of algebra as a science. . . ^14:243] (italicsi ours — .V* D.)* 
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of real number *. The following statement by KolmogorOT, cotnmenting 

on the position taken by Henri Lebesgue is worth noting; "[Lebesgue] 

is correct in his assertion that from the educati(/nal standpoint the 

school has one indivisible task — Jthat of providing' as clear an 

'understanding as possible of the concept of reaflL* number" [13:9-10]. . 

The means of performing this " indivisible tasjt" obviously may be 

varied, bilt all of them should be in keeping with the final goal 

4 

facing school "algebra/! 

the next question concerns the basis/for distinguishing between 
school ^rithmetie and algebra (that is, ^between the first and' second 
parts of the course). Arithmetic inclufd^s the study of natura^X 
humbers (positive whole numbers) and^ fractions (simple fracticKis 
decimals). Special analysis indicates, ^however, that It Is wrong 
to combine these types ♦f numbers IntoylL single academic subject* 

The i)roblem- is that these numbers have different functions. 
The natural numbers have to do with counting c^jects, while fractions 
concern the measurement of quantities . This is .very important to 
realize in order to understand ythat fractions (rational numbers) are 
only a^ particular case of rea^ numbers • 

From^he standpoint of t^e measurement of quantities, as 
Kolomogorov noted: 

1 



' The basic difficult^ hei^e evidently consists of finding the ' 
bases and the form of insttructlon fot;. "the concept of real number." 
Dubnov, fqr one, thought fchat in Contrast to the university course 
in analysis, which begin J with the theory of material (real) number 
this theory is a "luxury? on the school level because of its . 
difficulty [6:1751. But! he probably was questioning only the method 
of direct exposition of ^his mathematical theory through lectures, 
rather than the actual i^eed for designing approaches to the concept 
of real number. 

;ln^^eoretical ar;.thmetic th^ following systems of numbers are 
disting^rfished: complex (real, or material, numbers plus imaginary 



rational (whole numbers 



into positive and negat 



numbers), real, or material (rational numbers plus irrational numbers). 



plus fractions ) y and whole numbers. Real 



numbers (and thus ratioAal and whole numbers) other than 0 are divided 



sys terns j^f hyper complex Vxumbers) [9] 



[ve numbers (and besides ^these there are also 
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There is not such a profoun^^distinctlon between 

rational and irrational real numbers. For educational J'j * 

reasons children keep studying rational numbers for a / 

long tiafij^ because they are easily written as fractions/' / . 

but the juSe to which- they are put should lead limediat^y^ ^ 

to real.jjumbers in all their genej:ality [13:7]. ^ /r ' 
* * y 

Kolmogorov thinks Lebesgue^s proposal of shifting -^^^lately to 
the origin 'and logical nature of real numbers > after stud^^ng natural 
numbers t is Justified both on its own merits and from th^ l^tandpoint 
of the historical development of mathematics • At the time, 
as Kolmogorov noted, "approaching the structuring of ra/t'ional ai^d 



real numbers from the standpoint of the measurement of ' qi^antities Sis 
no less scientific than, say, introducing ratioujj^ numbefs as "ordered 
pairs," fj^ instance* And for the school it has a deflii|Lte advantage" 
[13;9]. • ' . . ' 

Thus there .is a definite possibility that "the mo^i general 
concept of number" (to use Lebesgue's expression) , the concept of 
real number, can bfe developed directly after a groundij^^ is given, 
in^ natural (whole) nui&bers. But^what this means in terms of curriculum 

*j|idesign is no less than an end to the arithmetic of fractions as it 
is interpreted in the school. 'The shift 6rom whole ntimbers to real 

- number^ is a shift from arithmetic to "algebra," to laying the 
foundation for analysis.^ ^ i 

■•-J* ■ . ' • 



6 * ' . ^ 

This is the way Lebesgue describes his method of. introducing 
numbers: "We went directly from the concept of whole number to the 
most general concept of number , without needing to use or, 'if you 
wish, to isolate the concept of an .exact 'decimal or al rational 
number. , . • In the very same way we phall go directly from an 
operation on whole Tiumbers to operations on general numbers. • • 
[13:27] * (italics ours — V. D.). 



^We are not discussing the relationship betweepi 




analysis and 



th^retical aritlimetic (or its basis), which is defiripd 
scientific discipline which studies( the fundamental pro 



as the 

ilpline which studies( the fundamental properties of 
all numerical systems (xjr^ rather, which provides a logical grounding 
for them). ^ • ^ !(/ 
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The meaning of this shift is. hidden in actual teaching by the 
fa»t that fractions are studied without particular attention to the 
measurement of quantities. Fractions are given as relationships 
betweep pairs of pumbers (although the methods manuals nominally 
acknowledge the Importance of the measurement of quantities).. 
As Kolmogorov indicated, introducing fractions in detail on the 
basis of the measurement^f quantities inevitably leads "to real 
numbers in all their generality " [13 :7J But in faot this does not 
usually happen, because the pupils are kept working with rational 
numbers for a long time and are thereby , delayed from coming to >^ 

"algebra." ' / ' 

In^ other words, algebra in the school begins at th^moment 
when the conditions becoiSe right fop the shift f rom^whole^umbers 
to .real numbers and to the expression of the result/s of measurementr 

in a fraction (a simple one and a finite decimal one and then an 

8 . 

infinite one). 

Kolmogorov wrote: 

Lebesgue's basic positive educational Idea . 4 . 
is that mathematical instruction at the various stages 
of learning can be completely united. The same 
concepts, in basically the same f^hn. first are 
perceived visually through examplebr^hen are formulated 
more distinctly, and finally are subjected to careful 
logical analysis. 

Infinite decimals are the most ^uifable approach 
to this unified exposition, so far as rial numbers are 
concerned. In the elemenltary school, pupils are 
introduced to the operation of measurement, they obtain 
finite decimals from it, and tliey study arithmetical* 
oeerations on decimals. The idea that a number may also 



^This definition differs substantially from the widely held 
opinion that "algebra" begins with the introduction of letters 
as symbols (this i^> expressed distinctly, for instance, in the 
following statement by V. L. Goncharov: "Arithmetic .teaches the 
use of numbers, while al^bra teaches the use of letters and 
formulas" [8:181). LetterS^iabols. of fcourse, are of primary 
significance, but in themselves -- without a change in the 
conceptual foundation — they cannot be the basis for a new 
"subject." 
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be expressed in an Infinite fractioa 4-,s fi^st 
broached with the example of periodic *:J^ractions 
which occur in division. In'^high school, the 
precision of measurement is discussed ih greater 

. detail p the complete correspondence betwe!piW''poitits 
a semistraight line and infinite deci©^8. is 
established, the general concept of real nt^berv 
is formulated, and the existence of irr^ioit^; ; 

• numbers is proven. A logically rigorcams exposltioj^ 
along the same general prlncipHes is presented \\ ^ ^ 
in the final year of high school or in the unlvet^slts 
[13:14-15]- ' ' V 

These approaches to introducing real number ,are int^ea&lng 

/ 



from the/ standpoint of educational psychology as much as anything. 

The ^Visoial" and ^'manipulative*^ approach and the "logical" appjrb^ch . 

to a concept' not only are not juxtaposed here, but ip fact are • 

genetically connected. The logical approach, essential in the^V^ 

concluding stage of the formation of a concept, becomes evident 

by the first stage. The genuine unity of mathematics instruction 

in ths^^chool is thus ensured. 

The initial steps in unification may include being introduced 

to the operation of measuring , obtaining finite decimals; and studying 

the operations on them. If the students have already learned this 

form for recording the results of measuring, it serves as the basis 

for the idea that a number may also be expressed by an infinite 

t t 
10 



9 

fraction. And it is advisable that this basis be established 



during the elementary school years.' 



9 » 

"Of course, practical measurements are always taken only to 

a finite degree of accuracy^ and in order to arrive at a positive _ " 

confirmation of the irrationality of a relationship . . .it is 

necessary to go to a higher level of abstraction than the one 

which corresponds to the naive approximate measurement of quantities,. 

But the possibility of expressflng a relationship between two 

quantities by means of the relationship betweeh two whole nmpbers 

is a^ chance circumstance , ,even in the first steps of naive measur ement 

. . .",[13: 7]^ (italics ours — V. D^. f 

^^In presenting Lebesgue^s "curriculum," Kolmosforov has the 
elementary school of the French educational systifir-ln mind ^ but 
there are no significant age-level differences between it and our 
elementary school. 
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If the concept of fraction (rational number) is removed from 
school arithiu^tic, the dividing line between airithmetlc and 
"algebra*^ will be the difference between whole and real numbers- 
It is what "chops up" the mathematics course into two parts ♦ We 
have here not a simple difference but a fundamental ''dualism'^ 
of^'.sources — ^ counting and measurement s . 

By following Lebesgue's ideas regarding the "general concept 
of number,** It is possible to unify mathematics teaching completely > 
but only after the child has been introduced to both c5unting and 
whole (natural) number. Such a preliminary introduction may last 
varying lengths of time (it is definitely too prolonged in the 
traditional elementary curr^Ji^la) and elenients of practical- measure- 
ment may even be^brought into the beginning arithmetic course (as 
is done in the curriculum) . But none of this eliminates the 
difference in the bases of arithmetic and "algebra" as academifc 
Siubjects* The "dualism'\of the points of departure also keeps the 
sections of the arithmetic cp:urse wbich have to do with, the measure- 
ment of quantities and the transition to real fractions from really , 
being effective (this apparently is the main reason little attention 
Ws been paid to Lebesgue*s "Ideas) . Curriculum designers and 
methodologists are striving to preserve the stability *and "purity" 
of arithmatic as a school subject ."^""^ The main. reason mathematics 
teaching presents arithmetic (whole number) first » and then^ '^gebra" 
(real nuniber) is the difference of sources > ^ 

This approach seems completely natural and unalterable, and 
besides, it is justified by many years* experience in the teaching 
of mathematics- But certain logical and psychological matters make 
it Imperative that this rigid scheme^ of presentation be analyzed 

m 

more carefully. 



' '^"^In a certain sense school arithmetic can be seen as a very 
simple copy of^ number theory ^ the study- of natural numbers which 
remained completely independent even after the broader idea of 
reaJL number was conceived (see [13:8])* 
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The fact is Chat even though these numbers are quite different 
in form, they are still numbers ~- that is, one particular form 
in which quan^titative relationships are represented* First, if 
It i4|assumed that the sources and functions of whole(^ numbers and 
real numbers are absolutely different, how can the facOthat both 
are "numerical in form" be explained? Second, if the real 
numbers are based on the whole (natural) numbers but their sources 
are fundamentally different, then how is such a "basis,'* such a 
relationship possible? Third, if a special "numerical form" of 
representation exists, then may it not be assumed, that such a 

'"numerical form" has a source of its own which is relatively 
independent of "particular" forms of numbers and is the forerunner * 
of them? ^ ■ ^ ' 

That whole and real numbers are "numbers" is reason to assume 
that the very differences between counting and measuremeht are 
originally derivative nature. They have a single source which 
corresponds to the very form of number. Knowing the characteristics 
of this single basis of counting and measurement helps one to 
understand more clearly the conditions in which they originated 
and the relationship between them, y 

In order to discover the source of the form of. number, one 
must make a special analysis of the problems man has ^hich he cannot 
solve without determining the numerical characteristics of some 
object (through these, problems one may establish tiiat numbers are 
necessary and determine why they are). In another study [2] these 

.problems were examined in detail. It was concluded that, in its 
general form, number has to^do with the need for Indirect comparison 
and assembling of objects. A person may satisfy this need only by 
first isolating and somehow making £ model of the divisibility of 
the object as a whole by its part (the object may be discontinuous 
or continuous)* When a person is searching f&r this 'relationship , 
he is performing a specific operation. It is the result of it that 

' is represented in the form of a standard aggregate of units 
(objects and words) which comprise a particular number [2:54-80]. 
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. Isolating the "whola" and the "part" depends -on the particular 
"element" of an aggregate (if it is ne^ss;%ry to assemble discon- 
tinuous objects). In one problem this element may be the part 
through which the required relationship is found, while, in another 
problem the very same element vill no longer be the basis of the • 
relationship* (the basis may now be either a group of separate 
elements, or a part of the one element, or something else). 

But by performing this operation on different objects and 
substituting one basis (or part) for another, one learns to 
distinguish the characteristics of these objects and the standard 
methods of determining their parts. Work on discontinuous 
objects brings one to a special "technique" — counting , which is 
the tool of the study of whole numbers , and, at the same time, ^ 

produces the concept of Jhole number . * Performing the operation on 
r ^2 

continuous objects results in measurement and real number. 

But developing different "techniques" for performing the same 
initial o^fcfetion subsequently conceals .this common basis which in 
turn creates the semblance of a "dualism" of whole and real numbers. 
If a person leams these concepts as completely finished and 
theoretically formulated products, he^U far removed from their , 
sources, not: only ^rom their "distant" oi^s but even from their 
"nearest" ones. Such seems to be a standard phenomenon in the 
formation of concepts and in wrk with them on the theoretical level. 



12 

^ Certain writers have noted the connection between the method 

by which numbers are formed and the establishment of the relation- 
ship of the whole and the part ; they have indicated two "types" 
of objects in which this relationship is e'fetablished; and they 
have found measurement to be the most representative form in 
which this operation may be expressed. Descartes wrote, for instance: 
"The method by which numbers are formed is, properly speaking, a 

. special form'of measurement. . . . Considering the parts in their 
relation to the whole Is calculation; on the other hand, considering 
the whole as divided into parts is measuring^t" [4:151]. \ 

"the unit of measurement is that universal property (natura ) 
to which . . . all things which are being compared to eaCh other 
should be applied. . . . Ther^ are only two types of things 
which can be compared to each other: sets and quantities" [4:152-153], 
(We should note that by sets Descartes meant discontinuous objects, 
and by quantities ha meant continuous objects.) 

118 



ERIC 



KolidSgorov gave a vivid description of thi^ ^'obliviousness" to 
the origin of mathematical concept?: * 

* 

Mathematicians who already know a finished 
mathematical theory are inclined to be ashamed 
of its origins. In contrast to the crystal^ 
clarity of the development of the theory, 
beginning with its already finished basic concepts 
and assumptions, it seems^n unsavory and dis- 
tasteful job to rummage into their origins [13:10]. 

With this attitude toward the origin of his own concepts, the 
theoretician' (probably for reasons of his own) is detached from even 
their closest specific sources and skives to work with "finished,*^ . 
"pure" concepts which, in principle, is possible. "The entire 
structure of school algebra and all of mathematical analysis," 
Kolmogorov wrote, "can be erected on the concept of real number 
without any reference at all to the measurement of .specific 

13 

quantities (length, areas, periods of time, and so forth)" [13:10]. * 
Special "rummaging" is needed just to determine the relationship 
between real number an^ the measurement of quantities, 'to say nothing 
of more profound relationships. Questions concerning the necessity 
of determining such relationships and the significance of knowing 
the origin of concepts to the science/ itself and to the related 
school subject arise. Howevdfr, analysis shows that if concepts are 
divorced' from thelr^sources, in certain conditions, they may lose 
their content which hJ^s an effect pti research. Kolmogorov supported 
Lebesque's view: \ 

Lebesgue shows \pw forgetting the actual origin 
of concepts may lead \he researcher astray even in a 
purely scientific field. . . . Thus the strt^ggle to 
restore to mathematical concepts their original 
material content occupies ^^*tfr center of attention 
throughout his book. ' TU'me the basic Interest of 
his bpok lies in this struggle [13:11]. 



13 

The possibility of working this way Vith a concept has itself 
developed in the history of science and necessitates certain logical 
means* N» Bourbaki noted one of the aspects of this: "In his * 
lectures Weierstrass acknowledges the logical interest presented by 
a complete separation of %he concept of real number from the theory 
of quantities" [1:155]. (Weierstrass was a German mathematician 
whose studies in the area of real numbers date from the* second 
half of the nineteenth century). 
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The fact isj "obliviousness to the real origin of concepts*' 
may also be observed in, the way thet school subject is set up* 

The authors of textbooks and methods manuals try not to Idoiger 

t ' 

over the sources of concepts but to get pupils to work with the 

^ ■ ! ■ 

^ concepts themselves as soon as possible, especially as there are 
opportunities for this* ^ ^ 

Kolmogorov wrote: 

A constant trend laanifests itself with 
varying, boldness at the various stages of 
instruction: to get through with the introduction 
to numbers as soon as possible and then to talk 
only about numbers and the relationships between 
them, Lebesgue is protesting against this trend 
[13:10]. 

What is the reason for this protest, and of what importance Is 
"an introduction to numbers^* (and to(^other matters^ in setting up 
the subject properly? Here is what Kolmogorov has to say: "The* 
problem Is not specific defects, but rather that divorcing mathe- . 
matical concepts from their origins, in teaching, results In a^ 
course with a complete absence of principles and With defective logic" 



[13:10] (Italics outs V/DO* Unquestionably he. has. stated the 

14 • 

essence of the matter succinctly here. 

It is complicated and difficult to keep the origin of izoncepts 
in mind in setting up the entire^-acad^lc subject.^ The material 

ontent of concepts which acquired their theoretical form long in 
the past needs special .analysis, as do .the ways of "transforming" 
this content intp a genuine concept (we need only recall the 
difficulties 'which arise in solving ^these problems with regard to 



1 * 

We have .purposely quoted extensively in this section from 
Kolmogorov' s preface to Lebesgue* s book. We think that his evaluation 
of Lebesgue*! position, as well as his own ideas about such matters ^ 
as the content of the school mathematics course and the role of 
analysis of the origin of concepts in setting up the school subject 
are still of prime importance. Although this preface 'was first 
published in 1938 (date of the first edition of Lebesgue* s book), 
^^his ideas, in our view, have not been used nearly enough either by 
methodologists or by psychologists (see the study by Dubnov [6:134-135], 
in which he notes the role of Lebesgue* s ideas In contemporary methods 
of mathematics teaching). i 
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whole numbers and fractions, for instance), Th6 academic subject 
organize'^ with this requirement in mind will be atructurec^ differently 
•from the traditional one, sincp- cohsiderable space in it will be taken 
up by sections introducing the child to a concept, * 

But let us return to the issue we raisejl earlleV about the 
connection between school arithmetic and algebra. We have advanced 
the assumption that whole and real numbers have a common root and 
that their differences are derived from the particular way in which 
"numerical form*' is used- to represent thS^elationship of whole ' 
and part. Wiat are the characteristics of this "root/* and might 
the child^s introduction to such characteristics be made a special 
section of the elementary mathematics course, preceding the study 
of numbers? Attempts shall be made to answer these questions 
concretely as we go along. Right now it might- be noted that we"are 
asking them in order to find a way to introduce numbers so ag to 
ensure that there will be no *'Great Wall of China** betwejsn whole 
numbers and fractions (real numbers, that is) later, and that the 
differences between them will not become absolute. This preliminary 
section should provide the basis for studying numbers in theilj* 
organic relationship to each other and should be without that ^ 
break in time and in mode of introduction that one finds in the 
traditional courses. 

In other words, we are talking about doing away with the "dualism*^* 
of v;hole and real numbers thereby making it possible to minimize the 
break between arithmetic and **algebra/* This in turn will facilitate 
the genuine unity of mathematics teaching on all levels beginning 
with the primary grades ►"^^ 



On p. ^14 w^ cited Kolniogorov* s view that introducing the 
operation of measurement and finite decimals to children even in 
the primary grades is essential to achieving this unity* We 
believe that this Introduction needs to be .Aomprehenslve, starting 
in the first grade; then certain provisions must be mad^ for a 
subsequent **natural'*-tJ;an«sltion from whole numbers to fractions. 
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If the goal of school ujathematics. is to develop "as clear an 
understanding as possible of the idea of real number »" this go^l 
should be visible in the child's first ventures into mathematics. 
Rather than be at variance (as is often observed), the foundations 
of elementary knowledge should be "prestressed" in preparation for . 
the building which will fulfull this goal. We are not talking . 
about starting with the "goal" but about having it dictate the 
basic development of the entire school mathemati<i8 course,^ from 
,its "ABC's" ^^^ut in order to determine these "ABC's" a special . 
attempt must b^Sde to disclode their material sources, which, 
as a rule, are not apparent to the people who work with the finished 
concepts. If Kolmogorov's advice is followed, this is the very 
tijoe "the distasteful of rummaging" into the origins of the 
basic concepts and assumptions should not be shunned. 

Where are we to turn, then, to find the Common root of the 
branching tree ^f numbers? First it is necessary to 'analyze the 
concept of quantity . .True, "quantity" leads directly to, another 
term — "measurement ." 'But this does not eliminate the possibility 
that "quantity" may have a certain meaning on its own . It may be 
concluded from examining this aspect of thtf matter that, on the • . 
one hand, measurement is .related to 'counting, and on the other, that 
operating witi^ numbers is related to certain general mathematical 
. relationship? and principles. And so, what is "quantity" and of 
what interest is it in setting up/ the elementary sections of school 
mathematics? * . • 

The Concept of Quantity and its Place 
in the'School Mathematics Course ^ 

In spite of the widespread use of the term "quantity." there is 
little agreement among mathematicians as to whether it is correct or 
advisable to use it either foil scientific purposes or in teacl^g*^ 
Ya. S, Dubnov has written: . * ^ 
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, In co^itraat to "number the ^erm "quantity'* 
' not only haa.not become stabilized in teaching,- 
' but cd|tiiot even be said to have been satisfactorily 
defined ♦ We are forced to conclude that the term 
"quantity" is becoming obsolete, just as the term 
kalichestvo ["niimber, qyantity', amouat" - Trans*] 
began to disappear from mathematical discourse 
K not so long ago (. ♦ although it has been 

. retained,' of course, in general scientific termi- 
nology, * such as philosophical terminology) 
^ [6:141, 142-1432. ^ 

N^True, the meaning of the term has not been stabilized, but- 
this Qi#itsel£ is no basUs for "nullifying" the term. The question 
is not the term, of course (actually it could be any term), but 

concept beh^^Vid it. From^Dubnov ' s brief temarks it is difficult 
to ascertain what is becomii^^ obsolete — the term, because of its 
"iitstability," or the concept, because it is inadequate to the 
thing (one may conclude from indirect remarks that it is the latter, 
however). The issue here, apparently, is ^lot only the suitability 
of ^ the term but a change , in the content of the concept which was 
once^ designated as -"quantity*" Certain properties of objects once 
dir^ffll'y referred to by this term have now become only specific 
aspects of characteristics whiph were discovered later but are more 
fundal{^eil5a3^, and are designated by other terms. The old term may 
lose, its meaning, but the properties* it formerly specified still 
remain, lorsing only their former "place." This is a typical case* 
of the removal of new concepts from their real sources, for as 
a t^rjn "disappears," any ^properties of ^l^jenta it may have^ suggested 
are sometimesofreduced to a minimum. This fact needs^^o^e- caken- 
into account as cjine investigates the origin-^^d material content of 
mathematical concepts* 

All the same ona may take issue with the pessimistic view of 
the fate of the term ''qiltotity ," for it is still widely used in 
theoretical and educational works "X see Lebesgue^s book [13] or * 
E» G, Gondn\s [9], for instancy). So ^f ar as the • concept\ieant by 
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it is concerned » we believe that there is na basis for shelving 

it. In fact^ mathematicians characterize J\t as follows: ^ , 

^.^ 

, (^entity is one of the basic mathematical « « 
concepts whose meaning has undergone $ number 
of generalizations in the course of the ' * 

^ development of mathematics [12:340], 

This • • . theory — the idea of quantity — . . 

plays a key role in lay^tig the groundwork for all of 
^ mathe^tics [10:1091. ^ ^ * 

Furthermore, the meaning ,of this concept cannot be said to be 
"unsatisfactorily defined either. Kolmogorov has given a clear 
description of "quantity" [12], and Kagan and other authors have 
defined and analyzed this concept in detail "^in their studies. Kagan* sf ... 
approach to the problem of quantity is examined first » -since it is 
the clearest and most consistent. , c' , 

In common usage the term '^quantity" is related to th^ Concepts 
of "equal to," "more than," and "less than," which are used to describe 
^^he most varied qualities (such as length, density, temperature, or ) 
whiteness). Kagan wonders what common properties these concepts 



Kagan spelled out his theory of quantity in an essay written 
in 1917 (the full version is in an anthology [10]). But he apparently • 
believed that the basic vleVs he had formulated abbut quantity 
retained their significance, because he presented t]tls essay in 
condei^sed form in one of ' the chapters of the second part of The 
Fundamentals of Geometry , which came out in the fifties (after his 
dpath, as a matter of fact)* / ^ 

17 ' > ■ ' • ■ ■ 

Dubnov notes t;he existence ot axioms for the concept of 
quantity (see Kolmogorov* s article [12]). Bufc^ in the first place, 
he believes that it is out of the question to present this complex 
theory in school (no doubt he means a strictly theoretical presentation), 
and second, he doubts the very necessity for a generalizing concept 
of quantity for either geometry or physics [6:142]. He differs on, 
this matter with those who still think that a general concept of 
quantity is proper and possible. (Unfortunately, IXibnov set forth 
his interiiretation of quantity so briefly that we^are prevented from 
fully understanding the ranger of his real ideas concerning this problem,) 
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possess. He shows that they involve, aggregates or sets of uniform 
objects (such a:S"tlT)B aggregates of ^all straight lines, weights, 
or velocities)! to jtfhich, when their elements are compared, the 
texisks "more tha^," "equal 'to," and "less than" may be applied. 

A set of objects becomes a quantity only when criteria are 
established by whic^ one may determine, with regard to any er^ents 
A and B of the set^ whether A is equal to B, move than B, or less ^ 
than B. Ofie and only one of the relationships: 

. ♦ A - B, A > B, A < B 

will hold true for any two elements A and B. These statements 
constitute a complete disjuncf'tion (at least one is true but each 
excludes all the others) ♦ 

Kagau distinguished the following, eight basic properties of the 
concepts "equal to," "more than," and "less than." 

At least one of the relationships ^ 
A « B, A < B, or A > B is true. 

2, If A B is true, then A < B will 
not be true, 

3* If A » B is true, then A > B will 

not be true, ' . 

t . ' ^ 

4. ' If A = B^and'^ » C, then A « C. 

5* If A > B^and E > C, then A > C. 

6. If A < B and B < Qf'then A < C. 

?• Equality is a reversible relationship: 
B A always follows from A * B, ^ 

8. Equality is a reflexive relationship: 
No matter what element A is^ of the set under 
'consideration, A « A. . ^ * 

The first three statements characterize the disjunction of the 
basic relationships "«," ">" and "<." Statements 4, 5, and 6 
characterize .the transitivity for any three elements A, B, and C. 
The final two statements characterize only equality, its reversibility 
and its ref lexivity , BCagan (following S. 0. Shatunovskii) calls these 
eight Vasic statements postulates of comparison , on the bl^is of which 
a number of other properties of quantity may be deduced > 
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Kagan described these deduced properties ia the form of eight 
theorems: 

* « 

1. The relationship A > B excludes the 
, relationship > A (A < B excludes B < A). 

2. If A > B, then B < A (if A < B, then 

B > A). , ' 

3. If A > B is true» the;n A < B is not true. 

4. -If A^ « A^, A2 A^, . . ., A^_^= A^, 



then A" « A„. 
1 n 



5. If A^ > A2, A2 > A3. . . A^_^ > A^, 
.then > A^. 



/ 



If A^ < A^, A^ < A^, . . A^_-^< A^, ^ 

then A. < A , . 

"in, ... 

7. If A " C and B » C, then A B. 

\ 8. If the^equality or inequality A « B> or 
A> or A < B is true, then it will not be - 
destroyed if we replace one of its elements with an 
element *equal to it (what occurs here is a correlation 
of the types: if A » B and A « C, then C « B; or if 
A > B and A * C, then C >"B» and so forth)* 

The postulates'of comparison and the theorems, Kagan indicated, 
**cover all the properties of t|he concepts *'equal to/' "more than," 
' and "less than" which are applicable in mathematics regardless of 
the individual properties of the set to whose ^elements we apply them 
in various particular cases" [10:95]. 

The properties indicated in th^ postulates and theorems may be ' 
used to describe many other aspects of objects besides the ones 
. commonly associated witli "equal to, "."more than," and "less than" 
(they describe the relationship "ancestor — descendant,^* for 
instance). In describing thein a general po int o^ view may be adopted 
and any three forms of, say, the relationships a, B, and y may be 
examined from the standpoint of these postulates and theorems (also, 
it is possible to determine whether and under what conditions these 
•relationships satisfy the postulates and theorems). 
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^ Such a property of things as hardness > for- instance (harder, 
sof;t^, or identical hardness ), or the sequence of^events In time 
(following , priaceding > slmu Igneous ) may be examined from this 
standpoint. In all these instances the relationships a, 6» and y 
are given a specific interpretation, when choose a set of bodies 
which will have these relationships, and when we JLsolate attributes 
^whj-ch a, 3, and Y may be characterized, criteria of comparison 
for this set of bodies are being determined (in many Ijfistances it' 
is not easy to do In practice). Kagan wrote: "in establishing 
criteria of comparison, we arS converting a set into a quantity" 
[10:101]. . ■ • ^ 

Real objects may be examined from the standpoint of Various 
criteria. For instance, a group of people may be studied according > 
to the order in which each of its members was bOpTn. Another 
criterion might be^ the relative positibn of tfeir heads when they 
are standing next to each other on the same horizontal surface. In 
each*of these cases the group will become a quantity with the 
appropriate designation — age , or height . In practice', what is 
usually designated as quantity is not the set of elements itself 
but a new concept introduced" to distinguish criteria of comparison. 
This is the origin of such concepts as "volume," "weight," and 
"electrical tension." Kagan wrote: 



Thus for the ma themat ic Ian , a quantity Is fully 
d efined when the set of elements and the criteria of 
comparison have been indicated [10:107]. 



A^ quantity is thus any set for the elements *of 

which criteria of comparison have been^stablished^ 

which satisfy postulates 1_ to _8 [10:101] « 
^ — ■ 

Kagan views the natural series of numbers as a very important 
example of mathematical quantity. From the standpdint of such a 
criterion of comparison as the position occupied by numbers in a 
series (occupying the same place , coming after . . . , preceding ) , 
this series satisfies the postulates and is therefore a quantity . 
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According to the same criteria of comparison, an aggregate 

of fractions aj^so becomes a quantity. Correctly determining the 

•• * 

criteria of comparison for the set of irrational numbers (to make 
it into a quantity) "is ^e basts of modem analysis" [10:104]* 

This, according to him, is the content of the theory of 
quantity , which plays ^uch an important parkin the basis of all 
mathematics (we might add that: in his essay Kagaa proves that the 
postulates of comparison are consistent but independent ) ♦ 

Bourbaki regards the stfucture of order as one of the three 
basic mathematical structures. The relationship which determines it, 
between the two elements x and ^, is given the geperaL designation 
xRy.^ But it is most frequently expressed by the words "x is less 
th^n or equal to y." The following axioms govern this relatioship: 
(a) for all x, xRx; (b) from the Relationships xRy and yRx, it 
follows that X - y; (c) from the relationships xRy and yRz, it 
follows that The set. of whole numbers and the set of real 

numbers, for instance, have this structure,, "with the symbol "<^" ' 
being substituted for R here" [1:252]. Bourbaki remrks especially 
that one axiom is absent here, tiie one concerning a property which 
"seems inseparable from the concept of order we use 'in everyday 
life: "whatever x and y are, either xRy or yRx will be true" [1:252]. 

The three axioms c it ed^ above apply to all the forms of the 
relationship of order, including the ca^where the elements may 
turn out to be Incomparable (wh^e X and vSlgnify subsets and XRY 
signifies "X is contained in Y," for instande, or where x and y are 
natural numbers and xR'y signifies "y is divided by x") . But "by 
adding a\fourth axiom to them, a special case of the relationship 
of order is isolated -- the relationship of comparable elements so 
tfteii observed in "everyday life." ' \^ 

The, relationship which (according to certain criteria of 
comparison) Kagan says describes quantity is a particular instance 
of the structure of order. Only the relationships designated by 
the symbols "-," ">," and "<" figure in Kagan' s postulates; nothing 

I * • * • 
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Is mentioned about any operations with the elements Involved. In 
contrast » the axioms Kolmogorov gives [12] contain the propertiies of 
addition and subtractioy as well as the properties^ of comparability. 



and sub t r ac t xoiy a s 
at, Kolmogoro^ say^ 



First, Kolmogorov says f:hat as mathematics has developed » 
the meaningof the concept of quantity has undergone a number of 
generalizations. The properties of quantities now called positive 
scalar quantities , to distinguish them from subs^quent^ generali- 
zatlibns, were described even in Euclid ^s Elements . Kolmogorov 
gives the^ axioms for these quantities and notes that the original 
conception of them was actually a direct generalisation of more 
concrete notions; length, area, volume, weight, and so forth* Each 
specific type of quantity is related to a particular method Of 
comparing physical bodies or other objects (in geometry, for instance 
segments are compared by means of superposition). 

A relationship of inequality is established in the system of 
alL uniform quantities. ;^n the case of lengths, areas, volumes, and 
.weights, how the meaning of the operation of addition is established 
is known. The relationship a < b and the operation a 4- b - c 
possess the following properties: 

1, Whatever a and b are, one and only one 

of the three relationships a - b, a < b, or b < a - 
holds true# . ^ 

2. If a < b and b^< c, then a < c (the 
transitivity of the relationship). 



3. For -|®3^ two quantfitiea a and b there 
:s a singi^ 
a +. b is equalv. 



exists a singl^||j^icular quantity c to which 



4» " a -f ^ "i b 4- a (the conmutativi^ of 
additibn). 

5. a + (b + c) - (a + b) + c (the 
associativity of addition). 

6. a + b > a (the monotony of addition). 
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7. If a > b, tlTen thera exists one and only 
one quantity c for which b -1^ c - a (the possibility 
of subtraction) • 

'\ 

8. Whatever the quantity a and the natural 
number n are, there exists a quantity b such that 
nb « a (the possibility of division). 

9. Whatever the quantities a an^i b are.^^ there 
exists a natural number n suoh that a < nb.l° ' 

1 

10, If the sequence of quantities 

a^^ < a2 < a^ < • • ♦ < • • • < b^ < 'b^ < b^ 

possesses the property that for any quantity c with a - 
large enough number n, 

b^ - a < c, ^ 
n n 

then there exists one single quantity x which is larger 
than all a and smaller than all b (the property of 
continuity^* ^ . ^ 

Kolmogorov writes: "Properties 1-10 defined the totally modern 
concept of the system of positive scalar Q [quantities]. If we 
choose some quantity S^^B the unit of measurement in this system, 
th^ all other Q of the system are represented identically by 

■■ Q =^,XXii, 

where a is a positive real number** [12 :340]. 

The System of all real numbers possesses all the properties of 
scalar quannities^ so therefore **it is quite right to call the real 
numbers thepteelyes quantities. It is particularly appropriate when, 

yiabW^uantlties are being discussed. . . . This is a lo^cal 
point of view: Numbers are particular cases of Q just as lengths, 
volumes and so fprth are, and like all Q can be both variable ai 
constant^' [12:341]. 

If Kagan's postulates are compared with the first and second 

properties of Kolmogorov* s axioms, we can see that what the axioms 
express In brief form (first and foremost, the complete disjunction 
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The theolry of the m^sasurement of quantities developed by 
the ancient Greek mathematicians is based on the ninth property 
along with the more elementary properties 1-8 (see [12:340]). 

X 
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atul the transitivity of ralatioaships) in essence is systematically 
expanded in the postulates. But in addition, the ^xioms include a ^ 
number of other very important properties 'of quantities pertaining 
to the possibility and identity of addition, to its commutativity, 
associatiyity-^nd monotony, and also to the possibility of subtraction 
(properties 3 to 7). 

It is worth noting that what these properties are describing 
is (quantities (positive scalar ones), which mayjbe dlis.cussed apart' 
from and before being expressed in numbers* That is, if these ^ 
properties are kept in mind one can work with real lengths, volumes, 
weights, periods of time, and^so forth (having fii:st established 
these parameters on obi^cts according to ^criteria, of ||pmparlsonY 
of course). 

In working with quantities (it is advi^ble to deslgitet^ o 
their particular values by letters ), a complex system of transfor- 
• mations can be produced through which the relations among properties 
of the quantities can be determined. In producing KhC^ansf ormationa, 
one may move from equality to inequality and perform addition (and 
subtraction) — with the coiBmutative and associative properties as 
a guide in the addition. For instance, if the relationship A « .B^ 
is given, then knowing B « A can be «^f help in "solving" problems^ 
As another example, given the relationships A > B and B » C, one 
^^l^n conclude that A > C. Or again, since f or A > B there exists ^ 
some C such that A « B + C, it is possible to find the difference 
between A and B (A - B « C). All these transformations can be 
performed on physical bodies and other objects when one has established 
criteria of comparison and the correspondence between the particular 
^ relationships* and the poatulates of comparison. 

The following point deserves special attention^ Properties 

;^*%^3 to 6 of the opef ation of addition describe what Bourbaki defines 

' > ' \ 19 

a^. -^lgebr.aic strudture . Actually, the relationship which yields 



^^3^^ the description of this and tlie other structures on pp. 79-80. 
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this structure is a function. That is, it is a relation between 

two felementa such that a -third is detamiafit^. (law of composition^ 

[1]).* If for any quantities a and b there exists a third c (not - 

necessarily different from a or b) to which a 4- b is equal, then 

this is a very simple case of composition ^ which possesses two 

iimer law8 ^~ commutative and associative (according .to >the 

operation of addition. Furthermore, with the introduction of the 

eighth property, which pertains to^multlplication, it becomes 

possible to apply composition to that operation a*s well). The 

axioms cited above thus describe quantity both according to the 

relationship of order and according ^o the relationship designated 

as function (or composition). These are important general 

mathematical relationships [1:252]^' 

Let us examine properties 8 t6 10. The concept of natural 

number does not explicitly appear before the eighth axiom^ which 

establishes the possibility of divialon . For any quantity a and 

natural number n ther§ e^sts a quantity b such that nb." a. This 

formula can be transformed so that division goes from possible to 
a 

actual: n « — , where n is a natural number. ..If the abstract 
meaning of this formula is compared /with the actual process 'of 
finding the rela^tionship between quantXties a and b, one m^y 

conclude that a natural number can be obtained not only by !*counting" 

■ « 

but also by *^dividing'^ the quantities, which in fact is the simplest 

^ u 20 * 
way of measuring them. • f 

The latter fact is of special importance because it rules out 

the excessive contrasting of quantity to natural (whole) number^. 

There is a more profound connection between quantity and natural 

number — through a chain of intermediate links — than is customarily 



20 

Of interest in this connection is the following statement from 
M. E. Drabkina*8 booE^' about the foundations of arithmetic: ''The 
notion of the first natural numbers appeared at the earliest stages 
of human development ^n connection with counting the objects in 
some aggregate and has to do with the measurement of quantities 
which contain the unit of ^measurement a whole number of times" 
.[5^5] (italics ours — ^V. D.). 
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assumed In traddl^tlonal methods o£* teaching. Particular attention 
needs to be given to the bases of the connections between counting 
and measurement and between natural (whole) number and the * / 

properties of quantities • The connection between the properties 
of discontinuous scits and those objects Which turn into a quantity 

under certain conditions also becomes particularly Important • 

■ . f\ . 

Real number is based on positive scalar quantities , the concept 
of wh^h is defined by all ten of the properties* Stome of the 
properties are essential to natural numbers as well* It is 
striking that natural numbers, frac^ons (rational numbers) » and 
■real numbers themselves can be represented a s quantities (both 
Kagan and Kolmogorov inention this)* 

It may be concluded from the mat;erlal cited above that natural 
and real numb^s are equally closely related to quantities and 
certain of their ^ss^tial cliaracteristics (properties 1 7) ._i 
Might not the child study these and the otrhep properties as a- 
special topic before he is introduced to the numerical form for 
describing ^he relationship between quantities? These properties 
could be^ the basi%, for a subsequent detailed introduction to 
. number and "its various forms (fractions in particular) and such 
concepts ^ coordinates and function, even in the early^ grades. 
This Introductory section could consist of an introduction 
.*to physical objects and criteria for comparing them, with quantity 
being distingulshaa as a subject for mathematical consifederatlon. 
Further ,1 it could be an introduction to methods of comparison, 
symbolic means for desigrtating the results, and methods of analyzing 

the general properties of quantities* This section needs to be 

> 

expanded fnto a relatively detailed curriculum and, most important, 
this currlcul^ needs to be related to actions the child can perform 
in order to learn the material (in a suitable form, of course) • At 
the same time we need to determine experimentally whether seven-year 
old children are capable of mastei?lng this curriculum and whether 
it is advisable to introduce it, from the standpoint of attempting ^ 
to bring arithmetic and elementary algebra together ini subsequent 
mathematics teaching in the primary -grades* ' ^ 
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The Experimental Iis^roductlon of tha^ Concept 
of Quantify in the First Grade 

^ The Content of the EsgperlmentaX Curriculum 

Up to now the discussion has been theoretical and has involved 
clarifying the mathematical basis for an elementary section o^ a 
P course designed to introduce the child to the basic properties of 
quantiti^ (before number is specifically introduced). However, 
for several y^agrs instruction has actiially been organized according 
to such a curriculum for this section and used in qur research in 
experimental classes. So the curriculum described below has been 
' influenced by the results of exp^ imeitfeal instruction by one or 
.'^ ^vv^ another of its' preliminary variants, ^ 

{v'/y-f^^y'^y^ The basic properties of quantities were described earlier. It 
^■y/:^;;^Z.^''\'£^^^^3^^B^Bf qf course, to give seven- year^old children "lectures'* 
:Vi'*i^p5V' A way had to be found for the children to 

'^il'f^^^'^^S'^^ with the 'instructional material so that they could, firsts 

v^^^y.jVr^^^^^ these properties in the things around them, and then 



learn to^ designate the properties using certain symbols and to carry 
out an elementary mathematical analysis of the relationships they 
had found. * 

Thus "the curriculum shQuld contain first, an Indication of the 
properties of the subject which are to be learned; second, a 
description of the teaching mater ialsj^and thljrd --r- the most 
important psychologically — a description ofi ^t e operations by means 
of which 'the child distinguishes the particular properties of the 

subjeg^^nd learns them. These "components** ig^ke up the curriculum 

i) 21 \ ' ' ■ 

in the true sense of the ''word. | 

* It (seems reagonable to spell out the specific features of our 

currlculbra and its "components" by describing the actual Instruction 



21 ^ 

^ It'sr^ld be noted that curricula are usually reduced to a 
list of topic s^lwlth everything else being designated as methods. 
Thi^ division se^!^ wrong to us, at least for new material which 
is only being experimentally tested. 
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process and It's results* An outline of the curriculum and its 
main topics are given^with a brief stat^ent concerning the 
basis for each to p^ and an explanation of it« 

Topic ~ ComparlnR and assembling obj ects (according to 
length y volume , weight , coiM>osltion i and other parameters ) • 

!• Practical problems of comparing and assembling* 

2. Isolating attributes (criteria) by which the same 
objects may be compared or assembled. 

3. Verbal designation of these attributes ("by length," 

weight," and so fo^th). 

These problems are solved on instruct iooal material (such as 
bo^ds or weights) by choosing a "similar" object', and reproducing 
(constructing^ a "similar" object according to the parameter 
designated. 

Topic Il^-r- Comparing objects and designating the- results in 
a formula of ^eqitag,ity or Inequality . 

1, Problems of comparing objects and designating 
the results 8ym!50iiafally. ^2 



2. Verb^ designation of the results of a 

comparison (the terms "more than," "less than," 
and "equal to"). The written symbols ">, 



" and "-." 



3. , Making a drawing 'to designate the results of 

a comparison (first a "copy," and then an 
"abstr^tion" — using lines ) . ^ 

4. Using letters to designate the objects being 
compared. Wifi|:ting down the results of a 
comparison using the , formulas: A = B, A < B, 
A > B.23 ^ 



22 

We discuss this problem specifically (as distinguished from 
practical problems of comparing and assembling, for instance) 
elaewhere [2:67-68]. 

Various letters of the Ru^gsian alphabet (p^rinted capital 
letters) were used in the formulas. The children were introduced 
to the Latin alphabet during the second semester. 
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5.. The imposslbf lity of' using different formulas 
to designate* the resiilts of 4 comparison. The 
choice of a particular formula for a ^Iven 
i:^sult (the cdmpj^te disjunction of the relation- 
^'ahips more thag; les^ ^than > and e^ual to ) . 

Topic III — Th e properties of equality and inec^uality . 

1» The reversibility and ref lexivity of equality 
(if A - B, then B « A; A « A).-^^ 

The connection between the relationships "morfe ^ 
than'^ and "less than" in inequaj^ities>fh«n 
the sides being compared are "traSSposed" 
(if A > B, then B i: A, and so forth). 

3. Transitivity as a property of equality and 
inequality: if ,A » B, and B « then A • C; 
if A > B, and B > C, then A > C; if A < B, ^ 
and B ^ C» then A < C. 

The shift from evaluating the properties of 
equality and inequality, using physical objects, 
to having only letter formulas available. 25 xhe 
solution of varied problems which require a f 
.knowledge of these properties (for instance, 
problems involving the conn^t^ion between 
relationships,^ such as: Given A > B, and B « C; / 
find the relationship between "A and C). 

Topic' IV — The opera tipn of addition (and 8ubtrac"t^i> )\>-\ 

1. Observations of changes in objects in one or another 
^ parameter ^ (such as volume, weight, length, or time). 
Representation of increase and decrease with the 
symbols "-f" and (plus and lainus ) . 



To ^plain the curriculum we are using some mathematical tei 
we did not give the children (we shall indicate the range of 
terminology used by them, in our description of the actual teaching 
done according to this curriculum). 

Independent work with letter formulas is not new. But it 
was given particular at;:ention here, and it has been systematized 
and stabilized. 
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^2. Upsetting a previously established equality 
by changing one or the other of its aides. 
The shift from equality to 4nequaltty,26 

^ Writing formulas of the type: if A - B, 
then A +^,K > B; if A « B» then A - K < B* 
• " ■ ' . \ ■ ' . \ ■ 

3^ Methods of shifting to a nev equality • * 
("reconstructing" it according to the 
principle: Adding an "equal" to "Sequals" 
yields "equals"); Worl^Lng with formulas 
^ of the type: *^if A^« B, then A 4- K > B, 

but A -f K - £ + K. 

. . * . 

4. 'fhe solution of varied, problems reqixiring 
^ , tmt addition (and subtraction) be used * 
/in shifting from equality to inequality ■ 
. and back. ^ * 



^ Topic V — The s^hift from an inequality of the type A < B to 

r 

equality through addition (or subtraction) , 



1. Problems which require this shift. The 

necessity of determining the value of the \ 
difference between the objects beirife » 
compared. The possibility of writing an 
^ equality when the specific value of this 
'difference is unknown* The method of using 
Writing formulas of the type: ^f A < B^ 
then A + X » B; if A > B J'then A - x « B. 
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_ 2* Determining the value oi\^/^ Substitutitfg 
this value in a formula, (introduction to 
parentheses) • Formulas of the type: 
A < B^ A + X - B,' X - B - A, A -f (B - A) B. " 

3. Solving problems (Including "word- problems") . 
which Require the. Indicated operations. ^ 

Topic VI — Addition and subtraction of equalities and 
In equal lties » ' Sub»stl^utlon > 

1.. Additioa and- suVtractiojjr of equalities an4 
inequalities: if: A * B and M « D> then 
A -h M =^B *f D; if A"^> V and. K > then 
A + K -> V -f E; if A > V and B^=^ G, then 
A ± B > V ± G. 



26 

The possibility of this shi,ft has to do with one of the 
properties of addition, monotony (in a certain sense this pertains^ 
to subtraction as well)* ' . * 
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2, The possibility of representing the value of , 
a quantity as the sum of several values. 
— Substitutions of the type; A-B, B'-E + K+M, 
- E + K + M. * 

'Th^ solution of^Various problems inyolving the 
properties of relationships to which the children ' 
have already been introduced (many of the 
problems te^uire simultaneous consideration of 
several properties and adeptaeas at evaluating 
t the meaning o£ the formulas; the problems and , 

their solution are described below). 

Such is that part of the curriculum intende^ to take three and 
a half to four months'^^f the first semester. Our experience with ^, 
the experimental instructlW indicates that if the lessons are planned 
correctly, the teaching methods perfected^ and teachl^ng aids well 
chosen > children can master the material fully in a shorter time 
(three months). % ■ ' / 

From this point on the Curriculum is structured as follows^ 
First the child is introduced to number as the expression of a 
relationship between the whole of some object and a part of it. The 
relationship itself and its concrete referent are expressed by the 
fotSlU^ ^ » n, where n fs any whole number, usually taken to within 
a "unit" (a whole number can be obtained only by clioosing the 
material especially). From the very start the child is "forced'* to . 
keep in mind that measuring or counting may yield a remainder , a 
fact which needs to be especially mentioned. This is the first 
step toward working with fractions . 



In this variant there is no topic to introduce the child to the 
commutative and assjociative properties of addition (prior to. the , 
introduction of numbers) . ^his is done in^the second semester when 
the children are working with numbers (writing them both as figures 
^nd as letters). In the most recent variant of our' curriculum this 
topic is presented in the *'prenumer ical** section. Preliminary data 
from experimental instruction show that it is worthwhile to include 
this topic and" that f irst-grader^ are capable of learning it. Since 
the material in this book was drawn mainly from instruction by an 
**o.}d*' variant, the new topic is not included in it (a special article- 
will be needed to describe how children learn it). 
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Ouce the child has learned the above method of obtaining a 

"^number it is easy to teach him to describe an object using a formula ^ 

of the type A » 5k (if the relationship equals 5)^ Knowing this 

formula and its equivalent makes possible the special study of the ' 

interrelations among an object, its basic .unit of measure . and the 

results of counting (measuring) » as well as vthe preparation of the 

child to work with fractions r(and in particular > to understand the 

28 

basic property of the fraction). 

Another line, of development .the curriculum may follow in the 
first grade is to transfer the basic properties of quantity (the • 
disjunction (^f equality and inequality, transitivity, and riversl-- 
bility) and of the operation of addition (commutativity, assoclativ- 
ity, monotony, and the possibility of subtraction) to (whole) 
numbers. In. garticular , in working on a num ber ray , the child can 
-x^eadily convert a sequence of numbers into a quantity (for instance, 
by distinctly recognizing the transitivity of such notations as 
3 < 5 < 8 and at the same time making the connection between the 
relationships ^*more than" and "less than": 5 < 8 but 5 > 3). ' 

♦Once tHe child has been introduced to certain "structural" 
features of equality, •he can approach the relationship between *% 
addition and subtraction differently • The following transformations^ 
for instance, are performed as one goes from Inequality to equality: 
7 < 11; 7 + X « IL; x«ll-7;x-4» 0^, the child may add and 
subtract elements of equalities and ine(|ualities, performing oral 
calculations in the process/ For^ instance, given tha^S -^ 1 « 6 -^ 3 
and 4 > 2; find the relationship between 8 + 1-4 and 6 + 3 2/ If 
this expression is unequal^ make it equal (first the symbol for "less 
than" needs to be put in, and then a "two" added to 8 + 1 4)* Xhus 
if the numerical series is treated as quantity, the s kills of addition 



28 

Tlie Shift to numbers, the part of the curriculum pertaining 
tb them, and the results of teaching using the curriculum are . 
described in the next section. 
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subtraction (and subsequently^ multiplication and division) 

29 

may be developed in a new way. 

» Let us compare the outline of t^e curriculum to the mathe- 
^matical characteristics of quantity* There will be no direct 
correspondence between the two -because the form in*which these, 
characteristics are expressed 1$ ^governed by the requirements of the 
"gross" theory and axioms, while the curriculum is designed to" 
petform a number of specific pgycholapical and educational tasks 
connected with structuring the academ^!^fexbject , the most elementary 
section of it^ in fact» ^ . 

The basic task of the section defined by Topics I and IX was ^ 
to tiach the child to distinguish parameters^f objects which possess 
'three particular relationships. In addition to- learning methods of 
isolating these parameters, he was to learn symbolic means of primary 
mathematical description of the relationships (letter symbols and 
formulas). In a series of intermediate stages the child was to ^ . 
structure a special ^ matheniatical "object*^ and proceed to the study 
^of its properties (this object takes th'fe form of -abstractly, presented 
^ equalities and inec^uallties ) • 

In Topic ill, the child was introduced to actual properties of 
quantities within a particular system for representing them (in 
formulas of equality and inequality). The' child increasingly 
"diyoeced" himself'* from using objects to observing relationships and 
shifted to verbal and logical evaluations (constructions of the 
type! "if . * . and . . . , ^then ..."). 

In Topic IV the child learned to observe chang^es in the specific 
values of quantities, to compare new 'values with old ones, to 
designate the results of this comparison ^s "increase" or "decrease," 
to write the results using the symbols "4-" and "--," to coordinate 
them with the properties of equality and inequality, and t6 go from 
one to the other byvmeans of addition and subtraction. ' 
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We are speaking here of possible new lines along which the 
course may develop after the preliminar;^ introduction to the properties 
of quantities and the operations on them, 'in pur experimental work, 
not described here, we have in fact already explored many of these 
possibilities in teaching first- throUglx fourth-grade mathematics^ 
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In Topic the child was brought to the discovery that an 
inequality between quantities may be ^^taken away" by determining \ 
the specific diffierei^ce between them,,, The child thus confronted 
a very simple form of an equation * Here» too» a deeper understanding 
of the relationship between addition and subtraction was acquired. 

In Topic Vlf the preceding topics were synthesized* It was 
showti that the specific value of a quantity may be' replaced by the 
sum of sev^al items ^ that one external form by (;^hich a quantity is 
expressed may be replaced by another "^sUbstitut ion) ^ and so on» all 
of which lays the groundwork for an introduction to the commutative 
• and associative properties of addition* 

From this comparison it^^ma^be concluded that our curriculum^ 

designed as it is to perform certain psychological and educational 

tasks, contains information about the. basic properties of quantities 

as indicated by the axioms of mathematics* At the same time* in 

setting up this curriculum, we were introduced to the concrete 

'problems of projecting sc;Lentific knowledge onto the plane of an 

academic subject^ and we do mean introduced, for these problems need 

further experimental and theoretical study. In particular, there 

Js the problem of finding the most ^iitoil^^'Way of introducing 

the child to the realm of '^comparable elements," so that he will be 

able td combine it with and to differentiate it from the. realm of 

•'incomparable elements" according to certain attributes, distinguishing 

the relationship of order and correctly correlating it with the 

structure of an operation such as addition* This problem touches 

directly upon the ways bf structuring the elementary section of the 

school subject of mathematics, inasmuch as the child ^s most general 

orientation to the mathematical side of reality comes from the very 

38 

"heart'' of this Section. 
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As these problems are solved, it is apparent that the emphasis 
in mathematics instruction will shift from "techniques of calculation" 
to the study of the structural characteristics of mathematical 
"objects*" A different academic subject thereby will take shape from 
the present onS which mainly prepares the pupil for the further study 
of mathematical analysis (in the preceding section of the book we 
discussed soine of tp^ bases for such a subject). 
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The Organization of InsfirCtctlon According, to t he Experimental 
Curriculum 



One feature of our research is that the curriculum, with all 
its "components," has been devised on the basis and in 'the course • 
of specially organized experimental instruction. Each time a 
psychological or educational problem of curriculim design arose, 
we attempted to solve it in the subsequetit schoVil year wlien 'new 
experimental classes were using new variants of the^ curriculum. 
Special attention was devoted to studying the child ^s ow n system 
of learning the material, and to developing research methods foj: . . 
determining the extent of this learning. Attention was also devoted' 
to studying the possibilities for later "use" of the^* knowledge 
acquired, and mainly, to studying the nature of the pupils* thinking 
both in the course of the academic work and in the solution of 
varied test problems $.n- the classes and individually). 

During the school year, 1960-61, one first-grade class at* 

School No* 91 in Moscow (£. S. Orlova, teacher) was taught using the 

first variant of the curriculum. The following year, 1961--62, 

four first-grade classes used: a different variant of the curriculum 

(at School No. ^, with V. 'L Mikhina, teacher; in two classes of 

School No. 11 at Tula, with T. A» Frolova and ^I. A. Bol^shako'v, " 

teachers; and at the ■ school in the village of Mednoe, Kalinin 

'province, with A. I. Pavlova, teacher). Meanwhile, the previous 

experimenta^l first grade used a special curriculum for the secpnd 

31 ' 
year of instruction. Many of the specific topics of the curriculum 
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The majority, of the experimental classes whic^i used our 
curriculum in the first* grade continued in the second, third, and 
fourth grades (and in 1964-65, the fifth as well) to use special 
curricula which differed substantially from traditional ones (letter 
symbols were used ^^routinely" ; negative numbers and fractions , were 
introduced in the second and third grade^ the system of coordinates in ^ 
the fourth, and so forth). As it yould be a separate task to describe 
the whole mathematics curriculum for the primary grades, we shall 
simply note that the groundwork laid in the first grade was built upon 
in the second through fourth grades and at the same time the construction 
of the foundation was improved from the '^elevated** vantage point of 
these classes. 

V 1 
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and the organization of school time were determined more precisely 
during this year, and the basic difficulties that the children and 
the teacher had were clarified. Detailed lesson plans for the entire 
first grade were compiled with consideration for these matters* ^ 

Four classes were taiight in 1^62'*63 on the ba,sis' of tTieae 
improvements (at School No. 91, with A. A. Kiry^shkina; at School 
Ko. 11, with A* P. Putilina; at the Mednoe village school, with 
M. I. Dem'yanenko, and at the school affiliated" with the pedagogical 
academy at Torzhok* Kalinin province, with T. B. Pustynskaya) . 
Five classes were Involved in 1963-64 (two at School No, 91, with 
T. G. ^il^shchikova and V. A. Vvedenskaya; and one each at School 
Ito^ 786 in Moscow, with G. G. Mlkulina: School No. 11, with 
V. P» Polyakova, and the Mednoe village school, with 2. N. Nemygina) . 
And -finally, there were three classes in 1964-65 (two at School No. 91, 
with E. S. Orlova and *G.. V. Chertlysheva," and one at School No*. 11, 
with 0. P. Filatova). 

Thus, in f ive-.yeara seventeen classes in both city (Moscow, 

Tula, and Torzhok) and rural (Mednoe) schools Vera given experimental 

32 % 

instruction according to our curriculum for the first grade. 

Elementary school teachers did the teaching in all the classes. 

The majority of them had a secondary pedagogical education (while 

some had college training). They had from three to, fifteen years of 

experience. As a rule, these were skilled teachers who knew the 

traditional curriculum and methods well and became "used to" the new 

33 

demands in the course of the experimental work Itself. There 

was nothing unusual about the makeup of these classes. They consisted 



In 1963-64 and 1964r65, our curriculum was used for first-grade 
n^athematics teaching at School No, 82 in Khar^kov (with F. 
Bodanskii and V. S. Kruglyakova, teachers). In 1964-65, mathematics 
teaching in several first-grade classes of the experimental school 
No. '52 at Dushanbe was based on it (with M. N. Vasllik, teacher). 

33 ^ 

We express our sincere gratitude to all the teachers who 

taught by the experimental curricula, for their readiness to become 
involved in something new and for their constant aid in solving many ' 
problems of organization and methods. 

\ 
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of the children living in the school neighborhood, with no one 
excluded (the number of pupils in the various classes varied from 
thirt3r-two to forty). 

Our reseArch was aimed at tracing the way the curricular 
material was learned and the thought patterns that occurredi^ in the 
^learning process. We used several methods: (a) systematic: observa- 
tion df teacher and students in class; (b) analysis of studet^s* 
performance of daily class work as seen in their notebc^oks; 
(c) analysis of results from special tests; (d) special individual 
checking o^f students* knowledge of particular topics of the 
currlcultim, as- well as the nature of their thinking. - 

Observing classes and analyzing the daily performance of 
assigtmients helped us assess the dynamics of^ the work 'being done by 
teacher and children at a given time, which i« the kejj-JLo describing 
the learning process. We devised special £ests which would reveal 
not only whether the children had learned the material but also the : 
degree to which they really understood^ it . In addition to familiar 
types of 'exercises, these tests included problems in which mathematical 
relationships th^ children already knew were expressed in an unfamiliar 
form for the first time. ^ To solve these problems it j^as necessary 
. to have a real und erst abiding of the material and a gras\ of the 
consequences of certain relationships. In some instance^'^Jtt^ students 
were given particularly difficult problems so that we could judge 
by the' way they solved them what the ''ceiling'' of thei^ under standing 
of the matter was. / v _ y 

Ind ividual investigation of what the students knew and how they 
thought was of* special importance. It took two forms: (a) solving 
difficult prcfblems whose basic content coincided with the material 
dealt with in cla^a (Here Ve were checking particular aspects of the 
students' approach to mathematical problems. It is difficult to 
assess these matters when the whole class is taking a test); (b) 
performance on a special group of exercises not directly related to 



f J.44 



the material already dealt with but through which one may Judge 
the nature of each student's Inner (mental) plane of operations. 
(Since these test exercises and prfiblems bear a close relationship 
to the instructional material itself, they shall be described as 
we give the results of the teaching done by the experimental 
curriculum.) .'. , • ^ 

Considerable experimental material has been gathered in the 
course of our five-year investigation (published in part in, our study 
[3], as well as in articles by the teachers, T. A. Frolova [7] and 
A. A. Kiryuslikina [11]). We have concentrated on the molt character- 
istic features of the teaching process and its results, the features 
which are typical of the various classes. These are the features 
which will be primarily described (naturally it will not be feasible ' 
to talk in detail abdut the characteristics of a particular class).. 
At the same time, in addition to giving summary data, the results 
of the instruction in two' or three classes will be traced which were 
observed and imre^y^ted with particailar care, 

ft . 
Characteristics and Results of Instruction by the 
ExR^lmental Curriculum 



We shall subdivide the data a2ts«rdlng ,to the main "steps" in 
the teaching, and describe^*^under each toj^c, the way the material 
was learned. . / 

/ 

Topic — (comparing and assemblii>^ objects according to 
var ious parameters )^ 7^ 

Even before children start school ^ they have faced practical ^ 
problem^ of comparing things according to different physical parameter 
(length, volume, and weight, mainl^) . At home or in kljidergarten they 
have drawn pencil lines ^of equal length, for instance, have cut 
circles of the same diameter (or area) c^t of paper, or have made 
Identical "cakes" (of equal volume) out of wet sand, clay, br 



34 ' 

Ya. A. Ponomarev has made a systematic- study of our students^ 
mental plane of operations (the final cliapter of this book describes 
the methodology of this study and some of its conclusions). 
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plasticine. M^ny children are familiar with weighing before they 
'start to school, since they have observed salesclerks at work. 
They have also faced the problem of assembling things according to 
a model, in one form or another (picking out blocks or doing appliqug 

work, for instance) ... M 

We have observed that most urban and rural chUdren not only 
are familiar with these practical problems but have ^re^iy learned J 
some general methods of comparing things byj^^h. volum^. weight , 
and compo^tion (such as superimposing on material a model of a . 
shape to be cut out, or holding the edge of a'block up next to a 
piece of plasticine as'^ wa^r of comparing their volume). Many 
children know the words "len|th," 'Wight," "quantity" (in the sense 
of volume), and of course, "more than;' and "less than" Ad analogous 
relationships such as "longer" and "shorter," and "heavier" and 
"lighter." Thii^ as a rule, by the age of six or seven children have 
a practical grasp of certain quantities, they can distinguish 
relationships of the type "more than" and "less than" and use words to 
designa'tl them, and they are guid|[^ by these relationships in solving 
pseblems involving the compaVing a^d assembling of objects. 

The goal of T^plc I lasted six hours) was to discover 

and, more important, to systematise the children's notions about 
methods of comparing things, and to teach them to make rapid and 
accur-«lHi associations between certain terms and such parameters as 

length, volunpe^, and weight. 

First'tjie children were given the task of selecting, from the 
available objects, an object of "the same" length, volume, or color 



^^By a ssembling we mean putting the component parts of a thing 
together, after having sclected„them from some other material. 

^^A study made recently by L. A. Levinova showed t-hat many ^ 
children of five and a lialf to seven yea'rs of age are able to 
.distinguish a property such as tra nsitivity . Relatively well and can 
focus.on it in solving various problems - in particular, th6se in 
which the elements being compared are given only orally or are 
designated by symbols which ha;^£ been agreed upon (such as objects 



a, b, and c). 
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as a model. The model mlghfc differ from the other objects in some '.^ 
of its properties (for instance, when length was the criterion, it. 
might be of a different color or material). It turned out that 
initially almost half the children tried to pick out objects which 
were identic^ to the models not only in the attribute indicated, 
but in other attributes as well. For iilStance, if length' was indicated, 
the children tried to find an object which matched the model in its 
c^lor, material, and other properties; These children actually knew 
how to focus on a particular attribute, of course, but they still 
could not abstrac^t it from other properties not mentioned in^t he 
problem,^ when instructions were given oraTl^^t some of the children 
did handle this successfully), 

^ But by solving special problems, all the children quickly 
learned to choose objects according to a single attribute. The same 
object (such as a strip of paper) could be the basis for the selection 
of various objects (some by length, others by color, and so forth). 
In the course of this work the children gained practice in such 
skills as^uper imposing one object on another (selection by length), 
putting the edges of blocks together (in sele^ction by volume), and ^ 
so forth. \ • 

The next problems i;equired the children not simply to choose 
but t^^ pake a new object which matched the model in a particular 
..attribute. As they worked with strips of paper, small sticks, blocks 
and' plasticine, water and weights, they learned to perform suoh 
tasks as making a piece of plastic^-ne of the same volume as a oioqk ^ 
(children usually call volume "size'') , cutting a strip of paper the 
same lepgth as a stick, matching weights, afid s6 forth* They were 
giveri special exercises to introduce th^ to ''making'^ an object out 
of its component parts* It was pointed out to them that things can 
be matched by thelt duration or by their volume)*. 

Understandably, this matching was done by the simplest practical 
methods of direct sense perception (eye, ear, etc.)* In some cases 
(involving length or weight, for instance) the match with the model 
was relatively pre^^lse, while in others (stTch as making a ^lafiTtlcine 
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block) it was hard for the children to achieve the desired "fit" 
' . with the tnodel, and they were quite aware of the possibility of 
greater accuracy even though they could not actually attain it. ^ 
It is striking that iJiany of the children grasped the nonditional, 
approximate nature of tri'is match. In' fact, sOme openly said that 
"you can't do it ^actly anyhow" by eye, that "you'd have, to have'a 
- special kind- of machine" (statements by Dima K. , Tolya V., and 

others).. Some children, however, evaluated the results of the matching, 
categorically and "absolutely" * ("I made a stick Just like it"), if , 
they did not see the practiSal jJossibility of further improvement. 
■ If they noticed a discrepancy or "sensed" that their object might 
deviate from the model, they would agree with the teacher about the 
possibility of "perfecting" the object in principle ("But it's 
supposed to be very exact — I'll try to do it. . ." said. Nadya D.. \ 
from Moscow). 

' The teachers indicated td the' children that the matching they 

w^e doing was approximate, that deviation from the model might occur 
but that it sKould be as unnotlceable as possible. It is important 

note that the children understood this "limitation" which fprced ^ 
them to qualify somewhat their s4:atement that their object matched 
the model ywe could say that the block is the same volume, but ia 
is a tin^little bit different. . ." was the view of ^enya T. fr^ 
. Mednoe). At the same time when seme of the children (generally about 

• a third in each class) were asked directly, "Might there be a difference 
here? Look carefullyl they attempted not only to find it but to 
"remove" it. But if they did not notice such a difference or noticed' it ' 
but could not ell4ninate it, they hesitated about whethei; ^the object 

• .and the model could be considered equal ("I don't know. .* . they might 
^ be equal. . /^-^^y^ V. from Moscow said; "They,' re supposed to be 

equal . . .f but I don'4: know if they are," said Vanya 0.^ from Moscow). 
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^^During the w*ork on Topic II all the children be#ome distinctly 
aware.of the practical necessity for tolerating possible imprecision 
a-nd the conditional nature- of statements .about the equality of objects.^ 
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Using objects ^8 aids to examine the .relationships of equality 
and inequality assumes tha-t the children are capable. of "separating" 
the directly observable properties of the objects f/om certein^/ 
theoretical assumptions made in discussing these properties. This 
interesting matter needs further study since it concerns the child's 
developing theoretical judgment and his understanding' of . conditional ity 
and assumptions*, counterbalancing direct observation* 

Th6 work done with all the experimental classes show^' that children 
. have no difficulty learning the mateifial in Topic I (within the 
J-i^its indicated in our curriculum). After five or six lessons 
nearly all could" select or make — within practical limits — an ' 
object which 'Wtches" a given model. They could use the same thing 
* for various models if the various parameters of it were indicated 
to them. By this time all the children clearly and rapidly associated 
! the terms "length/' "volume/^ and so on with the corresponding 
a^ecps of the things. 

'foplc II — (comparison ; letter formulas for equality 

and inequality ) > Comparing and assembling are practical operations* 

which result in new things (such as a board equal' in length to the 

model, or a weight as heavy as another). Comparing objects for an 

attribute, however, is a theoretical operation. It results in ' 

knowledge about a particular type of relationship between objects. * , 

38 

A course of practical operations may be charted on the basis of it. 
In To^pf\p II, children were introduced to the comparison 
. objects* according to particular paraAet^brs, where three forms of 
relationships were distinguished and the results of, the comparison 
recorded in a letter formula. First the children were to determine 
whether the material (strips of paper, sticks, etc.) would be 
suitable for comparing with thie model. In some cases they found 
^ ^ that the material would do — and what is more, that '^nothing had to 
^ be done** to it since it was '^already Just like the stick" (the 

model, that is).. In other cases tbe material would not do — it , 
was **shorter'' or "siq^ller.*' 



\ 
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' ^ Using objects to make compatisons does not change the theoretical 
nature of the matter, for the result of this operation is particular 
knowledge rather than a thing made (or picked out). 

•* 
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The results of a comparison were usually formulated verbally : 
"This board is the same length as that one" (wiC^ the boards being 
held up)*; oy "there is less water in the mug on the left than in 
the one oh the right." 'Some children made this kind of distdngtion: 
"These are equal but these are not." The t^cltar would "accept" 
such answers but immediately demand tl^at they be made more precise ~ 
what elseAiouldr be said? The pupils rapidly found the answers 
(longer, lighter, and so forth). 

The teacher would say to the pupils:^ "Look around and find 
objects which are equal (or une^qUal) in some attribute" (the children 
Understood this term well). Some pupiXs wex'e able to point .to the 
windows in the classroom: "They are equal in size" (they meant ^ 
area). Others would hold up pencils: "The red f)encil^ is longer than 
the blue one." As a rule, many ansi^^rs were given. 

At this point the children used the words "more than" and "less 
thaa" most often only to irefer to volume. In other cases they gave, 
the 41rect qualitative characteristics,: thicker and thinner, longer 
and shorter, heavier and ligh;;er, and so forth. The^ needed special 
w»rk in order to be able to "reduce" ai; fchese characteristics to 
the abstraction "more tlian" and "less than." It was carried out 
gradually and in several -stages. ^ • 

First the children^would determine, on their own, the attributes 
by which certain objects could be compared. We shali quo*te from the 
report of a lesson on September 8, 1963 (in Moscow) where this work 
was being dona. The t'eacher ^showed the children two weights (one 
black and one. white) and asked by what attributes they could be 
compared. 

Pupils: They. can be compared by we^ght_ (they point to 

- the scales), by hfeight, or by their botto^^ ^ 
('they mean the size or area of ,^he base) . 

Teacher: What might you say? 



■^^Theae ansvrers verb given .by individual pupils, of course. 
Uere similar answers which came in succession are combined (this 
^s to shorten the description of the lefesons). Here and below, 
typical answers will be indicated under" ffhe heading "pup ils"> (while 
in other instances we shall quote answers given by particular pupils) 
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Pupils:- They are unequal (in weight or heigat). 

Teacher: How can you express this more precisely? 

Puplls4>, The black weight i^J^e^vier, ^higher^ 
p bigger J thicker than »t he white one* 

- ( ' • . ' 

Teacher: What does that mean — heavier? That the 

black weight weighs less than the white. one? , ^ 

Pupils: (They laugh.) No, not less, but heavier. : . ' ' 
It weighs morel^ 

Teactjer :*rhe white weight is lighter — how else might 
^ you say that? 

Pupils: (About half the class raisfe their hands.) The 

white weight is lass^ lighter in weight than ; 
the black one. 

Analogous work is done on other attributes as \;?eir, with the teachifer 
supijlying -leading question^. Along with the teacher the children ^ 
establish that ^^heaviir" "is more in weight, ^''l^nger"' is more in length 
(or "height" or "stature"), "harder" is more in hardness, and so forth 
(and correspondingly for "less")'. In connection with^ this, 't^e teacher 
gives the children various problems requiring this kind of "deciphering."^ 

Special attention is drawn then to the fact that such words as 
"longer"^ and "heavier" in themselves tell what attributes are being 
comparefi (when the children are- given problems using these words, they 
find the necessary objects). But if the words "mpre" and "less" are 
used, one must-'^te in addition what attribute is being compared (such 
as weight or i^reajs. '/ ■ 

The concluding sfeagB-^of this work was to point out that if it is 
possible to find the attribute by which the obj^ts are being comp|iged, . 
thepL they w^^Ll be either ^g^ual or unequal , written- using the special 
symbols "=" and "?^." But the latter symbol, can itself be* made more 

precise. With ineqijality, one abject is less tton or more 'than the 

\ ^ * * « »» »» 1 

other. (Vn the particular attribute), written using the symbols < and , 



40 " ' ' 

Classwork consisted of specific problems: the ^children were to 

solve by working on their own with dibjects, obsfe?Vir.g operations by . 

the teacl>er or other pupils, and seeking and .^formula ting verbal 

answers. ,irhese .problem's are presented in the summary of the lessons,- 

Since it- is not possible to quote them fully here, in a number of 

instaijf es we ajj^such expressions as "the children establish" or "it 

is pelted the pupils" to designate tfiese pro^^ems and their 

solution.' in ^ a^^lvia ted form. 
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The children learned to use all \of these symbols to record the 
results of compa? ison^i*;- They also performed the "reverse^* tasks. 
♦^Guided by the written symbols or ">**)^ they would select the most 

diverse objects to illustrate the relationships indicated — blocks and 
mugs (for volume), squares and triangles (for area), and bars (for 
weight). (The*work being discussed involved special teaching aids. 
In actuality, however, probl^s were, constantly being given, both at 
this poi^t and later, which required the children to find these 
relationships in the real-life objects around th(2ftn.) • / 

A problem arose here in that relationships had to be given 
according to the special rule **from left to right*' (''this is less 
than that** — from left to right). From five to seven children (out 
of 32 to 37) in- each class needed special instructions from the teacher 
and a number of special exercises in order to learn the 'direction** 
of the comparison. The rest of the 'children mastered this point 
completely after one or two explanations. 

As mentioned earlier, Topic I included pr'oblems of assembling as 
well as ones of comparing* This, practical activity also has its 
theoretical parallel, a special form c>f comparison which was demon- - 
strated to the children and v^hich was of great importance later when 
they, came to numbers. Inasmuch as this form of comparison is quite 
out of the ordinary and the way its results are evaluated ^is unusual, 
it would be best to digress from our presentation of the instruction 
process and describe- it briefly* 

Imagine that a group of children are to be given a pencil apiece 
(this is a problem of assembling in which the model of the complement 
is "a child with a pencil'*). One must first determine the relation 
between the group of children ^nd the group of available pencils — 
that is, determine whether there are ^ough pencils. ^ " ' 
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« Figure 1. — Comparison of aggregates of objects. 

This is a comparison problem. The method of solving it (without 
using numbers) is obvious — each pencil is given to one pupil; a 

^ "one-^to-one correspondence^^ is established (Figure 1). Three different 
answefs are possible. The groups are e^ual, there are more pupils ; 
tlian pencils, or there are fewer pupils than pencils. Before the 

• comparison was made, the criterion for-^ it was indicated (each 

pencil is put with an individual pupil, which is the requirement that 
follows from the model )• The groups of "objects** have been turned 
into quantities (see Kagan^s definition, p,127). 

This particular ^comparison is striking in that the criterion 

r" ■ 

foi; it is the ju"xtaposition of two physically distinct objects. But 
an important matter has been left out. In actuality when a practical 
problem is solved the objects have to be assembled according to the 
most div^se criteria, with comparison of the objects separately 
being only a particular instance (the very concept of '^complement** 
indicates this) . A whole group of objects from one aggregate may go 
^with (correspond to) one .physically distinct object from another 
aggregate. The correspondence is determined in each instance by the 
actual situation and the characteristj-ca of the complement which, 
sinc^ it is the model, dictates the criterion for comparison. 
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Apparently because of the specific xiature of these criteria, they 
have not become generalized under a ^'single" parameter such as 
"recognized quantities" have, with their special designation such 
as "length" or "hardness" (see Kagan*s ideas about the way these 
designations have come about [10:106] )• 

Here is an example of the comparison of elements of conditional 
aggregates (Figure 2), ' The model of the complement (a) and its 
component "parts" (the aggregates of "thick" (b) and "thin" (c) bars) 
are given. The groups of "parts" are to be compared according to the' 



■ 4t 




Figure 2. — Comparison of aggregates of 
objects according to the criterion given 
***^y the "composite element": (a) is the 
Aodel of the complement; (b) and (c) are 
parts of the complement (their position 
before they are compared); (d) is the 
comparison of the parts and the results 
of it. 

criterion contained in the model (a ^roup of three "thin" bars 
corresponds to a "thick" bar). One imay conclude from comparing them 
(d) that, firsts the aggregates are unequal , and second, the left one 
is greater tlian the right one (with Respect to the criterion given). 

The principle of "one-to-^one correspondence" has not been violated,, 
for the very method of comparison, the very operation required to 
satisfy the Criterion, "sliaped'* the groups of physically distinct 
objects into abstract elements (indicated by brackets in the illustration) 
But a "distinct" element which is formed by an operation in fulfillment 

• ' - J 
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of some criterion cannot be identified with any physically distinct 
41 ^ 

thing at all. 

Aggregates of discontinuous objects based on some criterion 
determined by the characteristics of the .model of a complement may 
thus be turned into a quantity . At the same time it should be 
emphasized that this will be a quantity of_ a s pecial kind not 
identical with the pl^sical ^quantities usually designated by this 
term. 

There were problems in Topic II which required the pupils to . 
compare aggregates of objects, with a number of instancj^s in which 
''groups of elements" were to be compared (the characteristics of tj;ie 
model of the complement determined tbis) . The children solv^ all 
the problems involvirig comparison of distinct objects rapidly and 
with almo.st no errors. They would confidently place the objects In 
vertical "columns" (with the teacher showing how they were to be 
arranged) and, after comparing the objects horizontally, would formu- 
late the answer orally or would record it with a symbol (equal to, 
more than, or less than). 

42 

Problems involving "groups of elements" caused many children 
difficulty. For instance, they were told to choose "bricks" to build 
a "little house." Each "house" was to consist of a big block and 
several small ones (Figure 3a) • The3r^had to sort out the available 

material for each house and compare the groups of blocks (they readily 

\ 



41 

Of course, the theoretical mathematician working at the level 
of concepts has in mind an abstraction having* any concrete physical , 
meaning rather than something "physically* distinct . Unfortunately, 
in the area of mathematics teaching methods, this abstraction or 
abstract distinctness is identified with actual physically distinct 
things. In our view this leads to serious difficulties in teaching. 

42 

Our general quantitative terras have the following meani|fg 
(here, and below). *^any children" means about two-^thirds of all the 
pupils in the class (out of 32 to 37); "the majority of the children" 
means more tlian two-thirds of the pupils (27 to 31 out of 32 to 37); 
"almost all the children" means the pupils in the class with £he 
exception of one, two^or three. 
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understood*- and used the word **group*')» When given the problem. 
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Figure 3. — Diagrams of incorrect (b) 
and correct (c) utilization of a criter- 
ion provided by a model of a complement 
(a). 

many of the children arranged the blocks one to one (Figure 3b) . 
It turned out that there were fewer big blocks than little ones. ^ 
But some of the^ children laid them out correctly and obtained an 
equality (Figure 3c). The te&cher would juxtapose these answers and, 
aided by the children, would explain the causes of the difference 
between them, and then would draw attention to the model. Then for 
th^ purposes of demonstration he would solve an analogous problem 



th^p 



Lh the children observing). He would use the same collection of 
objects (such as the blocks) but a Afferent model, and the r^ults , 
of comparing the groups would differ. This would demonstrate to the 
children again and again that in making^such a comparison, ope must 
always know and remember why the objects are being "selected" and 
what needs to he . "looked at" or "remembered" in order to make an ^ 
accurate comparison. 

It should be noted that once they had correctly arranged the 
"groups of elemelits," the children had no particular difficulty 
determining the actual relationships of equality and inequality. 
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The question accompanying the problem was usually phrased this way, 
*Vhat can we say about the left and right groups if w.e need to find 
out whether there are enough of these materials (bricks, balls, and 
so forth) to . . (A description of the complement would follow 

here.) As a rule theg^^ildren would j|pswer correctly, "There are 
enough — the left gttjup and iright groiip are equal," or "there aren't 
enough — there a^e more on the left*" There miglt in fact be fewer 
separate elements 'in tiie left group here than in the right one. Tlie 
point was that the comparison was being made according to a particular 
criterion* 

children experienced new difficulties in certain conflict 
situa^^sC For instance, G. G. Hikulina- (of Moscow) gave the 

children bhe following problem in the twelfth lesson* "She drew some 

43 'I*" 
mugs on the board. Tlie children were to make a copy in their 

notebooks in the same order and, after comparing them to a given 

complement (Figure 4a), yrere to record the result. Many of the 

children, correctly following the criterion given (a little mug goes 

with eagh big one), wrote an "equals" sign* But some conSidently 

put the S3anbol for inequality (^) and, to make its meaning more specif i 

put in the symbol for "less than." Tliis was their reasoning, "The 

mugs on the left will hi|ld less than the ones on the right, so I put 

'the sign foi: 'lessthan^^^ (Serezha R.) • 




b G 

Figure 4, — Diagram of the "collision" 
of criteria of comparison: (a) is the 
complement model; (b)* and (c) are the 
aggregates being compared. In a com- 
parison by volume, b < c; in a compar- 
ison according t^o the complement, b ^ c. 
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In the tenth lesson the children had begun to draw sketches of . 
the objects^eing compared; the method of transition is explained latei^ 
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Thus these children were comparing the mugs not according tp 

the complement but volume . For them the simpler and more familiar 

criterion Von out." Using this example, ^the teacher showed the 

pupils that it was possible to compare the same objects for various 

attributes, and she emphasized the importance of keeping them care- 
ss ' 

fully in mirtd when working with them (all the children solved the 

next "conflict'' problems correctly) • \ 

At first glance these problem^s seem artificial and unneceafeary 
(as we have been told upon occasion). But as we see it, such an 
attitude is a manifestation of an unwillingness to "rummage" in the 
sources of mathematical assumptions about which Kolmogorov was speaking 
and which, unfortunately, one still finds. Of course a person who 
has already learned an abstraction which embodies certain assumptions, 
and who is aScustomed to using numbers (and can even divide. tUem\ 
"cracks" these problems "like nuts ^" But the child has not learned 
such criteria. For him they all need to be deduced . As a part of 
such learning he must be shown the difference between the immediate 
characteristics of things and the approach to them from the stand- 
point of mathematical problems. 

Tims, the essence of a^t^ematical prteblem does not change as 
the criteria of comparison alrfe changed* And this is the very point 
which needs to be made plain to the cliild in demons'trating the possi- 
bility of changing the criteria for the same .ob^jects. In this pro- 
cess it becomes clear that even though the specific form of a relation 
may change (equality being replaced by inequality) , the operation of 
comparis on itself remains the same, overruling the customary direct 
evaluations (a group is defined as "larger," for example, even though 
it might have fewer individual elements in it than the "smaller one) . 
Furthermore, working such problems undoes the tendency to evaluate the 
relations between objects from the point of view of one particular 

■ abstract illustrative case, when a "one-to-one" correspondence is 
identified in ad^giMwrtSirdt the direct correspondence between specific 
things. 

■ Tlie children themselves enjoyed solving problenjs involving a 
change in the criteria of comparison (with both discontinuous and 
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continuous objects), E» S» Orlova*s class (in September, 1964) 

was particularly* lively during this phase • The children solved 

l^^hard'* problems Vith interest and carried on an intelligent discussion 

about the reaso^^^|^|^" the form -of relationship chj^nges during comparison 

They learned to; o^fflk themselves carefully to the criteria indicated 

^r implied (thrjough-^S^ljig on the model), as was evident in their 

* performance on difficult tests. And in the second semester, when they 

went over to usitlg numbers^ these children had virtually no difficujlty 

evaljiajj-ng the numerical characteristics of an Object from the stan^- 

y' point of any or a changing base of counting (especially with a *'com-- 

/ * posite" base)^ From these data it may be concluded that the direct 

relationship to a separate object aa-^ it were an absolute brick for 

•building mathematical models was "undermined" from the very beginning 
44 

in our children. 

■ ' « 

N One of the main items in Topic II is the representation of 

relationships using formulas • The shift to this representation is 
.achieved througT^two intermediate^ stages — first a "copies" drawing, 
then an "abstract" representation with lines. In t^e ninth or tenth 
lesson the tea'cher asks the children to solve" problems using objects 
drawn on the board (mugs, blocks, and various "parts" to b6 assembled 
such as a "bicycle" and its 'Hs?heels") , These drawings are substitutes 
for real objects although they^ resemble them. True, there is much 
overslmpHf ication. A bli^k may be represented by a square ~ that is, 
by Just one of its surfaces • The children make corresponding drawings 
in their- notebooks, find the relationships between the "objects" 
in them, and put In the s;^mbols. 

^ With this method of working, the children can make abstractions 

from the Immediate, material "texture" of the objects they are comparing 
and more distinctly isolate the criteria of comparison in them. And 
it becomes easier for the teacher to select problems, since the most 
diverse objects can be shown In drawings. Working with the drawings 
does not in itself cause any particular ' dif ficulty . The children 



Again we should mention that "oeparate objedt" is not identical 
with the concept of a "separate element" (of a set) in the abstract 
mathemati(jal sense. 
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transfer the methods they had used in comparing the obj^s (Figure 5) . 

□ 
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Figure 5. — Representing the results pf - * 
comparison in a copied drawing (notebook 
of Olya U., a first-grade' pupil in Moscow). 

At the. same time the conditional nature of the connection be- 
tween the statement and symbol for the relationship of equality, and 
the representation of it in a drawing, becomes particularly apparent 
at this stage, since the lines, squares, and circles are "equal" 
ohly in a very* approximate vay (all the more so because the children 
usually draw haphazardly)/ In September, 1962, we tested the children' 
\attitude toward this fact. In individual conference each pupil in 
a, Moscow class (there were thirty- two in all) was shown a large or 
.■ s^ll inaccuracy in ^ sketch' he had made representing an equality. 

In Answer, twenty-one of them immediately cited the symbol ("But I 
Jiave an equals sign there, so that means they [the squares] are equal, 
*wad Tanya Z.'s answer) The other eleven started to "improve on" 
their sketch, attempting to make the elements of it as nearly et^ual 
'as possible. Then eight of these pupils also refei;red to the symbol 
(although four of them had not put' it in) , and three considered the 
improved representation itself "convincing" enough ^to demonstrate 
' the equality of the objects. ^ 

Thus tha majority of the ^hildren^in this class (as in the others 
by the way) were guided basically by the assertion oTequality and by 
ttie symbol for it, and not by the representation of this equality in a 

< 

drawing (which is Itself a symbol). 

In th^ first variants of the curriculum, the shift to letter 
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symbols came immediately after this stage • It proceeded satisfac- 
torily on the surface; but special checking sh9wed that many of the 
children then had difficulty ''interpreting^^ the meaning of the letter 
designations. In subsequent years, therefore, another stage of work 
between the "copied" drawing and letter formulas was included: ^ using 
the relationship between lines to represent the results of a comparison 
of objects by afty criteria at al^. 

The necessity of using such a means became apparent at the pre- 
• ceding stage when the results of comparing the heaviness of weights 
or the loudness of sounds could not be depicted in a drawing. The 
teacher would take the verbal definitions of the relationships the 
pupils had found (such as "heavier meaning more than , or "louder," 
meaning more than,sand so on), and show that these results can be 
"written" usinj|) lines . ' Tlie relationship between the length of the 
lines corresponds to the relationship between the objects according 
to the given parameter (such as weight or loudness). • ^ 

The following quotation is from the record oWa first-grade class 
at the Tula school (V* P» Polyakova, teach^ 



Teacher : 

Tolya S: 

Nina K:' 

o 

Teacher : 



Pupils: 



Teacher : 



The weight on the' left fs heavier * . . (points to the 
scales). What is another way of saying that? 




ghs, more than the other one, 



It (the weight) 



The weight: on the rightweighs less 



Right • The weights look as if they are identical but 
they differ in weight. How can we write this, mention- 
ing the weights aftd what we found out about them? . . . 
Let's write down our result using lines — here, 1^11 
draw them — one on the left for. the left one, and the 
right one on the right* I'll make them the same length, 
since one of the weights weighs less than the "^other . • 

(Many of them raise their hands immediately; there is 
a buzz of astonishment.) Not that way: The weights 
don't ireigh the same but the lines on the board are 
the same length. They shouldn't be equal. 

Tlien what should I do? Can use lines to show what 
the weights are lilce, or not? 



Pupils; You can! But not. that way! 



V 
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^ Teacher: Then how? Who can do ft? 

Pupils: (Several hands go up — ten or twelve out of thirty- 
four.) 

Teacher: (Calls three pupils to the board.) You each do it 

. ^ as you think it should be done. The others draw it 

your own way in your notebooks, 
w ■ 

The pupils did thi^ (the drawings expressed the relationship 
correctly), and then they discuss e4 the results with the rest 
of the class.' 

Lines were then used in this -lesson to represent the relationships 
^'rnore. than"^ Sfid ^'equal to^^ in weight, and to represent all three 
relationships in comparisons by volume, by the duration of a sound 
uttered, and by the composition of groups of objects.. 

The teachers gave the children Vreverse" problems as well. 
Going by lines drawn dn the board, they were to selecfe> objects which 
would yieldVthis result if compared. As they discussed possible 
errors, the Children were repeatedly made to realize that only the 
relationship between the lengths of the lines mattered in recording ^ 
the results this way — and it was to be the same relationship as the 
one yielded by the comparison. A series of drawings appeared in the 
chil<^ifeu*s notebooks done with colored pencils. In recording the 
results of the same comparison* different children drew their palr^ 
of lines , of different "sizes." The teachers took the following 
approach at this point. The^ would show the class notebooks in which 
•the pairs of lines were different ^in length. The question would be 
posedj^ "Are these drawings Identical or not?'^ A discussion would 
begin, and the children would establish that the' "drawings" were ; 
id enseal since each pair of lines showed the results of the comparison 
accurately, and that they were "about the same thing." And several • 
more such "clashes" between the meaning and the external appearance 
of a notation were set up (Figure 6a) . 

\ Several lessons later the pupils were given an unexpected prob- 
lem* They were ^to use circles instead of lines to record the result 
Of a comparison of any two children's height. Could this be done? 
Many of the children thought so and wrote the answer in their notebook 




0 CP^l^D 





Figure 6. , — Representing the results of 
comparison through the telationship be- 
tween lineiC^cJ^cles^ or squares: (a) .* 
. comparison volume (each ^air of lines 
is identical to the others in meaning) ; 
(b) comparison of sounds by loudness and 
by duratiqp. 

or on the -board with ho help. As a rule^ the relationship between 
the areas of^the circles would c^l|^^ond to the rastilts. The teacher 
would show the children that squares or triangles could be used to 
record the same thing and that what was important was to make the 
Relationship between their "s;lze" Carea) the ssune as that in the 
comparison. This activity interested the children greatly • They 
were particvilarly excited about problei^s in which the results of a 
comparison of the loudness of sounds, for instance, could bp recorded . 
by any means other than the "customary" lines. The pupils would 
use circles, triangles, and squares which; in ^he relationship 
between their areas, accurately depicted the relationship between the 

♦loudness or duration of two sounds (Figure 6b). The majority of the 
children could correctly explain the meaning of what they had put down, 
the connection betwee^ what was being compared and how it was repre- 
sented, and also the fact that these differed completely except for 
the matter of "more" and .Piess." . 

This phase of the work thus introduced means of transcription 

• whose physical characteristics, had nothing in common with the charac- . 
teristics of the objects being compared (such as the loudness of a 
sound being depicted by using squares). T^e possibility of such a 
transcription is determined solely by the isomorphism of the relation- 
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ships of equality and Inequality themselves, which actually reveal ^ 
their pure form through such "trans formation6"^and become a subject 
which can be dealt with later 1^ " • 

This stage of the work was of great importance to the children • f 
In the fii:«t place, it clarified and justified for them the very 
possibility of representing **all in on^"' this way. And in the second 
place, many of them, when interpreting a Relationship given, in a * 
symbol, now tried not only to select actual obj^ts (such as sticks or 
blocks) but also to Represent the relationship "rapidly** in a symbolic 
dewing in their notebook (lines being drawn or squares sketched to 
correspond to the symbol given) . What becojnes central for the children 
is\ the relationship itself, its type, rather ^than the objects through 
whii^h it may manifest itself. 

On this' basis a neTa^form of rranscription — using letters — 
was introduced (in the fifteenth or sixteenth lesson) % The direct ^ 
introduction of letter formulas in these lessons was preceded by 
preparatory work meant to make two matters clear to the children: 

(a) the re'^ults of comparison by .a single attribute may be recorded 
using ^different "signs'* (lii^a, squares, circles and symi>ols) ,^and 

(b) these ^igns teil about the weight , volufne , hardness , or other 
attribute of one object in comparison (precisely this: in comparison) 
with the weight, volume^, or hardness of another object or objects. ^ 
These matters were usually studied by recording the results of various 
comparisons .of a metallic weight and a block of wood (the weight was 
heavier but of less volume) . 

Tlie t^eacUer would give the pupils '^freedom** in... the choice of 

signs and then, holding up their noteb(^oks, would show that different 

^children had different signs (some had '-lines, others had circles, and ^''Ife' 

so on)* ^^ou can do it this way,'' of coursa, but It *is bettjpr to 

choose a sign which is uniforni atid constant for everyone. As such a* 

^ign, th(e^teacher says, people have chos^ the letter. If, for 

instance, a weight and a block are being compared for hea^ness, the 

heaviness cjf the weight may be designated by the letter A, and that 

of the bl^ock, by the letter B (the teacher writes A •..^B on the ' - 
45 

board). But thesa letters are equal in "size^' and are different » 
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The actual work of teacher and pupils in these lesfeous is only 

summarized here* » _ * 
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» in .this way from other, signs ^uch as squares. .What shall we dp? 
How are we to- ^e^d^tvhat have written if we krlQW that the heaviness 

• of the weight is greai:er than tl^at of -^the block? The teacher gu^es 
the pupils ..toward the goal by saying,. "The heaviness of the weight is 

-'A and that of the block is anS a substantial number of the - ; 

• childr&n could continue on their pwn. \They formulated the -answer ^ 
^'qrally first; ^^^The heaviness, of i:he weight* is A, and it is greater 

tharf^the heavinegs pf the block, "^^^ ■ ' ^ ^ 

* With the phl^^^^^s 'participation, the teacher would establish 
^. that th^ -symbol f^^^W^^ than" was lacking, feo they would, imiaedlately 
*; put it in. They\wourd thus obtain the formula A > B. This trans- 

• ' ' * * ■ * \ • . 

tription.woulrf be^decoded ag'ain, the children taking turns expfiWtfning 

* '»'*.. i. * . 

*its mealiingJ ^The^ heaviness Qf the weight, that*6 A-^^ 'is more 'than 'B,* 

¥ ■ ■ • / • . • • . ■ • q 

: *the. heavi^pss* the^ block/.^ The teacli^ then^ replaced thi^ paijr of 

'objects with a i^BW pair to be cpmpared — a new. weight and a block, 
#f preserving tl^i^e relationship between them but\ differing <rom the former 
ones in siz^ and color * * ^ 

Teachfer: What results do we get from comparing these ^^bjects 

» / . :%y wiig^t? \ ' ^ 

t - ■ ^ \ ' ^ . 

l^- Pupils: Agaiiv the .weight is Ifeavier than the blocks. 

# * . ■ ^ ' * / ' ' ^ 

Teacher: {?oW you krfow* a ne:^ .sign to use to record the results 

of a comparison • Well, if you can use It. How 

. " 'do you Write the weight of this weight? The weight 

' ' r of the.blockf Let^s write it. - 

' . * ' * ... 

* . ' *^ * ' * • 

» pupils: With the fetter A- and the letter B (following the 
' , ^ teacher, they wrlt^e A * * . B in theit" notebooks) .^^ 



ich#^: 



.Teach#r: ^oes what' you h^ve written tali us e\^ierything already? 

Pupils: No I . Tills teils abput' the weight here . , . but we 
^' still need s^ethidg about thd result^. . ' 

^ , ^ "\ ' * ■ ' ^ ' ' • 

Teacher: ^. Wliat we know aSbout the.^e results? How sho^uld we 

record , them here wh^n have the letters? ■ Try to da 
it yo,urselves. 



, * WAtr thf^ point they had only b^gun to r^ad and write, aricj of 
coursi^ 'in mathematics cl^fsses the. tea'cher^'irTytl^d on their preschool 
♦expedience in writing ^^prinlfil!^*'. letters. >\ / 



Many of the pupilsjaigolng by the preceding transcription^ put 
in the* symbol accurateijfiJbetween the letters: A > B; but several 
^ put it a line Sower, although the^ were able to give an accurate 
* explanation of what they, had written. ^ ' 

^ The teacheir checked the work, again demonstrated the rules of 

^ transcription and the proper places for the symbols, and asked 
about the meaning of the formula and of each of the signs in it. - 

Teacher: We readmit this way, childlrehf A is taore than B. But * 
what is A* arid what' -is B? What^ does what we have 
written tell us? 

Pupils: It says^e have compared the -weight and the block for 
heaviness: The heaviness of the weight is A, aqd that 
".of the block is B, The height weighs more than the 
* Jjlock. The weight of the weight is mcgre than t^he \ 

^* weight of the block. This .is written: A is more ^ than 

. The teacher could substitute a new pair of objecCs and again compare 
them by weight, but this time the weight could >e lighter than the 
blocks The formula A < B would be written down and its meaning inter- 
preted. Then the same objects could be compaifed by another paranleter 
volume. The teacher wouj^ emphasize here that the objects were the same 
b^t the attribute by which they were being compared Uad changed. At^ * ^ 
first the children, working orally with assistance from the teacher, 
-#Vquld find that the weight is less' in .volume than the- block. 

Teacher: Before, you used to r>ecord-' such results this way: with 
the line on the left shorter than the right one (he 
sho\?s them). But now we know** another sign — ra letter. 
If we desigi}ate the volume of this wei^lvt; by the letter 
A, tKen how might we designate the volume of the block? 

PiU)ils: By thq^etter B (howeverV several of the children begin 

to show initiative and suggest a different letter — ' , 
• - C, D, or E) . • ' 

Teacher: Good* Write it this way: A . . . B. Wliat is A and what 
, is B? * ^ • 

.■ • * 

^ Tlie pupilsranswer correctly. 

" Teacher: But wg qati ttae a different letter to designate the ^ 
volume ofxthe ock: Someone has already suggested 
D^. Let's Wlte ife underneath: *A . . . D* Have you 
' domit?^ . ^ ' ' ^ * ■ 
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Pupils: There isn't any symbol (they put a symbol in both 
formulas: A < B, A < D) • 

Then the teacher questions the pupils to clarify with theuj^the 
meaning of the formulas, and to establish that these formulas are 
saying the same thing: That the volmne of the weight is less than 
the volume of the block (A i£ less than B; A is^ less than D) ♦ ,As 
he does" this, -4^^ constantly reminds the children that the letters 
are ''talking'' about the attribute under comparJ^son: the Heaviness 
of the weighty in the one case, and its volume ^(or hardness* , or height 
and so op), in the other. But the lette^ do not in themselves regis- 
ter the results of a compairison. A symbol is heeded to connect th^. 
And only the whole formula (the children were giv^ti this term right 
away) . tells about these results; wha:| the weight or volume or length 
of one object is in comparison with the weight cu:- voi^e or length ^ 
of another, ' . . - . : 

In the course .of several lessons, by introducing more and majre 
new parameters (the loudness and duration of sounds, »th^ area of fig- 
ures and real objects^ the strength of a blow, the composition of ' 
groups of objects to be assembled)*, and. only a sqiall selectioji of 
letters — A, B, C, and D, the teacher tmined the children to use 
the new form of transcription. ^ In many of the^roblems the children 
were given a formula, such as A = B, and were to select objects which 
would yield tli^s result if compared for ^ome attribilta^ Here an 
excerpt from the report of a lesson on September 21, 1964. (in a Moscow 
class, wi'th E. Orlova, teacher)*., 

Teacher: Show us the objects you have chosen • Misha, you 

two new penc;Lls thdre. Why- did you pick pencils like 
\ ; 'those and not these (takes pencils of differing length 

^ ' from' a pupil's desk)? • / . ^ ^ 

I 

Misha V: Not those — ^it says in the formula -on- the board that 
we"^ have an equality: A is equal to B. ' I to^ pfencils 
and com|>ared them, and these two are equal in length 
(he hojtds th^m up) . ^ . 

^Teacher: -Good, What do- the letters A and B t^ll you? 

Misha V: . They say that the pencils are equal. . * . ' 

Teacher: Is that what the letters *say? They thtimselves , " A and 
• • B here, tell about equality? * ^ ' » ♦ • 

^67 




The pupils raise their hands.. The class,^ animated • 
Teacher: We won*t help him for the time being! Now think. 

a 

Misha V: (after a short pause) The^letters tell me about the 
length of the pencils — this pne and this one. 

Teacher: Is that all? If the letters tell about the length, 
then 1*11 take a pencil of this length — this is A, 
^' and one of this length this is B: Wh^t I get is ... 

that A. is less than B. I 

Pupils: Yc^u can*t take tho^ ~ then you have a different fomiuls 



Misha V: We have an equality — there is an equal sign there. 
We have to take pencil© of equal length and then it's 
right . • ^ " " 

Teacher; Then what te^ls about the equality itself? ^ 

Pupils: The symbol between the letters — the whole formula. 

Teacher: Now I'm changing the aymbol In my formula to read A 
is less than B. Can you find objects to show what 
this means? 

* V 

The children find appropriate objects; the teacher reviews tM 
basis for the choice: the meaning of the letters, the symbols » * 
and the formula as a whole; we should note that the children choos( 
ol:>jects which can be compared by various parameters, some of 



them even demonstrating the inequality of groups oKobjects 

\ 



according to some criterion. 



A special series of problems in the form of games was introduced 
In order to guide the childi;en toward the idea of a '^collect ion" of 
formulas by which all possible relatl«»nships could be expressed. Tlie 
teacl;er%would use the pupils^ own work to show that, despite the 
variations among the objects being compared for length, for instance 
(from, pencils and strips of paper to the children's own height) , and 
despite all the differences in length of objects designated by the same 
*'name'' (such as strips , of paper), one gets eifher an equality or an 
inequality, and tlie latter will be either "more than'' or 'less than.'' 
Therefore, no matter what objects are compared, we will get either - 
the -formula A = B or the formula A, B. An inequality *will be speci- 
fled as either A > B or A < B. llie children would relat^e^^e results 
of partixmlar comparisons they made to this network oC formulas they 

* 7 ■. ■ 
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had written in their notebooks. 'At a special lesson, under the 
V guidance of the teacher, they excelled at choosing objects for 

comparing in one way or another, and the results of the comparisons 

always fit one of these formulas. 

During this work (which was of great interest to the children, 

by the way)., the teacher would also require them to indicate which 

attribute a letter des^gnateld when they were giving the results of. 

^ comparison. This is a particularly important point,\since the 
'.children were actually forced to realize ^hat the results of comparing 

lengths, volumes, weights, or forces could all be conveyed by ♦the 

very same formulas, but that the letters in each case would tell not 

about the objects themselves but about their length or strength or 

weight . 

In our view, the rule that the ^^general be made concrete" was 

very important Jboth for dealing with- the "meaning" of a formula and 

for correctly linking a letter (a sjriabol) with its object the 

concrete , particular value o£ some quantity* As was mentioned 

earlier, we attempted to organise the instruction in this topic so 

that the children themselves (at the first stage, in any case) would 

interpret . the letter as the designation for the weight, volume^ 

\ 

length, or any other parameter of a given object as compared with the 
weight, volume, or length of another ob'ject. The letter o^ould acquir^ 
the unique function of a general symbol for any concrete value of a 
particular parameter. Since the children were actually able to derive 

formulas from comparisons of objects by any specific values of these 

■ 

parameters, and by^'the same token, since they needed no .assistance in 
. providing illuatrc^tious for the formulas, we have grounds for believing 
that they were making use of this very function of the letter. 

In the concluding lessons of Topic II the teacher drilled the 
chil<^en on the idea that the results of any given comparison can be 
expressed by one and only one of the three formulas which make up the 
^^established '^collection." He would usually do this by presenting 
^'clashing^^ formulas for the results of ' one comparison, 'then the 
children would establish by discussion the wjrongness of a "dual*' 0r 
'triple** transcription and select the **rlght*^ formula. 
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A second Issue discussed at these lessons concerned a rather 
subtle point — the possibility of using various letters and the, 
limits on this variability. A nuiaber of times,* the teacher would 
not indicate which letters were to be used in recording the results 
of a comparison, . Ttie pupils would select letters on their own. 
The teacher would t^itg the variants on the board: A > E; B > C; 
F > K, .and so on, and would discuss whether these formulas were 
identical* With no ^assistance, as a rule, the children would establish 
that these, formulas were identical, making reference to two matters — 
the s^bol "more thati** occurred' in each, and the formulas were all 
talking about the same result, 

"^At the same time the teacher would give a number of examples 
to show that it is better to use different letters when comparing 
different attributes to know during this lesson which formula refers 
to what •^attribute (even though all this would lose its meaning at the 
next lesson since the same letters would be used in other situations) . 

One other odd matter shall be mentioned. At first some children 
(as a rule, several in each class) would record the results of com- 
parisons * using letters of different sizes; tl^t ia>^ they would carry 
over the principle of using models of the objects as symbols. The 
teacher would show that this *is unnecessary in a formula sincfe the 
relationship i^ indicated by the symbol for inequality. At severalv 
lessons the children would be shown foripulas whose letters differed 
in "^ize," but whose meaning was the opposite of the appearance » 
(A< b> for instance). Tliey were to select appropriate objects as 
iiluatrations, going by the symbol in doing so. The teacher would 
demonstrate again that the letters themselves could be any "size,** 
and that what was important, was the meaning of the formula which, 
with its symbol, c|esignated the comparison' of ^'any" objects (which 
became an everyday expression for the pupils). 

Tlie work in Topic II (fourteen to sixteen lessons were spent on 
it) is a crucial part of the entire introductory section of mathematics^, 
since in essence it ha» to do with setprng up a sf>ecial aspect of the 
child\s activity, the system of relationships which isolate quantities 
as the basis for subsequenf mathemat iCcil tJ*ans format ions ^ Letter 
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formulas, which replace a series of preliminary methods of traxv- 
scrlption, turn these relationships into an abstraction for the first 
time, for the letters themselves designate any specific values of any 
specific quantities, while the whole formula designates any possible 
relati6nships of equality or Inequality of thefee values. Now, by, 
relying on the formulas, it becomes possible to study the actual 
properties of these relationships, turning them into a special subject 
for analysis. ^ , 

Realizing the import<^ce of Topics I and II to the mathematics 
course as a whpla, we made a special check of the extent to which the 
children had mastered them* Beljpw we give typical results from one 
such individual check made during the last week of Sep^tember, 1963,. 
in 'the first sifade at Moscow School No. 786 (with G. G. Mikulina, # 
teacher) • The children were 'instructed to solve three problems which 
would show, on the one htod, whether they had learned the methods of 
comparing objects (aggre^tes A)f objects, in particular), and on the 
other hand, whethgr they uMerstood the connection between ther results 
they had obtained and the mdthods of writing them down»^ These prob- 
lems wete as follows (th^^ndividual parts of them ax^ indicated below 
*y Arabic niijl^erals and letters). "^^^"4 

Problem I> The pupil is shown a little %ouse^' made of one big ^ 
block and two little ones (Figure 7a) . There are four more big 
blockVand six more little ones on the table. The experimenter 
Ji_ 'demonstrates that new *liouses*' can be made from these blocks 
: according to the model. After this |:he pupil is given the 

problemt^s ^ - ■ 

1. *'So&t out these blocks so that we can find out whether there 

are enough big and little blocks to make houses like this 

one/* The pupil must arrange thfe blA^ks in an appropriate 

way (such as is shown in Fi^re 7) . ^ 

' ^ * ■ 

2. ^'Are there enough blocks of both kinds to make 'houses* ^^^^^ 
this one?*^ The pupil must answer the question* ^ 

3. *Vliat kind dj. blocks aren't there enough of?" (There are not 
enough small blocks ^or thi& particular problem.)^ Tlie pupil's 

answer should follow from an understanding of the conditions - ^ 

of the problem^ i 

4. 'Vhat symbol can we use to record the result^ of comparing the 
. two groups of blocks?** (The group of small blocks ^and ^the 

group yof big ones are* pointed out,) The correct response. Is 
t6 sayT^^Ttie symbol 'is less than^* and to write it down* 
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Figure 7. — Diagrams ^of pupils^ work in 
comparing aggregates of blocks: (a) is 
the model of the complement; (b) and (c) 
are p^rts of the complement (their origi- 
nal position) ; Cd) is comparison of the 
parts and the ^esults^o ^ it. 

^Vhy are you using that symbol?" The pupil must substanttate 
his decision by citing the fact that for this particular model, 
there are not enough small blocks to build the houses* 



Problem II , i 

1. Two mugs refilled wl^th water are placed in front of the pupil 
(the one on the left contains .5 liters, the one on the right, 

» .25). Tlie problem^is — "Compare the volume of water in the 
• mugs and draw lines to show the results of the comparison/' 
The pupil must draw t^^' lines, the left one longer than the 
right one* ^ .. ." 

2. Two blocks are put in front of, the pupil (a big one on the 
leftt a small one on the right). (a) "Compare the volume 

*of these blocks." The pupil compares the blocks, "Can the 
results of the comparison be shown by drawing lines?" The 
.answer follows. (b) "But do you have to draw new lines? 
^ Or can you use the ones you already have? Uhy?" The ^upil 
should indicate that he can use the lines already there for . 
recording the results of comparing ^ new objc^cts. * 

m nr . The pupil is giV6n two weights (a 50-gram one. op 
ttie left, a 100-gram one on the right). _ 
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1. "Compare the heaviness of these weights and record the results 
of the comparison in a formula* Designate this (50-gram) 
weight by the letter A and the other by the letter's." -The 

0 pupil should write the formula A < B. , ; % 

2. ^*Can the letters A and B be replaced by "any other letters?*' 
The answer foli)ows. *Vhich ones? Write them downl" Th6 
pupil wrile^fe the formula using other lettlrs. 

3. *^ou nC^w hav4 \the formula A < B and the formula .K* . (the 

1 letters. may yai^) . _Are these formulas the same oi* different?" 
The pupil sbfould give th^ answer required by the sense of the 
problem. 

4. *Vhy are they the same (or different)?" llie pupil should 
substantiate his answer by making reference to the.sjrmbol 
and the objects involved. 

Problem I presupposes the abilit» to juxtapose the parts of ^H:--^ 
object being assembled (a "house") ^ and to determine the correspondence 
between them (that is, to compare them) from t^ standpoint of the ^ re- 
c^uirements of Xhe mof^dl . The children must mak^ an al>straction from 



the "particular elements" of the groups, a purely visual aspect of 
the situation. Problem II tests the ability to use lines to yecord 
the results of a comparisoti and to use th0 existing lines as the tran- 
scription of the results of. a different comparison if these results 
are identical ir^ their meaning. In Problem HI the children's under- 
standing of the fact that letter formulas are identical in^meaning if 
they designate the same relationship between objects is det<prmined. 

We shall, quote ftfirst from the report o€ one piipil ^^^test , that 
of Larisa S. (on September 25, 1963), which*ia typical of many of tl^e 
tests (all thirty-eight pu^^ils took it). Since the experimenter's 
questions have been quqted in' pur description of the problems, they 
are not repeated (only their numbers are given), pvily the ■ subject 's 
answers and reactions are given here, along with supplementary instruc- 
tions from the experimenter.'' ^ , ■ ' ^ . 

. 1. She starled to build **houses" but soon stopped and aft^ a 
short pause took the blocks apart so -that th^re was a big 
* one i;iext to each •two small onps: "You can do it this way . . * 

2* "No . . - . there aren^t r^nough . . . thi^ is an erftra one." 

(Points to a big blo^k.) 
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3. "This is aft -extra one — there areu*t eliough little ones." 

4. "Symbc^" (A pause.) "Thejre i§ a symbol of inequality 
here!'/ (Experimenter: "Be more precise.") "The symbol 
•is Ipss than^" (she wa^es it down) . 

' 5, "This, block is extra, and there aren^t enough of these (small 
pnes) for a house. There aje more big ones, so you need the 
symbol *is less than.'" ^ 

Problem II . ' ^ 

1. She draws two^lin^s, the left»one longer than the right one* 

2a. "You can do it with lines" (she attempts to draw them). 

b. A pause/ '^She starts to -draw new lines but stops immediately, 
'^ou can do it with these" lines — one is" longer than the 
other, likfe here," (Experimenter: '^^y didn't you draw 
them?") "You can do it this way," (She points to the lines 
drawn earlier.) -^e have the right kind already." o 

Problem lU . 

1, • She immediately writes the formula A < B» 

' ■ 

2, "Be replaced? The weights?" (Experimenter: "No — the 
weights are the same, but replace the letters.") "Yes, . 
you can. 1*11 do it right now." (She writes Z < P.) 

3, "The letters are different. . . . The formulas are identi<ial." 

, 4. "The symbols are l^dentical here and here" (she points to the 
formulas), (ExperimenteFJ *^ow might you say that more 
precisely?") A pause, "The weight of the weights is written 
■ • with ^ the ♦letters'^*' (she' ppints first to the first forrmula 

and then to the second one) . . ;i^"The weights are the same — 
f and the formulas are identicaX." 

This report shows that the pupil understood the questions directed 
to het and saw the connection between the formulas and tl;e objects 
being compared. She^*^Qj^ed-Xh^ ^pi^^bleM correctly and' compliq;.tely pn 
l\er oyn. * * ^ ' 

Not 'every pupil responded this accurately, of cour s^e-rv Several 
needed ..help from the experimenter who gave either -a leading )]3uest ion 
or a hint. A few pupils were*'^ot able to solve certain problems even 
after b^ing given such help. In Table 1, general quantitative data 
about pupils' performance on the three problems* part by part arc given 



174 



(the rmjnber of pupils who managed to salve the problem in one way 
pr' another is indicated) . ^ ' * 

TABLE 1 . . 



PUPltS' PERFORMANCE ON THREE COMPARISON OF 
OBJECTS PROBLEMS: TOPICS I AND II 
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^ In solving Rart 1 of Problem I, el^en out of thirty-eight ' 
pupils needed help from the experimenter in order to sort' the groups 
of block^ into««^rows. These pupils Arst tried to build "houses** 
^nd to compare the groups in this way. They were forbidden to do . 
this* Or^Iy with the subsequent help of the experimenter did they \' 
classtlfy the blocks as the problem requlfed^ Jn p^rts 2^ndl3 of ; 
Problem I, the pupils p\rformed\)n their pwn.' ^ That i^^they ; answered 
immediately that there wgre not enough blocks — not encTugh smali 
ones, to T^e specific, TheSsfost crucial part of Problemi. t wafe the 
fourth p^rt, which required them to recognize the relationship of 
inequ^ity and to designate it by a specif ic symbol, lliirty-six |^ 
out of thirty-eight pupils performed this task. In spite of th^ . 
obvious 'V^^djominance" of the small bl^cks^ these pupils responded ■ 
as the sense of the problem deipanded — that there were fewer small 
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blocks. Thirty-four of them substantiated! their conclusion correctly 
(two'' needed a leadli>g question)* | 

All the pupils performed the first anid second parts of Problem 
II. ' 'fliey drew lines to depict, the relatioiiship between the volumes 
of water and the volumes of the blocks, rapidly and with no assistance. 
The last part of the problem proved to^^^mOre difficult. Here''" they 
had to determine the possibility jof using the lines they already had 
in order to describe a new result. Thirty of the pupils established 
this possibility on their own, and four did it after a hint. Four 
thought it necessary to draw new lines. 

^''"J^roblem III turjied out to be the most diffic^t (especially the 
'tpiird and fourth parts) • All thirty^-eight pupils successfully re- 
f laced the letters in the preceding formula J^thirty^ive of them on 
t\^r own; see Problem III;^ part 2). But only thirty-two pupils wei;e 
then able to establish the identity of the formulas — tweiity-three 
on their owniLand nine with the help of leading questions and hints. 
Six were utTable to establish the identity of the formulas. Thirty^ 
were able to substantiate their conclusion^ that the foiaSfUlas were 
identical, and twenty-eight of these did it their own (Problenrlll, 
part 4) . 

Ttiese data and the reports of the testing indicate that the 
majority of the pupils had thoroughly mastered the methods for re- 
cording the results of comparison^sing letter formulas, and under- 

stood the meaning of these formulas and their connection with the 

47 

actual relationships between objects. 

Topic III — ( th^ properties of equality d^wd inequality) . ^ 
After the children had bee^ introduced to formulas using letters, 
they were ready for an explanation of 'the properties of relationships 
expressed abstractly as equality and inequaiity. Tlie first of these 
is th^ reverBtbillty of an equality (presented in the twentieth and 
twenty-'f irst lessons). The teacher would deiiionstrate once more that 
the results of a compari^n should be given "frowrleft .to right (written 



47 " ' . " 

•After the testing had been completed, the teacher ini^oduced 

special exercises into, the lessons, by which all the pupils mastered 

&he points mentioned. 
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as A B, with the objects arranged corresponcHngly) . But at this 
point he would reverse the objects (the red stick whose length was 
designated as A was now on the right, and the blue one on the left). 
The children would observe^ *£irst, that the objects had been trans- 
posed and secondT^hat the results of the comparison had not been 
changed, that there. was still an equality, written B = A. 

Then the children and the teacher would determine again and again, 
by comparing various attributes of new objects, that when one reverses 
the position of equal objects, the external appearance of the formula 
ci^ai^^es but its meaning remains the same* The teacher would cdnclude: 
"If A is equal to B,|then B is equal to A," The children would write^ 
these formulas down* and draw a box around them. 

Then there would be a se^ries of ekercises^ t*or example, the 

children would select objects^ to illustrate the formula C * E. Then 

the teacher would write down the new formula E «=i C and would ask: 

'Vhat kind of new sticks (or blocks) do you need to get, to explain 

this formula?'* They would usually answer correctly: "We don^t need 

to get any new sticks. We already have what/we need; wejuat have 

» 

. to reverse them*" The children wouJ.d^arrange the objects to correspond 
to the second formula. 

The following type of exercise involved "filling out" formulas 
with the proper letters anti sjnubols. ' Formulas such as these ^^^gj.^e' 
written on the board: ^' » 

K / . A ^ B C = D 

N:j...k ^*b...k d=... 

(in place of the dots they were to put the omitted letters and symbols 
according to the sense of the problem; in the second pair of formulas 
^ which contains K, It was . Impossible to be sure wh^Bt to put iri, since 
the rei^ionsliip between A and* K is unknown) , As the children copied 
down these formulas into their notebooks, they insart^ed the necessary 
elements. Man? of thejrtriidren would "faltet" the "second one and 
ask whether there w^s a mistak<*«in what Is writtenV with A meant 
Instead of K, But some children unhesitatingly putXan equal sign, 
"spontaneously*"" replacing "K" with "A" in >theip'^exp],ac^ ^Hie 
teacher would take this occasion to explain how» to work with these 
formulas and then would assign a series of similar Exercises, 
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The teacher would use the following device tq, explain the meaning 
of reflexivlty to the children. He would hold.up a board' whose length 
was designated by th^ letter C, let us say, against the blackboard and 
draw a "copy" of i?^ with chalk (the children would do anali3gous work 
in their notebooks). He would point 6ut that the length of the line * 
on the blackboard Xok in the notebook) could also be designated by 
t^ie letter C, si^ie this was the very length from which it was obtainefd. 
If all this is written in <Q f onnu3(a^t "will be C = C. The teacher 
could also say that the -length of the stick is equal to itself, adding 
that here the stick and'ijts "shadow" on the blackboard or in the 
notebook are of equal length. » 

Similar work was done on the area of figures as well (here, too,\ 

it" was possible to. make, "copies") . But the^ teachers usually spent 

little time on this, since we have not been able to propose a very 

48 

acceptable approach to handling this property. Tlie childrefi made 
i almost no errors on formal exercises, however. They would put in an 
'^equals" sign in formulas of the type A . . . A and B . . • . B -ajid would^ ^ 
put in the proper letters in such formulas as = A and C • . • . 

The next stage, of the work was tg explain tjne connactl^on between 
the symbols 'We^(^han'' and ^*less than" when the letters, (or objects) 
in formulas of inequality are reversed. This work also helped the • 
child to understand the meaning o.f the^ .reversibility of an equality 
(because of the difference in the results of transposition). It wa3 ^/ 
introduced in .a comparable. way . The positions of objects were 
* I'eversed', and the new i;efults were eyaluated, \/ritten down, and compared 
^with the^ld-. The children did not seem to have any particular diffi- 
• culty here, apparently because even when t!iey-used lines to write down 
the results of a comparison, in words they would often repeat the ^ 
cdmparison in the opposite direction: *'This ' bl^^ock is smaller .than 
\ that one, so that one is larger." . In any case, problems on the level 
) of "pure'' formulas could be glvei\ immediately following ^he first 
demonstrations using^objccts . T\\e change from the symbol > " to 



■ ^^It should' be mentioned that wp do not think ^at the method indict 
Is the beJyi. We are still uncertain how to' explain to children the 

1 meardjg of reflexiv.ity (and unfortunately we have riot yet a<^hleved 
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this in the work on Topic III)* ^ 
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" < " and back would be accompani/d by verbal formulas such as^'If 
A ia larger than B, then B Is smaller than A." The children would 

ind the most diverse oblectsr^tb illustrate these* "rules" and" their 
written expression. * * • * 

*At' this stage the pupils solved sup^h problems as these (objects 
sometimes being used and detailed explanatic^a^ being given): 
A > B ^ / - K N < D ' < K 

B*»»A IC***^G v**^*** iC***G ' 

It is striking that in a number of instances the comparison' of x 
the objects would be mad^ in one direction'while the evaluation for 
writing ^t\do\m would go In the other. For instance, soifie pupils 
would say rNClJSa^'S weight here is heavier th^n that one" (reasoning 

from the right cup of weights t£ the J.ef t ) • "We have to .write* it 

/* 

^ this way: A is less than B" (the notation going from left ' to ^rl ghfc ) > i 
It might -be daid that these children were "turning" the one 'relation- ' 
ship into the other instantaneously. More and Tnore jguch instances "'f 
occurred subsequently, so that in time this kind of reevaluafcion was 4 
automati^. Th,e teachers kept calling to the' children's attention, , 
meanwhile, that the presence of one symbpl, when "movement"-is frbm 
left ^o right, indicates Immediately that It is poe^^ible to jnove f rgta^ 
right to left' if the opposite s3n33bol. is used (this is cotrtrasted 
with the immutability of equality) • * ^ 

in the^^entyrf ourth and twenty-fifth lessoi^ the childre^i,, were * 
introduced to tlie transitivity of relationships. They worked" With ' ^ ^' 
special set^ of planks, blocks, mugs,' and weights which they could^* 
set up in Series of relationships €rom»"larger" to "smaller V"^^ The ^ 

'children would arrange these o|>jects- in^^^ncteasing*' and "dept^asing" - 
series (Figure 8) . At the same time they would ^escrih^e the relation- 

• ships yerbally (without writing them down) , designaping the elemetitsT 
of the series bV letters. For instance, following the teacher ^s ^ * 
instructions and with his hel^, they would say ' "This stick is* shorter 

' than th^t one, and* that one is shorter t^han that other one"; ^^The' ' 
length of the red stick is less than the .length of this blue stick,, 

^and the length of this blue one is less than that of this ^hite one'**; 
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"Stick A l8\iBiaHer tKan/^ick B, and stick- B la smaller than sflck 
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^ *8.* — Arrangement of various ob- 

jects in series (by );;elative- length and 
voliime) . O 



• Tlie children would also look' fo-r analogous "steps'' in the ol^Jects' 
,aro.und them. Wn they talked about height, ihe teacher wdiild cii^' 
. their attention to the fact, that Kolya was taller than Tanya, Tanya 
' taller than Misha, and Misha taller than Llda (and they would jsiake^ 
analogous muiti-step comparisons by weight, hardness, coijipo«ition of 
^ groups" of obj-ecte, and so on). ^ ' 

. The children also solved the following problems. With two boards 
(or blocks, -peVhaps) of .differing length Before thei 
fir^t -choose letters, such as A and iC, to d^^Sgftate them. They.weye 
' to. select a board B such that A was larger than B but ^ was, larger 
than K.r- Thes^ conditions were- written on the jjoard as a pair of 
fptmulas. There were similar problems in which the chll-dren were_ to 



\ ' ^^When the children first began to' use letter, desigfiations, 
they connected tfiem w^-th a particular parameter of an object such 
as length or weight. Tlius in solving a problem they would-say: 
"A'i-e the weight of the object," or "the plank has 'length A. But 

-gradually they, would shorten these f dtmul^tions, and more and more 
often k letter would refer to the object itself ("object B, for 
Instancfe). But what was meant here, of course, was the quantities 
being compared.. By special (juestions the teacher could bring the 
pupils back- to the' original detail'ed designa^tions , but they would 
.do this less and less often, In their work on -Topics III 'and 

, they usually used only the shortened expressions'. , 
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draw lines or circles in '"their notebooks,. There were two gpala here: . 
(a) to introduce the children to setting up "ascending" and /Mesc^nding" 
aeries, and (b) to train the children to make ^accurate r^ations between 



thei elements of formulas and the objects in the correapi^ding emeries, 

The latter needs special explanation. " ^ 

The first variants of the curriculum inclined an/ introrduption to 

transitivity • But no system of exercises ha'd bean worked c^ut jet 

to' help pupils learn to relate formulas with . the objects, illust^tin^ 

them* The need for such, became particularly appWent from special 

testing which showed that many children depicted/the^ relationships 

indicated ip the formulas A > B; B > C; A > C by drawing four lines 

inatead of three, And only a few made Che two/ middle limes identical* 

y ' . , I • ' 
The rest drew the^ of differing length (although the second line for 

* • *■ / ' » 

B usually w^s apialler than the^first one). /To prevent such errors > 

* / ' 

special exercises are j^eeded to help to gen acApss^'the meaning of the ^ 

.paired formulas and the place of their middle term* » ' 

/ •» ' ♦ 

Using objects ap visual aids, thfe cUildx^ien would* write ddwn the 

following chains of formulas, clearly distinguishing the transitional 

» . ■ _ / ' ' ' 

links (but th^y^ would draw no conclusion f.rom these formulas) : 
' ' A > B " K < N / ' A = C 



c > d" 



N <; M 

'M < E/ 



c 



E 
K 



By relating these formulas to objeyfts, it Was possible to formulate 
a kind of conclusion, such, as A ±d greater than D. The 'teacher would 
demdns'tra^te this possibility guiding the children toward actually 
determining the relationship between the extreme terms of the formulas^ 
by their connection through the middle terms. The need for using the • u 
formulas to draw. a conclusion /became very clear 'when the teacher assigned 
the problem: , '*Board A/is larger than board R, and board B is larger 
than board C. We do mot ha\p board C here. W)iat should it be like 
in comparison with A I giveiy these conditions?" It is interesting that 
the children began yo reaspp backwards'* in this c^ase. Usually th^y 
found th^t "C ^is sii)(aller ychan B and smaller tTiau A> so that means' 
diat A is larger than C.7 They wrote down the formulas on the basis 
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of tliis kirid of verbal statem'ent* QnCi^ |:htey had the formulas, the 



statement itself became shorter alid^.ptoiJ precise and gradually turned 

.y" ' . ' 

into the. standards "If . . andylff/W . . , th^n . . • ' ^ 

\ . Similar problems were giy^^ ;i!ix varying^, form for all three rela- 
^ tionships}. Some were in game .^f ojtn^^ such as havi^ to find the hidden 
* object on the basis of. c^r*^^*n/formu^a^, .Find C ^if A and B are given 
^and we I^nOw that A « B and » «» .C. The foifmal notatiofl would grad- 

' ' ually come to look as follows^ (the teacher wrote the problems* on the 

/ • , " ^ J, 
. board) : ; ' . / 

/ t ■ K 

A > B ' A < B , 

B > C' . ' '\ ' 




A' . . . C A < C , \ 

At the start;;^ without even needing objects as visual aids, X V \ 

the children (^t the teacher's i;3quest) would give detailed oral 
explanations of each^step they ,topk. They were then told to put in 
only the symbols aud letters^ needed. At various times tSiey were asked 
to make"' a sketch to ijlustxate a formula they had found (they woLld 
draw lilies) . . * ' • 

1^ the final lessons of Topic III the teacher assigned problems 
ifequiting that transitive and intransitive relationships be distinguished i 

whs desirable for the children to **feel^' this distinction/ althoifgh 
they\could scarcely be expect.ed to provide a logical basis for it* 
An example of a problem is^ **The boy loves the bunny, and "the bunny, 
loves carrots. Does the boy thus love carrots, too^* - Or: ''Tanya 
i^ friends with Masha, and Masha jls friends with Valya, so^ th^t means , 
' TaAya -is friend^s "wltji Valya, .Right?" These problems aroused a lively 
• dis(h;^ion, 'in the course of which the children inclined toward the 
*vie^that'no binding conclusion cpuld be drawn. Tliey wer^able to 
give some grounds for t^he conclusion • ^ They correctly grksped, for ^ 
'instance, that the boy might possibly lacfk '^ve'* for carrots even ; 
though rte felt "love" for the bunny • The teacher would upe the 
problems, to distinguish ^rftore^ sharply the\charapteristics of transitive 
relationships, where the coftclu^ion i^d "imperative ♦"^^ t ^ 



We shbuld comment that further research is needed into designing 
a system of exercises vriichwill make transitivity clear to the child 
and help him focus on it in solving 'problems . Our experience shows 
that the child comes up agalast some difficulties in transitivity. 
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The children had to solve many problems in these lesspns (in- 
cluding,.^»^d problems) without relying directly on objects as visual, 
aids. The transition we plannec^ to the analysis of relat^ionships 
was ba^^ on certain abbreviated^statements about, their properties. 
As the children learned the^ material in the following topics, the 
possibilities for this kind of analysis kept broadening. 

• Topic IV — (the operations of adflition and ^subtraction ) , 
There" were several stages in the transition to the first operations 
(beginning with the thirtieth and thirty-first lemons), Fli^st the 
teacher would simply demonstrate a change ii; some parameter of an* 
oljject. This was most convenient to do .by changing the volume of 
water in a flask, or the force of |a push, or the weight of a load* 
He would also give various^ examples from^ everyday life, all of which 
had the same-me^ning: ''There were so. and so many, and this^ch^nged 
-to sO and so many." Tlie .children fully understood that there are two* 



^ directions of change here — increase and decrease* , ^; 

The next st;ep was to describe th?e change. The ^children ccsBpared ' * 

'. ' y . ' ■ 

the volume of water in two identical flasks, (the water l^evel was marked 

0 ' - . ^ 

on the side), and wrote down the formula A * B. Then the teacher » ; 

poured a certain amount oi prater into the left flask and proposed 

that the new volume be designated by the letter C and' Aha t* C > be . 

written down. But how was this new volume arrived at? Cou>d C beV^ 

obtained from the former A? How srjould what happened to A b^ written? 

The children indicated in some ^*f omi that a certain amount of water' was 

addfed to A and* th^t C was obtained* yith the teacher's help, A = C 

was written and the meaning of the symbol " 4- apd of tl^^e lettet/ 

Reestablished. (This wa^ ''handled*^ by such means as going back Afo, 

• .the former volume*) ,^ . ' ^ * * 

Further, the children substituted a sumf ipto^ the formula ^or 

inequality and obtained : A> k > B (this point is method61o|lcalfly 

difficult and require"s 'certain ".movefe" which are not described here)* 

The formula A ^ K < B Was obtained in a patallel manner, as Veil. as 

r 

the formulas A < C -f K and A > B - Ii,47here probletns were solved 

using various parameters of various objects (ik was especially conven-^ 

lent ta use the weight of dry substances)* - ^ 
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At the next stage the 'children cai?ried out operations wi'th visual 
aids According to formulas the teacher indicated. Given the formulas 
C « D, C D * * for instance, they determined the direction of 
cljange and ^reproduced it- using strips of paper. As they did this, 
th^y reafeoned out J.oud: VThey are equal, and if the ^eft side becomes 
smaller, that means 'that the ri^ht side 16 larger, that it has in- ^ t 
creased/' • ♦ . • " , . 

A few lessonS'later dVe child;?en were giveny^ new problem: . What 
had to be done to^biake the sides* equal agkln? Vti every class nearly'; 
a third of the cjiildren gave an immediate^nswer : "You have to sub-^ 
tract*' (If something had been added) or 'You' have to add" (if some^ 
thing had been subtracted). With the teacher's help they checked ^this 
method, and it was correct. But hardly anyone was able tio find the 
other method — that o| changing the other side of the inequality. 
Although the teacher yould show that this was 'also possible, by now 
a SAibstantia:^ number of the chlldVen (about half of each class)^ could 
determine the amount of the change — ''by the same amount" — ^ on jpheir 
own. The fomula of the type:/ A K * B -f K Has added to jthe previous 
^formula for inequality. * ^ * ' . 

However,' in ^>me^ classes two^or three pupils noticed a dis(»:ep- 
ancy in the way the formula was writtfSn and proposed writing it Tfhisi 
way: A 4- K B ^-f G where K =^ G. That, is, - the second items them-- ^ 
selves should^be represented by j(t.f f erent l^^tters. If the pupils 
did no^t come upon this way of writln^it themselves, the teacher would 
show it to them, and then yLt would be used along with the first way* 
-As the pupils performed various exercises, they became 'more and 
more skilled at, explaining their methods/ of Gyration verbal^ly, and 
with each lesson they had*less ne^d to use objects as aids. Tt» solv^ 
problems they would "mull oVer" (alou4,or in a whisper) the possible 
relationships in. the' given conditiona. Problems were wrAteu as 
follows: ' • ^ 

( ' ^ A = D = C 

A-fD...B " A... <-D B > C . . . 

The'^chitrfnitn's reasoning constantly revealed that they under-^ 
stood the real connection among the various types of relaf iopships: 
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"A was ^qvial to B*. B was decreases, it became less than A, so that 

njeans A became larger — we have to put. in the symbol *tnore than*** 

(Andrei L. from Moscow); '*The right side of the equality was increased,. 

so that means we have to put the 'Symbol *iess than* if A equals 

• - - * 

B, then A is less than B, increased by C" (Vova S, from Tula). 

* By introducing the children to tlm operations of addition and 
subtraction, it^becomes possible to broaden the range oy 'Vord" ^ , * 
problems whose condUtdons contain letters as d^ta / ^ 

, Since the neact topic is different, the results of the first 
four topics are summarized, particularly the results of work with the 
lettfer formulas. A series of individual tests using specially se- 
lected problems^ on^he topics which had been covered wa^ giv^n^ in 
one Moscow ciass (g/Gv Mikulina, Jteacheri during 1963-^4.- For the 
children the^vtests were **unexpected*' in a number of case#, since 
they included problems on which they were not working directly at the 
time an3 which they migRt have "forgotten.** The tests *made it possible 

^o explore how much they had leart;^ed and hfi>Sr*well. ' 

^Da^a concerning performance *on these testly-^^ which included ^ > 

problems of three types, are given in Table 2, The eigh,t problefms^ ^ 
of type I called for the- ability to write appropriate*^ letter formulas* 
after observing certain relatiqnshlps between objects (A = B;'A < B; 
A > B) • Ttie seven;, problems" of type II required a knowlidtdge of the 
basic properties of, equality and Inequality (insertion of symbols 
in formulas of the type: A = B, B' . • . .A; C > D ... C; K , .N,^ * • • > . 
and so on). Finally, the eighteen problems of typ^ illNdealt 




w^th all 'the ways 6f going from equalityto inequality,- and wi^tTj 
returning to equality through addition and subtraction (such formulas 
as: A - B, aV K ... B, A + K B + K; C G,- C ' . . . G - D) . The 
problems of types II and III were to be £?olv|d only •through analysis* 
of 'the letter foVnjuIas, with no dependence on objects as visual aids. 
(The tests were given from September 30 to November 1^ 1963.) 

The ma.jorHty pf the pupils-made no errors in solving the problems 
of tyfjes I and II- The number of errors increased in the problems of 
type III, which the pupils were tof solve rapidly and "to themselves." 
Almost all the error^ on the November. 1 test, occurr^ with "dif ficult" 
formulas: A = C, A»< . . . ; A = D, A + K • . . D + K. ' Although twenty- 
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TABLE. 2 
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FREQUENCE OP ERRORS ON THREE PROBLEM ohrPES: TOPJCS I - IV 



\ 



«N6, of tests 
with"-- 
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^ Errors 
One Error 
Two Errors 
Three Errors 



Possible 
Errors 

Actual . 
Errors 

PerCebt 
Errors 



No. of Subj. 



8: Oct. 1 



31. 

3 . 
1 . 
K 



' 288 

8 

2.5 



36 



Probleiif typ e 



II 



li. ^4pt. 30 I 5;0ct.^ 



34 



29 



> 1 



1.4 



175 
7 

4.0 



35 . 



35 



III 



5;0et. 8 I 3:0ct. 23 I 5;0ct. 28 t-5;Nov. 11 



36 
1 
• 1 



31 
5 



28 
9 
1 



26 
3 
7 

« 1 



190 
3 

1.1 



108 
5 

4.6 



190 
11 

6;.0 



185 



. 20 
10.0* 



38 



36 



38 - 



37 



8:0ct. 1 means 8 iproblems, test admlnistratiorf on Oct. 1 

- / . f ' 



six pupils out of thirty-seven mde na.e^ors at all on this test, 
it obviously caused the\children a certai^ amount of difficulty* 
At t?he same time the suinsaary data of perf o^mx^nce on the problems of 
type III (out of 673 ^possible errors 39, or 5\8%^ were committed) 

-s - * 

show that many of the children had a firm kaowledge of the material 



In Topics^ I - IV' (Figure 9). 



4 



t 



/ 



■ .J^^C A-B ^,B, 



Ah>B' A-jt^B. 

> ■ ■• -v 

Figure 9. — Results on Indlvldukl tests, 
' over Topics II - IV.,. taken by Moficow, , first- 

^ grade pupil Tanya K: (1) representation 

of the results of comp*arison using symbols ; 
(2) the first letter formula ; (3) the prop- 
erties of equality and inequality; (4) thfe 
' transitivity of equality; (5) the violation 
of equality and its "restoration*^ through ^ 
addition and subtraction (she performed 
Items 3 - 5 in her "h^ad" without using* 
* objects to aid her). 
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♦ 51 
Topic Cthe shift from fnequ41it:y to e<^uallty ) / . 'Once the 

children had made'' a comparison 'and had recorded the results of* it with . 

the forpula A < B, they were given the new challenge of turning this 

inequality into bn equality. With an object before ^em as a visual 

aipl, many of the children would indicate on their own how this might 

- * 

be done — they would propose making B smaller or A' larger. By ^ 
working with boards or strips^of paper t^heV even were able to demon- 
strate this method. Then/ at the first opportunity (the fortiet|)r.or 
^ft^rty-f irst lesson of the year) 'the teacher gave the notation for 
this information: A < B, A + . ^ A « B - . . ; \, 

TJie dots conveyed to -the children ^hat something was added or ; 
subtracted with the result being an equality. By demonstrating w:J.th • 
flasks of water or with weights, the teacher shgwed that it was not . 
known beforehand how much needed to be added or subtracted (relatively 
l^ng pieces of string could also be used) . "Something" needed to be 
added to A,, ^nd the "needed*' part, could even be writt^ in advance , ^: 
but/what this "something" was exactly ami ^'how much," was not yet ^ 
known. ^ / 

Together with the children the teacher would establis)i that by 
♦writing' such a formula down, they were only c o n t emp la t itlg or planning 
an "increase" or a "decreasa" The teacher would propose the 'special 
symbCJ^-K^to designate the unknown ifi this. formul*a; Chat is, that which 
needed to be indicated in order to reduce the inequality to an equality: 
A + X = B^; A = B ~ k1 

^ As a rule, the children rapidly grasped the meaning of this symbol. 
Tlius the very first lesson many children were able to correctly 
explain that not just "any" weight, for instance, or volume could be 
•added or subtracted, but that ttjg ^if f erence ^^^een A and B needed . 
to be known and that it was T]fit yet known. ^ 

Several subsequent "Wessons were spent introducing the children 
to method's of determining this "difference," -with objects used as ' - 
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In an article lllj A. A. Kiryushkina has described the main 
features of the work done in this topic, as well* as ^pical difficulties 
which the childten have in solving elementary dquat?0€is. Thereforfe, 



we shall- only take ±ime here to give the general \results of the wopk 



done in this topi-^. ' \ , / 
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' visioal aids. It>as liaportantf here not simpiy to show ways of working 

• with tK^ objects (such as laying boards together or pouring water into 
^ . flas-ks), but also to teach the childran to use letters to describe 

these processes ax^ their results, - , 

This was the most difficult piart of the whole topic ,(see the • 
article by Kiryushfcina [*ll]) . •fhe -child encoun^;er^^ a new meaning of 

sttb traction vhen he wrote x - £ - A. "It was i;iot an actual diminution \ * 

* » »^ * ' 

(as it was in Topic IV), but only a formal description of the com-^ 

parison of* quantities B and where B^as an object rlmained The same 

" . as it was and the quantity corresponding to x was to be obtained fxom 

^- ether material. This notation is only a formal description of the^ 

process of obtaining x. Since the chlldr^en had actually determined 

x'(t:he "difference"), they -woulti then* ''add** i^ to A and obtain the 

required equality, Ihe m£tjority of the children understood the meaning 

/of the letter description of "addition** 'ri^ht away, although many of 

them were still confused by the way it wa^^'itten since it had several 

letters and parentheses i^t In sum, tlfe entire process of making 

up fCnd solving an equat^-on with the aid of objects can be seen in thp 

fpllowing system o^. formulas: ^ " ^ • 

A < fi^Ctba initial coijdition); ^ * 

t A»-l- X * & (the planned transformation)^; 

^ 5? * B^- A (the search for the "difference"); 

^ AM- (B - A) (the actual equating) • „ ^ ^ 

The children would ^r±te these down under the teacher super- * 

vision. . Tlaen exercises were gradually introduced in which thfe children 

' 'were^either to observe a fellow student working ^itK objects or to do 

the work themselves, and then ^were to^uge formulas on- their own to 

describe the en/tire sequence o^ the cSnVersloii of an Inequality 

into an equality. The t^^^heW encountered certain difficulties here, 

resulting mainly from the^ children's lack of skill in c^ganizing their 

own work, Bift after several lessons nearly all (with the ^exception 

>i^^f three or four who still 'needed .dirfect assistance)* were able to 

solve these problems with only minor ^errors*. - . 

# ^ The next stage? consisted bf the gradual trans'ition to* solving |^ 
'equations on the^. level of "the formulas ' themselves , The way was prepared 
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for thUs transition by extensive work with woiid pro'klems. iThe 

children would be given a/ptoble*^uch as: "Tliere are A kilog^rams 

of appies in 0ne box^Sn^ B kiipgramp in ^another. We know .that A 

is lefifs than* B A What/needs ta'lf^'*dori4'so the apples in the firsr- 

b«c weigh the sanje as thftsa JifiT^e, ^second?" The pupHs would quickly 

write down tHe condi^tiOn and t^l)fti tno mi^ftkes, "as a rule, would pro*- 

j)ose a way of solving ,it* Some apples need to be added to the , first 

Box*. Writing' the equation d^wn ca{j(sfed_ no d^.fficulty either: A < B, 

A 4- X * B. The children understodd clearly that they now had to fi^nd 

X. I - ' *■ t ^ • . * 

At this point the, teachers would usually use graphic meang fn 

the. search for'x. The children woul'd draw lines to depict the 

weight of the apples, Th^n tljere .would be a discussion of the way to 

find the "differenoe" in weight (actii^lly the teacher had scdles on 

his desk and he would imitate the .search for the weight of the 

- * T ^ 

apples). Line A would be "superimposed" on-^line B» and the remainder, 
^expressedT as B - A> would defined as being equal to xT Using this 
as a model, the 'children, with the teacher help, would 'do the"^^ nec- 
essary weighing and find the -weight equal to x. Then this, weight 
(or line segment, correspondingly) would be added to A and the, 
final formula written. OtheV problems ' were* solved similarly. The 
goal was fofthe work with formulas, whi^h was f-irst* accompanied 
by 'simultaneous operations with objects, to be combined with graphic 
representation, and gradually to become relatively independent both 
in Its meaning and irf the order in whiph it was done. 

TTiis* direct Jiranslti6n was preceded by work involving an intej*- 
* medi&te'^ formula which performed a function of its own. By the time 
.they had written the equatioi%«^own, the children would usually have 
already "unplugged" the initial inequality (in fact, sometimes th^ 
would have received the equation itself "second hand") . It was 
.necessary, therefore, to return to the initial formula, but this time^ 
from the equation: If C -f^x ^ D, then C < D. Or rather, it was 
necessary, through this "repetition" j^f the f^pnula, to make jrfie 
connection , as it were,- between the equation and the -fnequaaity in 
order to go from it to subtracting "the le^s" from "the m^re." Tlie 
whole process" took on the following appearance: . ^ <t 
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A.>"B-(this ^£^|||iula? is- given *'in the'.margin, " so to ^peak) , so then^ 

Afl:er*^a -while the ."repafeitipn", became Implicit, but eVen when 

'the first. -formula of 'inequality was completely clear the Jjhildren , 

^ »*" j-, .«. '"t 

needed to' have the meaning of it" relpeated to, them. If bnly a whisper. 

V * : ' ' \^ ^ ' ' ' ' . ; . / : 
Shifting <:6 the ^equatioti seemeS^ somehqw to desttroy their understanding . 



&i the initial relationphip betwe^ the parts of the inequality,. 
' - Graclualiy the cKiidren calnei to' fee afele to determine x withQut 
needing to* rely,Qn;'o>ject^ X)r^ -graphic analogues- of them#^ That .ia, thj^y 
could detenjiitie it. through a theoretical *;Considda*ation' of the.rfelation^. 
ship between the sides, (ar the- parts) of the inequality^* Th^ they • 
would ^ub^t^tute the values they "had found into the equation*. . The" 
parentheses here helped tfie children to undet?stanii# the'diffeteooe as- ^ / 
a kind df unit of aji actual ^^antity • ^(We shpuid mention that " the 
term& ec^uation and difference were being used regularly*) 

The work on^Topic V required a rather long £ime — ^twenty-five 
to thirty lessons. But the children were' practicing many skills durj-ng 
this time, having to do with understanding the properties of the 
relationships of ^quantities to^ wUich they had been introduced in the 
preceding topics, and they wfere perfecting the "techniques" of working 



with complex formulas (Figi/res 10 and 11 show pages from tests taken" 
By first-graders from Moscow and Torzhok, involving setting up and 
solving elementary equations)* 

The results of the work on this complicated topic can best be 
seen in tl>e way pupils performed on special tests and problems they 
did on their own* Table 3 gives the relevant data for a first-grade 
class in Moscow (G. G. Mikulina, teacher), indicating the results 
on' problems having to do with the following basic stages of wdrk: 
making up equations (piVjblema of the type: A > B, A = B x), 
s5iving equations (x = i^' - B) , substituting the value of x (A = B + 
£a - b]), moving from equality to inequality (A x = B, A < B) . ■ 
The texts of the tests ^ire not being quoted since the problems on them 
are simply variants of the ones shown above. The table contains data 



Figure 10. Test (Dec. 10, ^ * Figtite II. —-- Test (Jan.^ 26> 
1963) taken by Moscow first'- 1963) taken By Vova. X.^ a 

grade pupil Misha "f irs,trgi:ader *at TorzhoH- ' , 

for only certain 'tests X* only letter fbnnulas were4used in solving 
all of these problems. (It is helpful to indicate the dates on wh^ch 
the children first began to do work of this sdrt on their ovtj. They 
begai^ to cake up equations on October 2X, 1963, to solve th^ on 
November 10, to substitute on ^November 16. |^d to find inequality on 
November 4,) ^ ' . v' ' 

From the data 4n Table 4, it is evident: ^hai* a- substantial nutaber| 
of the childreii were able to make up equations without mistakes from ^ 
the time they began work on Topic V. In the concluding les'soas there) 




were very few mistakes (4%), e-ven on thp especially difficult tests ,7 
(such ^s tjie one on December 10). Solving the equations and determining 
*the value of x also proceeded satisfactorily from the very.beginninj^ 
(7% error on' the first t^st, and 4.^ on the final one). Nearly a 1^^ 
children (35 out of 38)' were abXe to find x without any mistakes ' 
(see the December 10 test) . 

.On the whole the children learned how to move to inequality 
(although a small number of children made persistent mistakes). 
But substituting the value of x into the. formula for the equation 
caused the greatest difficulty. Only ten out of thirty-nine pupils 
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^'solved the one substitution problem they were given 'on the , November 
20 test (that Is, four lessons aft/er they had begifn to work qn it).** 
The .perf prmance improved in subsequent days, but-^even so* almost half, 
the pupils were unable to learn how to do' tills s;fbstitutlq(|| Thlg'' ^ * 
difficulty seems strange ^t flrat glance, &ince on the surface 
substituti-cn appears*to be "mechanical" work.. -But the explanation ' 
became much clearer when the errors children made ^^|^^ analyzed. 

* • On the December 10 test, twenty-two pupils out of thirty-eight 
solved all foiir substitutions correctly, seven pupils solved only 
three (that is, made one erro six pupils solved two"^ (tliat is, made 
two errors) , and three solved one fand m^de erroYs on three) . Many 
of the errors followed^ a definite pattern, however.* All the chi-ldreu 

could determine x in this (or an analogous) problem: A < C, A + x * C, 

' •■ — i ■ » 

X = C A. But instead of substituting it into the approi!>riate place • 
in the equation (A + (C - A)* = C) they would write: C - (C - A) - A, 
or A = C - (C 5- A) . ^JJliere were i^o errors here from the "technical" 
standpoint but the children had not clearly undersftood the real meaning 
of substitution* That is, the replacement of an unknown' with a known. 
Tliey used this "known" in order to obtain a new equalitj)^ right away, 
without X. * 

Analysis of these and similar errors indicates the need for 
special work to familiarize children with certain formal aspects of ^ 
working with mathematical syiiibols. In general, however, the data, 
cited, in Table 3 supplies evidence for assuming that in principle the 

material in Topic V is understandable to f irst-grade*rs and^that they ^ 

52 - 

are capable of learning it. 

Jn somie of the experimental classes (G.. G. Mikulina^s class, in 
particular) the work on equations was continued ♦ The children were 
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. During 1962-63 T. B, Pustynskaya used our curriculum to teach 
one first-grade class at Torzhok, and among other things she skill- 
fully explained to the children certain formal aspects of substitutiAg 
the value of x in letter formulas* an^ the meaning of this operation* 
Testing indicated that even with the most varied problem requiring 
the substitution of the value of x, the number ol mistakes was very 
small (only two or three pupils mac^e any) * 
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>i;^LE 3 

FREQl/ENCY OF ERRORS ON PROBLEM TYPE^:* TOPIC V 

/ . . 



7 



-Ijlo. of tpsts 
"with — 



No Errots i 
One* Error 
Two Errors 
Three Errors 
Foixr Errors 



Possible 
^Errors \ 

Actual 
Errors 

Percent 
Errors, * 



No» of Subj 



Making, up Equations - 

3;Qct, 23 [ 6;Nov, 1* I 8;NoV> 13 TAsW. 26 I 4:gec/l^* 



23 
12 
1 



18 
10 

4 
•4 

1 



31 
^ 4 
1 
1 

'1 



38 , 



32 



y)8' 


222 


^304 


156 


152 


228 


78 


195 * 


15i 


. 14 


34 




2 


6 


■16 


13 ' 


. . 6 


7 


13.0" 


13.5 " • 


4.3 


' 1.3 


4.0*. 


• 7.0 


16.7. ' 


" 3.1 


' 4.6 



36 



37 



3S 



39 



38 



Solving Equations, 

6;Nov. 13 I 2;Nov. 19 I 5;Nov, 30 t 4;Dcie. 10*" 



2S 
' 1 
1 
1 
1 



2 
2 
1 
1 



36.; 
1 
1 
1 



38 



39 



39 



35 
1 
1 
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. TAB^ 3 (Continued) 
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FSEQUENCY 01" IHRORS ON PROBLEM TXPESy TOPIC V ' 



No. of teats 
with — 



No Errors 
One Error , 
Two Errors. - 
Three Errors 
Four Errprs 



• ' Substituting • ■ 

iVNov. 2Cyf 2:Nov. 22 I 2;NoV. -23 1 4;Dec. 16^ 



Problem type 

■ ~ Mctytng to ^ 

. ' Inequality . 

SiNov. 4 ] 2;Nov. 7 j 4;Nov> 19 I 



10 
29 



24 
» ' 10 . 

. 4 



18 

12 
8 



r 



,22* 
■ 7 
•6 
3' 



Errors 
Actual 
'Errors* . 
Percent 

Errors 



1^. of Subj 



39 




76 


' \52 


. 29 


18 * 


28 


/28 


74.4 


23.7 


36.8 ^ 


18^ 


,/ ' 








39 


38 


38 


38 



23 . 
14 - 
"l 



30 
^ 1 
• 6 



' 28 
6 

. 3 



19Q 
16 
8.4 



. 74 

13 • 
17.6 • 



148 
12' 
8.1 



38 



37 



37 



*tests of greater dlf f Iculty-,^ Including forms of problems which the 
children did not expect, aref marked with a 

**3:0ct.' 23 means 3 problems, te^st administered October 23. 
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introduced to equations of the'' type: ^ - A « B and x -h A = C 
(their sdluti6n,was based on the following statements: If x'- A = B, 
. then X > B by A, Thus x « B -f A) . ^ / ^ . y . , / 

Jn the course of this work tl^e teacher woitld ^opus on having the ' 
children structure detailed ^atemenJis. rand train tjiem* not \o be afraid 
of making mistakes (at first)? The meaning of each fonnuia (with 
varying letters), w^s discussed -and ;*wei^ed*] carefully arid uuhurrikdly. 
fin a>.test'on December 27', 1963, the childran in'G. G. >tLltullna*s 
^cldss were given these four formulas, along with ^so^e others: ^ 7'. *. 
X H-t^C E, X - H » K,* S i X -H A, and » x - R (they knew certain 
letters of ttte Latin -alphabet By this time). ^ 

The method of solving the^e and several other equations is fehown 
in Figure 12._ .Tlie results*' are as follows: IVenty-six pupils out' of 
thirty-nine made no errors in solving the four equations mentioned; 
eight pupils, missed one equation, two missed two^ equations, two others 
missed thi;ee, and just one missed them all. The total number of ' 
correct answers possible was 156, and 22' of them, or 14%, were misse^. 
We believe that these ^sults are not tad at all, for such difficult 
problems « , *v . ' * ^ 

/)>B L</i u ■ - 



/>1<X 



Figure 12, ~ Test (Dec. 27, 1963) 
taken by Moscow f lrst--grader Masha 



^derstandably , the following question may be asked: Just how 
worthwhile is It to work on elementary equations and to solve them 
in this form? Usually, of course, they are solved by transferring 
letters from one part of the equation to the other and changing the 
^ign to its opposite (the further issue of negative quantities comes 



\ 
\ 



19^ 



^up here as veil)* It certainly. Is not maintained that the apptoachf 
spelled out above the^ only one^ossible or thkt its value has teen 
-completely proven from the methc^o logical, standpoint, » a matter which 
need^ further discussion and testing. Another matter, however, is 
particularly important to emph^ize. From a psychological standpoint, 
^ instruction by the experimental curriculum has revealed potentialities 

* in the sey|n-y ear-old child fqr analyzing father abstract relation- 

- ships w\iich traditional child psycho^^ogy has nev^ clearly not^. ' 
In* their work with the^iuj^lse^ letter formulas, the children showed 
J^hat tfeey have a- lively, ta^te for reasoning ,' making mental comparisons , 
and giving a logical appraisal of various if^lationships / The designers 
-of acad*emic subjects, fice the task of ' satisfying this ^awak^ed irfCerest^ 
the primai:y schoolchildren hav^ sho\hi. \ , ' 

At the same tim'fe, introduction to equations wri^en with . ' 
letters is important to the development of the firs t-^grader*s skills 
.at making mathematical models and describing actual physical quantities 
and the changes in them. T^is, our experience shows, is quite essential 

to all subsequent mathlmati^cs instruction, especially the solut3.on of 

^ 53 
so-called word problems which have letters as data* 

Topic VI — (addition ^Adjfcubtraction of equalities an d inequal- 

ities: substitutions). In tTu.s topic much of the information the 

children had acquired earlier about the properties j of relationships 

was synthesized. In assigning th^ children problems dealing with 

the addition or subtraction of equalities or inequalities, the teacher 

' d*d not try to give the children formal rules^^which , after all, are 

provided in the systematic school algebra course. What was important 

^ was iloy^inqjjlcate in the pupils the ability to use elementary reasoning , 

^ baited on the' properties of relationship^ , and the ability to approach 

* €^lementary( formulas from the standpoint of their meaning rather than 
. of a supecjficfal conibinatlon of some of their characteristics. 
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^ As noted above (see p. 130), one of the most Important proper- 
ties of quantities manifests itself when even the simplest equation 
^s belne set tm: For any a > b there is alwavB a Hpflp-ftp nuantity 
c such that b c a (see Kolmogorov's axioms [l2:^340]). 
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• Thus/ in working on Topic VI ^ the children sJlyed problenis of 
the following type (there were many 'specif ip variarftB hgte) ^ • 
A-B \ ^ aB > C ^'^Z^^ 

K > M . N - D / ■ c M' < , 



B±N...C±*D E4-M,.,B-fG . . * 
After performing a number of exercises ''<|esignad to acquaint them 
with' the form of the problems, the children solved these problems ' 
quite successfully on the whoCLe (they shewed paf ticular interest in 
them since th^ require(S^work not yet; ^ "sanctioned"- by the rules*). 

Finally, a certain^mnount of time in Topic VI was spent showing 
the pup1?ii5' how »to replace some value of a quantity by the sum of two, 
three,^ or more* items (B « C; C « A D 4- K; B «.A + D + K)V In a 
series of special exercises the children would "expand" or "contir&ct" ^ 
letter formulas according' to the operations indicated (for instance, 
they were to rewrite the inequality A > B, given the condition that 
A « K -f M -f N) . All this served as good preparation for the subse- 
quent introduction to the commutative and associative properties of 
addition. ^ ' • - ^ 

The basic stages of the first semester's work has been .outlined 
according to. the curriculum we devised, as well as the extent to 
which children have succeeded in learning it. Since we believe that 

t 

the curriqular material is important for later progress in elementary 
mathematics, it is logical to ask how long children retain this 
knowledge (if they do not, then they cannot build on it subsequently) » 

An answer to this question is provided by the insults of 
special tests administered iat the end of the year and at the beginning 
of the second grade. On May 28, 1962, for instance, the following 
test, consistirjg of twelve problems covering much of what had been 
studied during the year, wa^ given to a first-grade class at Tula. 
(M. A. Bol'shakov, teacher): 



In another article [3] we have given data about\:he .performance 
of three classes of first-graders (in Moscow, Tula', and Mednoe) on 
a complicated* series of test problems given at the end of February, 
1962. 
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^ -i. .A 0 , A, A > B 3.-- M » D '4. M-D 

. « B M ... > D- M + G 



'1. A < B 




2. 


A ..." B 




A 


5. A-x- 


B 




^ • • 


B 




X . , 


» • 




8. ' A - R , 






A Hi^ E ... A 




E 



6. A + x- M . 7..A-B-X 



X«...'* a..,"b 



c 



\ 



4 



9. A ^ C 10." 31 + E - D + E 

A - .K ... C ' "'.M'. ... D » 



\^ll.^A>B:h K ,12. JC * M J ■ ^ ' ^ . 

A . . . B K - A . . . M + A. 

TWe results achieved by the tttirty-four pupils are presented^ in • 
Table 4. The most difficult problem turned out to be No. 6^ in. which 
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TABLE 4 



NUMBER OF PUPILS (OUT OF 34) MAKING NO 
ERRORS ON EACH PROBLEK 



Problem 1 2 3 4. 5 6 7.8 9 10 11 12 

. , 2 . . . '■ ^ ' 

Number of pupils 32 34 • 33 34 30 25 31 34 32 31 32 31 
, ■ i£ 

the children were to find x without being given tt^e relationship betw^n 
the known quantities in expanded form beforehan4 (nine out of the thirty- 
four pupils missed it). Because problems 5 and 7 were written in » 
Expanded form and were solved with more success, it may be assumed that 
some of the children had not learned to mentally evaluate the relation- 
ship between quantities within an equation (it was noted on page 190^ , 
the role this ability plays) . 

Many of the problems .were solved correctly by the majority of 
the pupils. Only twenty-nine (or 7%) were missed out of the total 
400. Twenty of the pupils ^de no errors on any pi'oblems; eight 
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misused only one; th?ee mi&ped two or, three, and three others .missed * 

ur or f iv^^^of^ the twelve problems • The general results on tjhis ♦ ... 
tes*t show that ^ the majority of the pupils did successful wprk dur].ng 
the first semester and learned the material quite well.^ • 

When the instructional results were outlined, we w'i^t into^ 
detail about the work done in G» G* -Mlkulina^s first-^rade clasB ' / . I 



I 



Ttie majority of the pupils were able to §olve problems 1 and 2, 
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during' 1963-64. To^give a more complete picture^it is useful t0, 

supnarize the results on a complicated tes^t which the pupils of that 

class took at the vary beginnj-ng-of • th^r ^^cond year (on Septemlier 

12, 1964). The following probleps were given: w ' \ 

b-c>.k + w.';a/-b^-fc*d-m a + m «/b* 

• . 1 . . . • « ... 3 . . . . < ... d < fc^. 

2 . . . . * . . . , 4 • . . , <= ... 5 . (a + m) - d • • • b - k 

■A 

5+2=7 ' ■ 10 = 10 20-20 

6. 5 + 2- a = 7.*..7. 10-2-2-10... 8. 20 ...=»20+b 

On the surface these problems appear different from the ones the 

children had been working on in the first grade (they had not, worked 

with such "complicated" formulas before). Problems 6-8 required 

an understanding of the basic properties of quantities presented 

as .^umbers. The results achieved on this test by the thirt:}r-seven 

pupils* are given in Table 5* i- > 

# . 

r 

TABLE 5 

i 

NUMBER OF PUPILS. (OUT OF 37) MAKING NO 
ERRORS ON EAai PROBLEM 



J Problem 


1 2' 

V 


3 


4 


5 


6 7 


8 


Number of pupils 


35 32 


34 


29 


29 


37 • 35 





traditional teaching. 
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Nearly all solv6cf Pt|flfca 3 as' well; (it,neces8it;ated inbcea^ing - ^ 

the right side or decr«^sln^ tihe Ijaf t an^ equality )^ - The > 

weakes't perfonwnce v^s on^i^obl^emb ^4 and 5. In* tTle^dfie they had 
to preserve an eqi^lity by incre^&.g t>r% decreasing both .sides the* 
'same amount and in the (5J;her,; tt^ey had to, ^^asp the meaning of a**^ * . • 
• new formula. ' Nearly all children were ^ble to sdlve ^tshe prob- g A 
lams involving the nuifibers. Twenty out of the thirty-seven pupils * 
solved all the problemsv^wlth nd errors; ninfe pupils misled pn^ one '^^ ^ 
problem; six others, missed two* and two missed ti^e or four. An ■ 
example of the correct solution of Problems 1 .-j 4 fdll^w^ (donp by ^ 
Tanya v.) . ' ' . ^ ' . *\ ^ ' * \ ^ ' 

b - c > k + m ' - b 4- c » ^7 m h 

1. b--c»5(k + m)-f"x' "3. (a.^b'fcy-z<d-m \ 
'2, (b - c) - X - k -f m 4. (a - b -f cT - z * (d - m) - z - 

Out of 296 ppssibia errors there were 28, or leks than 10%/ * 

If we take into consideration that tjks test was giv^sv unannounced g 

after the suimner vacation, and that^ it included complicated fo.rmulas, 

we may say that in general the results on it are^ satisfactory . Tl^ey 

show that many children in the first grade had gained a thorough 

understanding of the fundamod'tals of moving from equality to inequality 

t 

and back and could apply these wheti working with either letters or 
numbers. By following the experimental curriculum the teachers were* 
thus developing in the children a sound knowledge of the basic 
properties of quantities and the operations or; them. 

What are the prosp*ects for making use of this particular, kppwl-- 
edge? They are threefold. First, once children understand the basic 
characteristics of ^equality anA inequality and the ways of moving from 
oj^e to 'the other ^ their work with numbers can be focused not only on 
the "pure" technique of calculations but^also on the structfural 
. relationships which regulate these calculations. In particular, 
it becomes possible for them to feea more clearly the unijty of addition 
and subtraction (and subsequently > that of multiplication and division) 
and^ow a change in the result of operations depends on a change in 
the component parts. In other words , there is another^ more fruitful 
approach to the study of operations on numbers than that foiind in^ 



Second^ the work with quantities serves as a suitable b^sis for 
an introduction to numbers, both whole numbers ractions (see 

''above). By putting emphasis on the prppertUes of quantities ; it 
is possil)le to decrease the gap between whole numbers and "fractions, 

-a very Impor^nt step which needs to be t^ken in s ti^ucturing elli^entary 

^ 55 • - $ 

mathematics as an academic 'subject • * / 

Thirds from the very b^inning working with quantities and ab~ 
stracti^ng their properties has to. do with letter ^ symbolg^ through 
which the child can begin to examine particular relationships among'^ 
objects^ a matter o£ no small^ importance for all subsequent progress . 
in'* the- acadeijiic suo^ject of mathematics. , ' ' . , 

In our view, the ^c^intSr enumerated, are justification enough ^. . .^a* 
for including a special prenumeric,al section in the elementary < 
tQ^hemat;lcs courstf^'and they, suggest ra'e merits of such a section • 
By acquainting the child with the basic properties of quantities, this 
section lays the foundation for the subsequent detailed introduction 
of whq^e numbers and then for a "smooth" transition to rea^numbe:^, 
anJ>Lt makes it possible to "soften" the sharp opposition teaching" 
traditionally sets up between these types of numbers, and thereby 
to algebraize the regular elementary school mathematics course. 

The materials cited above show that there is npthing about the 
intellectual capabilities of primary schoolchildren to hinder the 
algeb-raizatlon of elementary m^hematics * In fact, such an approach 
helps to bring out and to increase these very capabilities children 
have , for learning mathematics. 

^ Data has been ga^fc^^ered which describfes individuai differences 
in pupils* r^ponse to the SKperimental^ curriculum.^ Since we will 
not have an opportunity to spell them out in this book, we shall mention 



In one experimental third-grade class in Moscow, fractions were » 
introduced at the end of 1964--65, based orT the measurement of quantities < 
The pupils were successful in learning thin matef^lal, and there is 
reason to believe that it could be presented at the beginning of the 
third grade or even at the end of the second. This research, which 
was carried out In our laboratory by the Yugoslav psychologist 
Cvetkovld, shed some light on the psychology of introducing children 
to quantities and whole numbers as viewed from the standpoint of the 
subsequtent introduction of fractions. 
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^f^^:>Q9sky thkt even with these differences, the majority of the pupils 
in each class mastered the curricul^r material quite satisfatftortly 
(with many getting A's or B's). ^ At the same time there were two or 
three pilpils in each class who needed supplementary work and who had 
difficulty with parts of the curriculum (many teachers face a comparable 
situafion when they teacft* by the regular curriculum). We should also 

# mention that the work described above, did not overload the pupils at 
* all, since it wasrt aimed at finding and developing their intellectual 

. potential rather xhan at increasing the difficulty of the material in 
a purely mechanical way, something we conside:?: unacceptable in exper- 
imental work o/ our type. 

All of this permits ute to assert with some assurance that there 
is an inherent connection betv;een the material to be I'earned and the 
iatellectual capabilities for learning it. The key problem in sTetting 
up an academic subject, in fact, appears^to consist in groping for 
this connection and providing teaching material which will bring on^ 
consolidate and develop intellectual capabilities (these '^capabllicies" 
themselves are gradually transformed into mental **ability,*' in the ^ 
broad sense of the word) . , 

' in our experimental research we have isolated the fol3^owing 
. (but not the only) character :^.^E&c neatures of an academic subject which 
succeeds in doing this. A large part of it is given over to intro- 
ductnR the child to the realm of material objects^which will serve as 
^ .the^.^a8ii^^ relevant concepts. The cljild ha§' to learn how to 

ppg^Qt:e in this realm before he can make the transition to 
fledged coucepta. ^Special analysis is needed to determine the range 
of properties^pf the objects, as well, as the operations th%:''^ild needs 
to learn. For instance, by solving special problems of matchBCn^ and 
assembling ancf then of comparing, the child learns how to isplate 
specific relationships' among objects which can be converted into a 
quantity ;r 

An important role— in this process of isolating relationships be- 
.longs to inte rmediate means of depicting- and describing the results 

* : — ~ ' 

•of .t^jerations on objects. Fully formed concepts Sometimes show no 
trace of these means, which are significant in that they make it 

. . 203 



ERIC 



.possible to model the properties of objects in the form of to o^peration 
to be performed. Whe$i this . operation is eliminated, there is no further 
need for these intermediate means of description. Now it is as if 
the concept itself and the symbolic m^ns of expressing it refer 
directly to the properties of the object. Intermediate means of 
description are of decisive importance to the academic subject sinte 
they serve as the intermediary between an object and some property of 
it reflected in a concept, experimental curriculiim was successful 

l^ecau^e just such means (as "Copied" and "abstract" sketches to help 
isolat^ relationships Involving comparisons) happened to be discovered 
and iqpde a part of the teaching process. 

This academic subject possesses still another characteristic 
feature. By teaching the child to work with visual aids it gives 
him an understanding of the general features an object has which may 
be seen in these ai^s and may be studied lat'er. These genera^, features, 
as i^were, are an indicator of the specific form new, knowledge will 
subsequently take. Thus, when we delineated the field of scalar 
^quantities we thereby outlined in prospect a whole cluster of specific • 
mathematical discipline^ grouped .around the concept of real number. 

Succeeding in nuking the particular visible through the general 
is a characteristic • feature of the kAnd of academic subject which 
awakens and develops the child *s ability to think theoretically at 
the very time when he is studying it. 
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DEVELOPING THE CONCEPT OF NWIBES! BY MEANS 

OF^'tHE RELATIONSHIP OF QUANTITIES* 

\ 

G. I. Mlnskaya 

The concept of positive whole numbers is ba^ic to the entire 
study of arithmetic in the primary grades, Wl4:h a grasp of this / . 
concept and of certain properties of the decimal* systeia, children 
can learn how to add, to subtract, to multiply, and to divide numbers 
in the course of four years, *Ways ^f introducing the concept of whole 
number and counting in the f ir^t grade have been worked out In^^fei^t 
detail in the methodology of teaching arithmetic/ sAiere is an ex- 
tensive bibliography on the psychology of developing the initial 
concept of whole number , and elementary counting skills. It would 
appear that this part of the curriculum and the methods involved 
have been firmly established. For -several "decades they have remained 
essentially unchanged. Examples are found in the first-grade text- 
book by A. S. Pchelko and g!' B. Polyak [8], knd in the corresponding 
methods manual by Pchelko [7], , Methodological research hks been 
focuse(^ mainly on improving particular wayg of presenting the estab- 
lished curricular material. 

But recent psychological st;udies> both here and abroad, have , 
cast doubts on the accepted content of the Initial sections of t^^ 
arithmetic course and have outlined new approaches to introducing 
the concept of number into the course. Certain studies (such as 
those by P. Ya. Gal 'per in and S. Geoirgiev [5], and by V. V. Davydov 



*From Learning Capacity and Age Level : Primary Grades , edited 
by D. B. El*konfn and V. V. Davydov, Moscow, Prosveshchenie, 1966, 
pp. 190-235. Translated by Anne Blgelow. 
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[1]), have concentrated on children' who were taught counting and 
ntiinber using the customary curriculum and methods (in kindergarten 
and in schoc^l) and have sought to determine what attribute these 
children focus on when counting a ^series of objects. It ha^ been 
found that for many children this attribute is what makes an object 
distinct in space and time from the others in the particular aggre- 
gate • 'The children, even though they were quite capable of counting 
out separate objects and had a clear ^^notion*' of each number (up 
to ten or fifteen, usually), either were completely incapable -of ■ 
co&nting at all or 'else made gross errors as soon as a problem 
required them to count out objects on some other basis than by the 
separate elements of an aggregate. * 

When .the "breakdown** of this previo.usly established operation 
was analyzed psychplogicially , it was found that the children identify 
. a set o^ units, such as tlie elements of a series of numerals, with 
the parts of a very real aggregrate. The children make no distinc- ^ 
tion between what is being counted and the particular means by which 
the results are represented, that is, the standard set of separate 
unita. They identify the unit with the separate elements of the set 
being counted. Thus, if they are given a set of blocks and asked 
how many there are,, their only answer will be ^*six," because they 
mentally ''natrow down'' the question, interpreting 'it on the basis of 
•J^ the Visibly separate blocks given, and find that there are ^^six*' 
such "units." 

It can readily be seen that a child will- "narrow down" the^ question 
and respond this way only if he already identifies the unit (the 
numeral "one") with a separate element (the block) of the aggregat^. 
Her^ the numeral becomes Just a new name for this separate object^ 
In principle, however, a collection of blocks can in itself be 
/defined by varibus numbers, 'depending on the base used for counting 
(the measure that is selected), which may or may not coincide with 
the "individual" block. In Figure 1, if "the rectangle" is selected 
as the base then the collection of blocks is defined by the number "1." 
It may be also defined by the number "2" (the number of horizontal rows). 
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■ * Fig,ure 1. — Tlie possibility of using vari- 

ous numbers to describe one group of objects 
(depending on the base for counting) . * 

or the number "3" (the number of vertical rows). The collection is 

defined here as a certain aggregate of units (1^ 2, 3, or 6), These 

units designate the relationship betweenphat Is counted and what 

base (or measure) was established in advaSte and, taken separately, - 

are a special kind of model of the relationship.' But the units do . 

not merge with the actual, physically distittct "objects of the thing 

being counted which is the reason any collection of 'elements can be 

desigfnated as the individual ' unit (to be called ''one^^ if a "f ractional^^ 

measure is taken as the base for counting. ^ • 

When the mental operation of counting (see [23) is fully devel- 
oped> the person needs no special detailed instructions to be able 
to distinguish, b^ himself , what base for counting is needed ("needed" 
according' to the conditions of the practical problem), to use this 
base, and to find the relationship between it and what is being counted 
without any particular conspious effort. If he can c^an^e the base 
for counting rapidly and ffeely, and can keep in mind the interrelations 
among the object, the measur^, and the number, "h^ has a grasp of the 
actual form of number as a special ^means for modeling the relationships 
among concrete physical objects. 

Unfortunately, as we mentioned earlier, there are many first- 
gradars who do n*^,t have a grasp of this form* The fault lies, to a 
great extent, with the accepted arithmetic curriculum and teaching 
methods, which dp not take into account the actual psjychological 
mechanism of counting as a mental operation or the conditions in which 
it can develop fully. With these methods, children do not learn to 
distinguish what is being counted, the base for counting, and the 
mea ns for representing the relationship between them. Thus their 
notion of counting is defective, since it lacks precise points of 



FRir * ^ 



reference fpr a flexible change in th«^ Isia'se as well as for under- 
standing that the number obtained depends on' this changeable base 
for counting* ^ a 

It is well known that according to the\\^ual methodology, 
learning how to count (up to ten) includes? 



Luaes; ^ « 

(1) knowing the names of the first/^n nu^^er^ and 'their order; 

(2) understanding that when*one counts an a^^^^at;,e, th^ last 
numeral named tells how man y objects there are altO]^et:I;^er in that / 
aggregate; ' ^ ^ ? • 

(3) knowing the place of each nvimber in the natuif^l series; and 

(4) having a notion of the magnitude of the aggregate designated 
by a number [7:l43li. 

^ Let us examine the most striking items in this list, item 

2, the child must understand * that the nimieral he Has obtained ^esig-- 

nates the number of objects in the particular aggregate.' In itim 4 , 

this fact is further emphasized. The child must have a notion of the" 

magnitude of. the aggregate designated by (the particular number (and * , 

''particular" is emphasized). Thus, to say that a ch^ld knows the 

nimiber ''five*' means that he has to be able to picture the appropriate 

"magnitude** of an aggregate. *Here again the emphasis is pla'ced on 

the' idea that number is an immediate ^characteristic of an aggregate, 

a direct, visual property of it. 

This methodological requirement can be seen most plainly in the 

following example* As a part of their study of the numbers up to 100, 

if 

'children may tie up 100 real matches in a bundle which, if done, 

* 

apparently gives the child a 'Visual** notion of the magnitude of the 
number *^100" (see [8:133],). . * 

Number is understood here as a direct abstraction of a certain 
immediate property of an aggregate, the "volume," so to speak; the 
quantity of individual elements' constituting it. Clearly, the means 
by which such an abstraction is ac^hleved, according to the require- 
ments of the classical sensationalist -theory of jabs traction, should 
be tb compare many aggregates by the "volume^^f elements in them. 
That is, if an individual distinguishes what is common , or identical . 



in the aggregates, then that is his "abstract" notion of the number 
of individual elements • This is exactly how the textbook says to 
assign a number to an aggregate, from the very "Start. Thus, a group 
of boys will compared with a group of bicycle wheels, a group of 
sticks, and a group of dots* What can the^e aggregates^ so different 
in nature, have in common — ^ what can be identical about them? 
NothlAg, except the number of individual abstract elements which go 
to make them up ("two" in this case) . It characteriz>es the immediate 
property of "magnitude" possessed by all these aggregates.. 

The children are similarly introduced to all the numbers up tq 
ten. In every case, the number emerges as the abstract definition of 
the "magnitude" of an aggregafle, which they f d,nd by comparing 'its 
individual elements, its units, with the 'toits of other aggregates. 

What results from this curriculum and its teaching methods is 
that many first-graders who are "good" at counting (by^ the ordinary 
standards) still identify a number (a set of units) with an actual 
aggregate. They make no distinction between what they are counting 
and the method of recording the result, are unable to choose 
'bases for counting and are unable to go freely Vrom one to another — 
they do not understand that number depends on the base which is chosen. 
As a result these children do not acquire a full-fledged concept of 
number, and this has a negative effect on all their subsequent study 
of arithmetic. It has been observed in particular that such children 
have difficulty niastering operations on concrete numbers and Under- 
standing the Connection between whole numbers and fractions. . 

Tlie traditional approach to introducing children to numbers has 
even more serious negative conseque^ices . ^ In particular^ we /believe 
that such negative consequences include the defects in the traditional 
introduction of numbers that A. N. Kolmogorov has noted. (He was 
referring direc^:ly to shortcomings in the introduction to the concept 



This theory of abstraction was worked out most consistently at 
one time by German methodologists (Grube and Lai) . Tlie so-called 
"numerical figures" we have In our textbooks are an echo of this theory 
and the methodcrloglcal approach associated with it. 
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^^ . ^ ,^1 number , but as we see it, these shortcomings are deeply rooted 
in the childjs introduction to positive whole numbers) : 



. To see that the generally accepted system [of 
•introducing number] is pedagogically defective, one 
needs only to observe t^e dif f iculties-* pupils have 
when they learn that the meaning of geometric and 
. .physical formulas ife independent of the units of , ' ^ 

measurement chosen and when they study the concept 
of "dimensionality" in these formulas- (from Kolmo- 
gorov's preface to H. LeBesgue^s book, The Measure- * 
ment of Quantities t 2nd ed., Moscow, Uchpedgiz, 1960, 
• p. 10) . ' • 

A natural question comes to mind: ' Might it be possible — ex- 
perimentally, at thif point '— to develcfp in fifst-graders a concept 

of number which would serve as a full-fledged b^asis for the mental 

* 2 

operatiou of counting? In 1962-63, A. P. Putllina, a' first-grade 

teacher at School No. 11 in Tula, attempted t;o do this in a study^ 

under our supervision. The mathematics teaching in this class followed 

a special experimefxtal curriculum. The children spent the entire 

first semester prior to the introduction of, number becoming acquainted 

with basic quantities (such as length, volume, and weight) and with . 

methods of comparing them and recording the results in letter formulas 

of equality and inequality . They were ihtroduc^ to^the basic pro-^ 

perties of equality and inequality, and the conditions in which it is 

3 

possible to go from equality to inequality and bac;k« And only during 

th^ second semester were they introduced to number* In this section 

the introduction .p.f number is described according to the experimental 

4 

curriculum and the results of the experimental teaching are given. 



2 

In previous years P. Ya. Gal^perin and L» S. Georgiev carried 
out experiment^ in kindergartens for the same purpose, [5]. 

3 ^ ' 

The theoT^tical Justification for this approach to structuring 

the course, as well as some ^results of the feachlng done by the exper-^ 
imental curriculum, arc spelled out in articles' by V. V. Davydov [3] 
and T» A. Frolova [4] (see also section two of this chapter [the pre- 
ceding article'M.n this volume (Ed.)})* 

4 

In her teaching, E. S. Orlova has experimented with a comparable 
way of introducing number which differs only in that it includes no 
detailed advance introduction to the properties of equality and in- 
equality of quantities. 
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Even before academic work was begun in the first grade (and th^n 
as the work progressed, but with no special instruction), the pupils* 
knowledge of counting was tested* It was found that many children 
were in fact familiar with the numerals from one to ten and were . 
able to say them in order, an^ some were even able to say them back- 
wards • Many- were aware of the possibility of using nuiugrals to count 
.objects, and did so when directly given a small group of objects 
(from four to seven) to count. At the same time many had at' poor grasp 
of the relations between numbers — '^Whic^i is less, five or nine?** 
they would ask. This^ was particularly true when the numbers were greater 
than ten (sixteen ox eighteen? nineteen or fifteen?). It should be 
mentioned that before beginning the sections of the Experimental 
curriculum which had to do with counting, all of the pupils had learned 
"naturally'' the names of th^ numbers frqm 9ne to twelve oi* fifteen, 
and even beyond. , ^ ' - 

The section of the curriculum pertaining to number was divided 
into a seriim|f topics. We should mention that since o^r .approach 
to introducing number was based on teaching the cl^lJLdre^ to find the 
relationship betwee.n^ an pj^ject (a quantity) as a whole and some part 
of it (the measure), in a certain sense Tmmber and counting was 
introduced oi^^the basis of the ureasurementXof quantities. Actually, 
however, this was not measurement in the prefci^e sense, for the latter 
assuines ^ fixed unit of measurement (which we^did not have at first) 
and as a rule .^fers only to continuous objects (whereas the children 
were taught to look for this relationship In discontinuous objects 
as well) . Tlie relationship between counting and measurement is not 
analyzed here, but -throughout the description that follows (as in the 
actual teaching process) , we have found it convenient to use the terms 
''object being measured" and 'Wasuxe'* ^to designate objects and oper- 
ations in the experimental curriculum. 

In describing the^instruction process and its basic stages, we 
shaffl not go into an analysis of its foundation^. Davydov has dis- 
cussed in detail the structure of counting and its relationship to 
number in a study [1] to which we refer the reader. Our experimental 
curriculum is the practical outcome of that theoretical analysis^ 
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the end of January \n the second semester of 1962-63, the 
pupils in the experimental class began their study of ^he^ following 
topics: 

1. Solving problems that required a determination of the relation- 
ship between a quantity (the object being measured) and a measure; 
learning the spedial operation needed for finding th^p relationship 
(including workiifgv-.5^h^ the measure and learning the rules for desig- 
nating tjie results), and depicting the^ relationship as a standard 

set of physical units . ^» 

2. Using the names jof the numerals to designee the results 
of counting. ^ I 

The first topic was somewhat unusual. Its purpose wgs to convey 
to the pupil the necessity for using numerals as special mathematical/ 
"tools/' In the first lesson the children were given the problem of 
selecting a piece of wood, from several in tlie corridor, that would 
be the same length as a certain model. The problem had one condition. 
They could not take >the model with them! Wliat were they to do? 

Another problem they were given was to pour the same amount of 
water' into one *jar as was in another jar (the jars differed in shape 
and diameter, so it was impossible to judge^ by the i^ater level whether 
the volume was equal) . How could they do it? 

After facing a number of^ such situations, the children began to 
realize that matching was possible not only in a direct way (by holding 
up a model against th^^object, in a comparison by some attribute), 
but also in an Indirect way . ^ Through leading questions the teacher 
helped the pupils to disci^ver the basic requirement for doing this — 
choosing a particular measfre with^which to do the matching indirectly. 

The children learned to draw a little block each time they applied 
the measure. The result would be small groups of blocks, and the 
children^'found that with these they could now pick out ''the same size'* 
stick from those in the corri'dor, or they could pour In '>the same 
amount" of water. They rapidly mastered the technique of measuring by 
^using the results of a previous measurement (that is, by using an 
aggregate of blocks) . . - ' • 
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It took only two lessons to master this topic • The teacher did 

' «» 

not attempt to jteach the children all the rules for using a measure 

» 

right away, of course. The "fine-joints*^ of the technique same at 
later lessons. But 'even at this point the children learned that the 
block was to be applied only when the measure would completely fit onto 
the model (or material) or could be completely filled witK water (when 
this is What they are using) , Otherwise the remainder was not to be 
counted. - ^ 

The teacher constantly emphasized the necessity for using the 
blocks ,to designate the results of measuring (the results of the 
search for the relationship, that is). The children all understood 
the purpose well. Some used other objects instead of blacks, since 
the teacher had called th&lr attention to the possibility of "substi- 
tution," Any indlvl'dual ob j ec ts could be used here to depict the 
res4ilts of measurement. 

Using a series of problems, the teache?" then showed that it was 
also ^oslible to choose any measure (within the limits of practical- 
convenience). However, once a particular measure had been chosen, 
the subsequent work (of taking the measurement and measuring off the 
matching object) could be done only with it. This topic was aimed 

primarily at teaching the children from the very start to make a clear 

* * * « 

distinction among the object being measured, the measure, and the 

means used to designate the relationship between^them. A set of physical 

units was the "embodiment" of these means, and the teacher made a 

special point of mentioning this at the very beginning'. He woul<i ask: 

"How many of these measures (he would hold one up) is there room for ^ 

(in the object being measured)?" The children would point to the pile 

of blocks or group of other objects and answer: "This many!" 

During this period the teacher would ask the children to "Measure" 

discontinuous objects (such as a group of blocks or sqpares) , sometimes 

with a compound measure (consisting of tw^ blocks, for instance). lu . 

this case it was still necessary to mark off 'the individual block 

when applying the compound itieasure to the object. The aggregate of 

^dividual blocks (units) expressed the relationship between the group 
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I i^l^^^i L_i L—i 

^ . . Figure 2. — Using a standard aggregate of 
physical units: 

,(a) the initial object, or model; (b) the 
bases for counting; (c) the results of 
counting — "a standard aggregate; (d) the 
object reproduced according to tha model. . 

of objects and the compound measure. With this aggregate and the 

measure, the children could obtain a new group equal to the first 

• (Figure 2) . The distinction was very clear here between what was 

being "measured,** what was being used to "measure** it, and the 

individual units with which the results were shown. 

The next topic included the replacement of the physical linits 
by the names of the numerals and a more careful study of the relation- 
ship between the measure and the part of the object being measured, 
with the concept of "one^^ then being introduced. 

The justification given for introducing numerals was that "blocks 
as units" are not very convenient (they can get jumbled; sometimes you 
need a greak-io^y of them; you cannot put them In writing if you need 
to give the results of measuring, 'and so on). The teacher showed the 
pupils that the rules for working with measures all remain as before 
except that^ instead of using blocks, one says **times.*' But this way 
we do not know how many **times" the measure has been applied — one 
can say "times*' endlessly, after all (one may see here the distinction 
between the temporal development of units — since the word here is 
"unit" — and the development). These "times** liave to be 

distinguished; ^ne time, ' two times, three times, and so on. Or one 
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does not have to say ''times," but simply one, two, three ^ and vSO on, 

keeping in mind that each word denotes an application of the measure 

to the object. The last word ("seven," for instance) tell* how many ^ 

measures the object will, hold* To solve a matching problem^ one must 

" take this measure again seven times , measuring and saying* the words * . 
in the proper^order until one comes to "seven." 

By performing a series of exercises, the pupils rapidly mastered 
the rules for- using numerals (they had previously teamed tltfe names 
o£ them and th^m|^r in which ^they came) , In some instances the 
teacher would ask them to substitute blocks or sticks for the words, 
so the children would shift back to a physical set of units. This 

' time, though, they were counting, the blocks and sticks (they would 
say "five," for example). Then the teacher would ask new questions. 4 

' "How did you get these blocks? Why did there turn out to be five .of 
them? What do these blocks tell you?" The precise answers would 
follow. ^ 

Special attention", was given to carefully observing th6 rules 
for using pompound measures and for working with discontinuous ob^ 
jects. At one lesson, for instance, sixteen blocks (laid in a row) 
were selected as the object whose length was to be measured. Three 

^ blocks in a row served as the measure. Using this measure, the chil- 
dren obtained the number five and a remainder. They themselves came | 
to the conclusion that a 'separate block should not be counted — "We 
can't say it^s six ~ that wouldn't •be going by the measure." 

Here is an excerpt from^the record of the lesson January 30," 
1963: ^ . s 

Teacher; Take two sticks (each'lO cm. long) and lay them to- 
gether this way on your desk end to en(^ (he shows 
how to do it on the boird, as in Figure 3)^ This 
will be your object to be * ^ 
ineasure'd^ Here is the mea- | | , i -— j "J 
sure (5 cm, long); hold it 
up (he checks to make sure * ^ ' 



everyohg has the right mea- Figure 3. 

* - sure) • Count to yourself t 

the number of these measures the objject will hold. 

Sasha S: Our measure fit four times! 
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Teacher: . Right. Now show.what \p?o out oft the four will be> 
going by our measure* / ^ 

Sasfta B., Lena P., and'Madya M. hold up both sticks, the whole 
object to be measured; the re^ of the pupils do the task 
correctly. ' ^ 

Teacher: Lena, show the children two, going by our measure. 

Lena-P* hastily takes away one of the sticks. ^ 

■ Teacher*. Show th^ hovj you did it to begin with. Is\hat the 
/ right way, children? 



ius^ th^t*s louri 



Tup lis: No! 
Teacher:^ Why is it wrong? 
Natasha P.: Becausj 
Teachers Going by what measure? 

Natasha P.: This one (she holds up the 5cm. --long stick) . 

Teacher: Show us one, going by our measure! 

' 'The pupils grasp the loweif part of the stick in their fists, 
' covering it with the fingers** of their other hands, and hold up 
half the stis;k. 

, Teacher J Now you have the same object to be measured^ but this 
is . £he new, measure to use (10 cm. long)* How many 
times will it fit into this same object you are measurin^g? 
/ ' * , 

Sasha B: I get that it ^11 fit two times. 

Teacher: Wliat about yoUj'^-Olya? 

Olya N: Two times! , 

Teacher: Now do you make sense out of that? First it want four 
times, but now it goes twice. 

Lena P.: The measures^'are different! 

Teacher: What kind of measure did we have the first time? ^ 

, Bupils: A little one! 

Teacher: ^ And how m^y times did it fit? 

Pupils: Four! 
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Teacher; And the second tijae?. 

Pupils J We had a big one! ^ • • 

'Teacher: And how many times did it go? « . 

. * • 

^ -V Pupils: " Tvicel 

One can see from the report that in the learning process, some^ 

.children had **run together" two points of reference • On' the one 

hand, they )had been shown the necessity for especially finding the 

base for counting and for focusing on ^his base as they counted, 

^rather than on the individual objects. On the other hand, these • 

children still gave evidence of focusing on the individual object 

as the thing to be counted. This was apparently a part of the 

child's previous experience. As a rule, however, this orientation 

toward 'the individual object did not persist. UsualloKthe child 

ft 

would correct himself. "Oh, that's wrong! This is what our measure 

is!" Then he would hold the measure up and count by using it as the 

* ■ ■ • 

base. Some relapses continued to occur during the subsequent work 

on counting, however. This indicates that these children hadf some . 

difficulty focusing on whatever base was given and learnin§/to stop . - 

using their farmer method of counting "indi^vidual items." / 

Particular attention was then given to "bringing out" the. meaning 
of the concept of "one." Through special exercises the children were 
shown that an object to be measured may first be broken up into parts, 
each ot which is to be equal to the measure, and then these parts 
counted. Each part will be "one," although it may itself consist of 
smaller elements. ^ The children were shown that the content of "one" 
changes as the measure is changed, and thus thfit the total number of 
parts will be different* . They practiced finding "one" for any. 
measure they were given. 

Here is an excerpt from the record of the lesson February 3, 
1963. As usual, each child had sets of sticks, blocks, and mugs of 
various volumes in front of him. 

Teacher: Put ten blocks next to each other in a row. This 

chain of blocks is our object to* be measured. Hold 
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- this up as your measure (he picks up two blocks) * 
^ How many of these measures are there in this chain? 

Sasha B: Five I 

f 

Teacher: How many do you get, Natasha? . < . . 
r Najtasha K:^ I got five, too* 

Teacher: What is five? * " 

Larisa T: That means tlie chain of blocks holds five of these 
measures of ours I 

Teacher: Show what "one" is, going by bur measure I • 

Some pupils "got stuck"; one girl immediately held up two blocks; 
Vitya held up on^; in four seconds the majority of the children 
«7ere holding up two. 

Teacher: Serezha, show us "one" according to our measure. Work 
carefully and don^t hurry* j 

Serezha P* holds up two blocks. 

Teacher: Would it be right to hold up a single block? 
Pupils: No! 
Teacher: Why?\ ^ 

Andrei: Because it isn't equal to our measure • 

Teacher: Galya, why do we have to hodd up this many blocks? 

Galya: Because we have to show what "one" is, one piece, what 
our measure is. 

Teacher: How many of these Measures did the object we were 
measuring contalit? 

Larisa; Five I 

Teacher: Vitya, what were you supposed to i^pld up? 

' Vitya: One block, 

^ Teacher: "is he right, Olya? ^ 

Olya: ' No^ this is the measure we were supposed to show (she 
holds up two blocks; Vitya also picks up two blocks) 

V 
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Teacher: Now this time this is our chain (five blocks). It 

is the object to be measured. And here is /our measure 

(one block) . How many times wil3^ this measure go *' Kb 

iijto the chain? * / 

.' ' * * ^. 

Nadya: It'll go five times! / 

' . Teacher: Why does it come out that way? First yoii had one kiiui 
of measure, and it went into the chain five times, 
but now you have this other measure and 'it alsQ goes 
^ five times? , . j . 

Slava: .The first time the chain was big and so was the measure, 
but now the chain is little and so is the^ measure! 

Teacher: Now take one from our chain, going by this measure 

(one block) . ^ - 

•Vova hol<J«-up two blocks • 

Teacher: Vova, show everybody what you have. Is he^iight. 
Children? \ ' 

Vova wantsf to take away one of the blocks, but the^eacher*^on' t 
let hdm* ' • 

mm ■ 

Pupils: No I • 
Teacher: Why not? 

Borya: They don^^t equal our measure (Vova takes one block 
. away) . 

Teacher: But why did you hold this up (two blocks) the first 

time I asked wu to show me '*onei** and the second time 
I asked you the same thing and you* held up this many 
(one block)? 

Natasha: First we had a chain and the measure was this many 
blocks — one, one (she holds up two blocks) • 

Teacher: And then what? 

< . ■ 

Yura: We took this kind .of measure (one block). Here is one I 

Teacher:* You see, children, if I don^t know what the measure is,* 
then I can^t say what "one*^ is equal to. / 

Four blocks arranged in a square were also used as a measure at 
this same lesson. The children laid out ^*one^^ by this measure, and 
then "orte*' more by the same measure, yhen asked, '*How many are there 
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altogether?" they answered, **Two," even though visually they perceived 
6lg ht Individual blocks* 

Water was us^ frequently as 
the object to be measured, and com- 

J. 

pound measures — two and three %a4(3£a#r MEASURES 

cups — were chosen (Figure 4) • The . Figure 4. 

children were ^ble to find "one" in either case with no errors • 

Then they were ,given the following task as a test. The object 
was the word '*>Iasha" ^written on the board* First the word was des- 
ignated as the base for counting, then the syllable, and finally the 

letter. All the children accurately answered "one" by the first base, 

5 ^ 
"two" by the second, and '*five" by the third. " 

At tf^e next lesson the children applied various 'measures, "sim- 
ple'' ones and "compound" ones, to a single object. They learned to 
"combine" and "separate" the elements of the object when working with 
measures which did not coincide with these elements • For instance, 
at the teacher *s request they laid out two squares of four blocks ^each 
on their desks. ^ 

Teacher: This is the object to be measured. The measure is a 
. row of blociks (he draws a "pair" of blocks on the 
board; Figure 5a). 



a 



m 
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Figure 5* — Changes in the nmnbGr 
assigned an object as the base for 
counting is changed* 



The children themselves used the word "measure" to designate thes 
bases. We recognig^ that the term is somewhat inadequate here, but we 
are unable 'to provide a more accurate one at . present. 



222 



23 7 



Pupils : 
Teacher-: 

Pupils: 
Teacher : 
Vitya: 
Teacher i 



How many times will our measure fit here? 
Four I ir 

Now with the same object to be measured but a different 
measure (a sipfgle block) . 



Eightl 

Why did you get different numbers? 
Because the measures were different I 

Now add more blocks to the 'objects to be measured , the 
way the drawing shows (Figure 5b)- Here is the measure* 
How many of these measures are there in all your blocks? 

Pupils: One.^,, two*,., three, and then there^s a remainder. 

Sasha- shows how the remainder was obtained. 

' Teacher4 Why are you calling these blocks a remainder, Aough, 
instead of counting them? 

Vitya: Because less than a measure was left; it doefin't equal 
the measure I 

^ Teacher: You already know how to count different objects by • 
different measures now* What do you have* to know, 
what da you have to keep in mind, so as not to make 
a mistake when you are counting? 

Serezha: The measure I i 

^At special lessons exercises were given in which the measure 
was either shown in a drawing (which was then promptly erased) or 
explained orally. Tlie children would have to envision the measure 
as they counted. And since the measure changed from problem to problem, 
each child needed to exercise great care in determining the part of 
the object which was to he designated a& *^one/' Almost all the pupils 
were able to handle these problems without mistakes. Particular 
attention was devoted to counting some '^natural** object by different 
measures. For- instance, using the classroom, the children were to 
count: ''How many pupils are there altogether?'' 'Ilow many boys? 
girls?" How many seats are there (not . all the plaqes were occupied)?." 
"How many ^esks?" *'How many rows?" and so on. The children found 
here that each instance yielded a different number. 
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In nine lessons all the pupils learned to count by whatever base 
was indicated or might arise in a practical situation (the counting 
far exceeded the limits of ten, as a rule) f The pupils w,ere introduced 
to nume-rical form/ and could move freely from one base for counting to 
another, understanding as they did so that the result^ of counting 
depended on^the relationship between the object being counted and the 
base . " . 

The task of the next topid (lasting ten lessons) was to show the 
child, the possibility of working within the numerical series itself,^ 
the general principle behind it, and some principles of movement along 
it. To do this it was necessary to divorce the sequence of numerals ^ 
from the direct counting of specific objects, that is, to give this 
seqiience a logic o^ its own* '^e felt that this could best be done by 
Parting the numerical sequence on a straight line. Tliis work included, 
the following stages; (1) teaching the children how to mark out 
numbers on a straight line; (2) teaching them how to form the 
"succeeding^' or ''preceding'' number for any one given (by the principle 
n ± 1); and (3) teaching them the method of adding and subtracting 
numbers • 

In the first stage, as the children counted different sorts of 
objects, they would obtain numbers. The ^ teacher called their attention 
to the fact that no matter what objects were being counted and no 
matter what measures were used, the numbers one obtained were "identical 
{b here and 5 there; 15 here and 15 there). And in every case, to " 
'^get" to 5, for. instance, one had to go from' 1 to 2, from 2 to 3, 
from 3 to 4, anP^jgl^ly, from 4 to 5. . * -^^^ 

Tlie teacher" explain^ to the children th^ft now they wer^ going 
to "see" where * these .-numbers could "live," how they were arranged, 
and how It was possible to "get" from one number to another. Then 
he showed that the numbers themselves could be arranged on a straight 
line or ray (the children fully understood this t^^m)^. But to do 
this it was necessary to know certain ru^es. So the enfire class, 
together with the teacher, "deduced" these rules, using the knowledge 
they had gained previously about the method of forming the numbers 
themselves. 
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Even earlier the children had learned the concept of "one" as 
the designation for *the part of an object equaling the measure and 
thus unstable In its contents They understood, therefore, that ^^one," 
that is, the first step along the line, could be selected arbitrarily* 
When the teacher then asked, ''Where is a place on the liite for the 
nuiaber two?", and proposed several points whiV:h clearly did not 
correspond to "two," many of the children (including Serezha K», 
MishaP*, Sasha .S», Yura S», and Kolya Ch.) guessed that not just 
any line segment could be marked off for the number two . " Serezha 
'K. expressed the idea this way* "You have to take a piece' that's 
the same as one I" All the children then found the correct place for 
"three," "four," and so on* ' Thus when asked, "How far do you have^ to 
move from the number-four point to find the point for the number five?" 
Borya K. was able to answer, ^*As far as from zero to one ot from one 
to two , , ." 

After the children were given the rules for designating numbers 
by points on a line, they were shpwn that there is no limit to the 
possibility of moving "to' the right" (any number can be marked off: 
twenty-six, or a hundred, or ^million). 

Then they were given exercises demonstrating tliat when an object 
is measured with one measure, one nturiDer is obtained (the number "three, 
for example). But this number can be put in various places on a line, 
d^ending on what "step" we choose for the number *^one," The cMldren 
would choose various "steps" and then find the places for the same 
number on different lines (Figure 6) • They had no particular f iculty 




Figure 6. • — Charting the same 
^ number on lines when different 
"steps" liave been chosen # 
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explaining 'Wy" the position of ''three'* varied from line to line ' 
(they referred to the different "steps") . , 

At the final lessons, as they charted numbers along lines, the 
children established that the smaller the nuniber, the closer it is to 
zero^ but the bigger it is; the farther Tt is from t^e zero* 

The following is an excerpt from the lesson on February 8, 1963. 

Teacher: I have a jar of water here. VThese two little Jars 

together are the measure • I '(11 measure, and you count 
to yourselves. Mark out the number on a line* ^ 

^ ' Pupils: There were five ( they mark out this number on a line)* 

Teacher; Wh^t number do we start' from to mark out the pumbers? 

. , Lenya P: From 'zero I 

Teacher: Which end is zero on? ( 

Tanya Z: The left end I 

Teacher: What might the first step be like, from zero to one? 

Vova H: It can be any size we Want « • • \^ 

I 

Teacher: And can we also make the other steps any size we want 
to? 

Borya K: No, we have to mark off as much for the other numbers 
as we did for the first one. 

Teacher r And if we got seven instead of five, where would we 

^ut it - .closer to zero than flv§ is, or farther from 
it? f ' 

Lenya P: Farther from ziero than five is. 
Teacher :'^ Why? • \ 

Lenya P: Because seven is bigger than five * . • 

/■ 

* The sec<ii^d stage of the work on this topic consisted of intro- 
■•"duciit^ the formula for determining the number following a given one and 
;".the; nupber preceding it. First the children were giv^n the terms 
pt^cedkng and succeeding ; "preceding" meant "coming directly before," ' 
and "''^licceeding" meant "coming directly after." At the teacher's 
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request, the children would name Wo numbers ».that came next to each 
other, mark them off on a line, and ^termine' which of them was pre- 
ceding and which succeeding. Then they would find that the preceding 
number was closer to zero and the succeeding one farther away from 



zero, 



Aft§ar^ this the teacher asked them to determine, for several 
different numbers, how much more the succeeding number was in each 
ca^e. The cliildren came to' the conclusion, 'after comparing the 
succeeding nuinber with the original one in each case, that it is 
a unit larger than tlie original one, and that in order to obtain the 
succeeding one it is necessary to add a urilt to the original number* 

Up to this point the children had been working with separate 
concrete numbers. They needed to be Introduced t^i^the representation- 
of nuBibers b^ letters as well (they had been familiar with letter 
symbols since the first semester, when they were recording the rela- 
tions between quantities) • This entailed special work, which may 
be outlined as follows. ^ . " 

The teacher asked the pupils to mark the number three ori a 
number ray, with a *'step" being equal to four squares on their note- 
book paper (they used red pencil to mark the point corresponding to 
this number on the line). Then they were given a new problem. ''Find 
what number will be at this same point if we change the step and make 
it equal to two squares With the help of the- teacher, who was 
working the same problem on the board, the pupils all found that the 
number six would come at the "red ^ot/' And they readily found the 
reason for the change in the number — the ''step'* ^ad changed. 

In the next problem the "step" was different again — six squares 
this time. And the red dot now corresponded to a different number. 
Together with the teacher, the children found it — it was the number 
two. Again the "step" .was changed, this time to equal one square. 
The majority of the children were able to find the number twelve on 
their own by this time and put it by the red dot. 

The teacher called the children's attention to the fact that tlie 
on e "red". dot depicted various numbers. One number could be replaced^ 
by ano ther if the "step'* "were changed. The pupils performed exercises 
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in finding the "step" so that the particular dot depicted a different 
nuinber (such as the nurober four, in this case). 

"They worked with various rays, on which different points ^wer^i 
marked with colored pencils, and by changing the "step"* they were to 
assign different' nunibers to these points (one point thus corresponding, 
-sa^, to the nuinber s ten^ two, five, and one)* 

On the basis of this work- the teacher was able to ask the pupils, 
'*Hdir else can you get a new nuinber?" With complete self-assurance 
they indicated the method — select a new "step/* If they had al- 
ready taken one square as a "step^^" then they could take half a square 
and get a new number that way^ The teacher helped them to see that 
an even smaller "step" could be picked and that the number would then 
be even bigger* Any "steps" could.be chosen. And the children had 
no partlcu^r trouble realizing that any number could be the result* 
In particular, they had a lively discussion with the teacher about 
what the "step" midht be if the dot signified "a million." They knew 
that this was a vOTy large number, and they were able to get a notion 
of the "^tep" by ^themselves — it had to be a ^*wee little tiny" one. 

As a result of .this preparatory^ork, each pupil had in hia note- 
boW several number rays ^on which various numbers were assigned to 




Figure 7- — Diagram of the shift to 
using letters to describe numbers: 

b (or n) = 3, ^6," 2, 12,^4, 1, and so ^ . 

on. 

all these numbers could b^ replaced by one letter — it would tell 
about any number , If a point on a ray were selected and designated 
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by a letter, it could^tand for 'any number we yjff^t^ depending on the 
"step^* we chose (Figure 7) • 

This approach to letter designations did not cause the children 
any particular difficulty ♦ They started doing exercises on replacing 
the letter symbol with specific itumbers (by chan^ring the **step/^ 
they would find that point A w^ equal to 1, 2, 4 /and so on). In 
special, problems they would replace the "many** numbers put down- next 
to a point with a single letter symbol. They would use the most 
diverse letters here (such as A, B, n, m, and 1). 

Then the teacher began to use letter symbols in exercises on 
determining "preceding" and "succeeding** numbers • There were such 
•problems as; *IWhat has to be done^jg^^tii^e^number n in order to obtain 
the succeeding number?** The majority of the children guessed right 
away; **You have to add oHe to n.** For a few, however, the method of 
forming the succeeding number by moving **once more** was not entirely 
clear* They needed individual supplementary ^^laiiat ions and exercises 
in forming the succeeding number by the formula n 4- 1 before they were 
ablfe to grasp the meaning of it. After this the children rapidly 
deduced ths method of forming the preceding number (n - 1), with 
guidance from the teacher (Figure 8) . / 



alien tl 



Figure 8. 

ey determined that the differefice between adjacent 



numbers is aWays equal to one. In carder to obtain each new number 
adjacent to tliVpne they' already had, the children would move one 



"step** to the rigRSsgr to the left on the line, that Is, add or sub- 
tract one* For instancfe^ they were told to find the point on a lin^ 
for the number four, then to find the point for the number which was ^ 
one greater than four, and then to write the formula for f indijtifi and;.> 
determine this number. The children said that the new number coul^'l^^''^- 
be obtained according to the formura 4 + 1 and that it was /five. Then 
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they found the nunxber si^ and wrote this: (4 + 1) + 1 « 6» Then 
similarly they located the points for the numbers seven, eight, nine, 

ten, and scon* - " 

In order to Judge how well the chij-dren were learning ttxe Mate- 
rial in this topic, we gave them a quiz consisting of ^Oi* '.S^J^^I^^iag ' ' 
problems, at the beginning of the lesson on February ^l,-Vli>b-3v<it 
took twenty-five minutes) . 

1- The children were given an object to be measured and a 
measure (a piece of wood). They were to measure the length, express 
the results as a nutaber, and mark off this number on two lines,' with . 
.-a different first "step" in each case. All the children solved this 
problem with no mistakes • (100 percent solution). 

2. The children were asked to mark off the numj?er five on a line, 
and th^n the number preceding it a*nd the number succeeding it. Then 
they were to determine what each of these numbers were. There was 

100 percen^ Solution on this one as well. 

3. Tlte children were asked to mark off a number K on a linfe 

) 

and then the number that was a unit less and the number that was a' 
unit bore. Eighty-four, percent of the children solved^this problem. 

.The mistakes were of the following types. Natasha sG^^or instance, 
marked off K and K + 1, but even though she wrote K - iTh the proper . 
place, she 'did not make the corresponding mark on the line. After 
the quiz, however, wh'en she was asked, "Where should the number K - 1 . 
be marked?" she pointed out the correct place. Olya B. "carried over," 
so to speak, the conditions of the preceding problem to this one. She 
placed the number K the same distance from the end of the line segment 
as the number fiv^,,had been in the preceding probl-em, and she marked 
off the points for the numbers which were one unit less (four) and 
one unit more (six). Most of the other children who did not succeed 
in solving this problem mad^ the following mistake. Having arbitrai^ily 
chosen a point for the number K, they .would then try to find the points 
for the new numbers by starting from the end of the line segment as 
they would to determine the position of a known concrete num^r. 
Several weak pupils thus had. difficulty learijing to "find" a point 

• for a number ctiosen arbitrarily. 
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4. The children we^e aaked to mark off number P on a liixe,- then 
thB nuiiibers that were four greater and three smaller. Eighty-one 
percent of the children sola^rf^ this problem* Mistakes were of the 
following types. Two pupils accurately marked off P'and P + 4 but * 
omitted P - 3 completely* Two others wrote P -f 4 and P - 3 but^marked 
off identical line segments to the right and to the left of the 
number P. One pupil made the correct number of steps along the line 
(four to the right of njimber P and three to the left) but ,made a 
mistake in what he wrote do^m (he put * - .1" instead of ^ - 3*^) . 

The overall perfoirmance on these problems indicates that the 
majority of the^ .diildren had learned that the result:s of measuring 
any quantities can be expressed as corresponding points on a iin^. 
They had learned the principle of forming numbers by moving*along 
straight line. * , 

The-next topic included the study of the interrelations of a 
quantity (that is, the object), a measure, and a number '(the children 
would observe the relationship between measures when the quantity ^ 
of nhe object was held constant and the numbers were varied, or they 
would observe th6 relationship between the magnitudes of objects wh^n 
the measures remained the same but the num^rs were changed, and so^ 
on). They were given problems in which they'^had to count u^ing'''^H^er- 
ent bases (different me/sures, thkt is)* When they gat^e the answers 
they had fo^nd (different number^), the teacher asked, ^*Why do you 
get different numbers when you count, some big and some small?** Here 
is an excerpt from the lesson on Febis^uary 21, 1963, when this topic 
was being worked on* ^ 

Pupil*;: (answering the question)*' Because we were using 

different measures. . , ' 

■ <* 

Teacher: -l^^le^ you got the number six, what kind of measure were 
you using? 

Natasha P: A little one. ' 

Teacher;. And when you got three? 

r 

Tanya Z: The measure was bigger. 
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. ^ Teacher: With the bigger number, what yas the measure like? . 
. . Nadya M: Smaller I . , 

Teacher; And with a small number, what kinci of measure was it? 
Zhora T: A bigger one I ^ . * ^ 

Teacher: ThAe a special way to write all of this, children — 
this way (h^ says it and writes it): A^ « 6. Tlae ' 
object can be designated by any letter. A, for instance, 
^nd so can the measure, and we write it here (he points 
to it). 6 What we have written means that when e Is 
the measure, o5ject A equals six^ Repeat this I 

/ Pupilsr l^hen e is the measure; object A equals six. 

Teacher: What have we just been doing? 

Andrei D: Measuring a stick. ^ 

Teacher: Wiat were we measuring it with? 



• Borya K: Measure ,e. 

Teacher: .What; number did we'get? 
Lena P: Six. ' * _^ . * 

.■ ' teacher: How shall we2rite this? Read it, Vitya! 

Vitya M: When e is tKe^-measure, object A equals six. 
Teacher; Tlien'what object were we measuring? 
Sasha B: The same object A. ' 

Teacher: I^at 's' designate the measure by the letter g. Now how 
^ should this be written? 

Borya K: When object A^is measured by measure g, it equals three. 
The*" teacher writes A ^ 3. 
rThe pupils write in their notebooks: 

A = 6 

(1 . . 

• ' ■ A = 3 • 



^ The next year this relationship was immediately given in the form: 
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addition and subtraction (expressed in direct and i-ndirect forms) , the 
two ways of comparing numbers .(by subtraction and by division), the two 
ways of decreasing or increasing. a number (by several units and several 
times), and others* • 

Taking this into consideration, t^e second grade curriculum stipu- 
' lates that the children solve a, large number of appropriate simple 
arithmetical problems which teveal the essence. of the distinctions on 
which the differentiation of these concepts is based, using material 
which is concrete and close to the children's ideas and interests.. Work 
on problems which are very diverse, not only in content but also in 
arithmetical essence, affords wide possibilities for further perfecting 
and deepening the knowledge, skilly, and habits the children acquired 
in the first grade. 

Along with the development of separate, individual skills neces- 
sary for independent problem solving (the ability to read the problem, 
illustrate its conditions, to pick out the data necessary in order to 
answer the Questio'n, to outline a plan for solution, etc») in the 
second grade, the next step forward, in the simultaneous use of these, 
individual skills in solving not only simple, but also . compound prol?- 
lems, must be made. ^ The curricuium stip^ulates the instruction ^f 
cliildren in the second gra^e in the solution of problems in two or 
three operations, including all the types of simple problems with which 
they dealt in t]^e first, and then in the second grades. 

In determlnlxig the goals of instruction in the second grade, it is 
i^ecessary not only to consider the curriculum for grade, but also 

to think about the goal for which the teacher must prepare the chil- 
dren in the first two years of aritfimetlc instruction* With this ' 
approach it becomes clear that the most Important task in the second 
grade (aside from those enumerated above) is to create conditions 
under which the children amass knowledge. of a number of arithmetical 
facta, necessary for the generalizations stipulated by the third- and 
fourth-grade curricula. Tliis requirement must be reflected both in 
work on problems and in work on examples* 

. Indeed, aside from the significance of the solution of examples 
in the develop^ut of computational skills, which was shown above (see 
the section devoted to the various types of exercises dealing with the 
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solution of examples) , work on examples affords broad possibilities 
for preparing the children to understand the relationships between 
separate arithmetical- operations and among component operations, for 
acquainting the children with the composition of numbers from addends 
and factors, and with the iaws of arithmetical oper|itions. Account 
must be t^ken of all these cjMiditions in the development of a system 
Of children's iadependent^ work in arithmetic lessons in the second 
grade # 

It follows from the goals formulated above, above all, that the 
basic content of children's independent work in the second grade itiust 
be the solution of arithmetical ^mples and problems (not only simple, 
but ilso compound) ' in order to develop the af{!^rop^ate skills an4 
liabits. A place, moreover,' must be set aside for . 4xercises directed 
toward a deeper study of the features of the arithmetical material 
with which the children must deal. Below, we consider the concrete 
' forms in which these requirements a^e^realized in the study of the 
primary topics of the second-grade .curriculum. 

Pupils ' independent work in lessons on the topic "The Four 
Operations within the Bounds of 20. " Tlie presfent topic is devoted to 
the review of" what was studied in the first grade- Much attention 
must be given to reviewing the tables of addition and multiplication 
within the bounds of 20. It is also very important to freshen the 
children's memory , of the devices and methods of computat&n with which 
they were acquainted earlier and the devices and methods dealing with 
problem solving. As always, the* review must be organized so that 
it facilitates, to some degree, the enrichment of knowledge acquired 
^rlier, and the perfection of the skilly and habits just formed. 

Pupils' independent work must occupy, a relatively large place in 
the review lessons. Along with exercises of types well known to the 
children from the first year of instruction, it is useful to introduce 
several varieties so that, in executing the teacher's assignments, the 
children must look at the same material from another point of view. 
For this reason, aside from the usual training exercises dealing with 
the solution of prepared examples and problems, it is especially 
important to make use of assignments requiring a great deal of 
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independent ' thought and Initiative from th^ children. Thu8» in review- 
ing addition and subtraction with and without carrying oV^r ten^ the 
assignments requiring the children to compose examples from a given 
model prove to be very useful* Models for these assignments are 
made so that tiia^^^ildren, while executing the assignments, receive 
material for the composition of various instances of the operation. In 
our experiment, for example, the children were asked to compose two 
more pairs of examples ftom the model; 

64-3» 7-2* 
' 16 + 3 - ^ 17 - 2 « 

After solving t>ie given examples and inde'pendently composing Analogous 

ones, the children were asked to be prepared to explain the solutions 

tjiey had reached. As a check, the teacher asked how the examples In 

each pair were alike and how they were different. 

» 

The children's independent construction of examples from a given 
answer is also frequently used as a review. For example, they were 
asked to compose any six examples with 18 for an answer. In this case, 
it depended on the pupils^ own initiative whether ' they made up only 
examples which did not require carrying over ten, or whether they 
^ised numbers for which the ability to add and subtract carrying over 
ten was required. It also depended on the students* own initiative 
whether they used, let us say, only addition, or included subtraction 
as well, and finally, whether they composed examples On multiplication. 
.-.This assignment can be given during the review of addition and sub- 
traction without carrying over ten. However, by the w^ay the children 
approach it, the teacher can tell approximately how well each of them 
remembers other instances of the operations from the first grade. 

Further, because in iuture work in the study of addition and sub- 
traction within the bounds of 100 the children's reasoning must often 
proceed analogously their reasoning In the study of addition and sub- 
traction within the bounds of 20, we included, as early as the^ first 
weeks of the classes devoted to reviewing what had been covered, assign- 
ments which served as a certain preparation for such reasoning* The 
children were asked to compose examples analogous to the ones in the 
mod^l, which used the first ten numbers, but using numbers beyond 10. 
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For example, as a model the teacher gave the children^ examples like: , 
3 -h 5 « 8, 5 -H 3 -"^S, 8 — 5 « 3, 8 ^ 3 5. From thi^ model they 
had to compose analogous examples witli. the numbers 18^' 12, 6 and 20, 6, 
14. Then the children were asked to independently compose any example 
in addition and then construct the correspondifhg subtraction example. 

Such exercises represent a development of the work conducted in 
the first grade. They lay a wider foundation for the formation of 
the propfer generalizations (about the link between addition and 
subtraction, and about the interdependence of the components of these 
operations) ; and they are good material for practice in drawing analo-- 
gies. In drawing an analogy, in this case, the children must apply 
a regularity, which was observed in smaller numbers to work with larger 
numbers • This kind of analogy is precisely what is necessary in pre-- 
paring for the kind of reasoning which later must be relied upqp when 
considering operations within the bounds of 100* 

In the first lessons in the second grade, it is already quite 
possible — and very useful — to give the children practice in independently 
making comparisons by juxtaposing a pair of examples which differ by 
only one feature • In selecting examples for exercises^ it 'is necessary, 
of course, to strive for the condition so that the conclusion wiiich 
the children can ceach through comparison acquires some cognitive 
meaning, i.e, deepens the knowledge which they have accjuired earlier 
and serves as preparation for the following work* Tlie fbllowing is a 
model that can be used to create the foregoing condition. Two examples 
"are written on the board: 18-2 and 18 -f 2. The teacher asks the. 
children to solve them, to think about how they differ, and to explain 
•why, in the solution of one example, .the answer is greater than 18 
and in the solution of the other it is less. In the check, the pupils 
explained that in these examples, the numbers are the same — M an<l 2, 
but in the first it is necessary to take away 2 from 3?& and in the ^ 
second to add 2 to 18; that if 2 is taken away from 18, the number is 
smaller, and that if 2 is added, the number is larger than it was. 

Not only do such exercises dev€?lop the^children' s powers of 
observation and capacity for #he analysis and understanding of causal 
relations; they also help to deepen the knowledge of arithmetical 
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operations which the children acquired in the first grade , where this 
deduction wa,9 not made in a generalized form. 

Independent work on problems in the. review of what was covered 
in the first grade must also be directed not only toward freshening 
the children's memory of 'what thej learned in first grade, ••but also 
toward deepening this knowledge. Thus> in the first grade sufficient 
^attention was given to the diagrammatic notation of "the conditions of 
a problem on finding the sxam of two numbers a'!nd on finding one of . 
the addends from' the sum and the other addend. The children, for 
exampl^ knew how to mak^ diagrams for problems of the following 
type:'' V r ^ _ 

\ 



In one box there were eight pieces of candy, and 
in a second, four pieces. How many pieces of candy 
were there in all in the two boxes? There were 10' 
carrots in two bunches. In one bunch there were six. 
How many carrots are in the Second b^nch? 



Eight candies 



Four candies 



Six car^t 



■I 



After reviewing with the children the notation for problems of 
this type and also the composition of a problem from a diagrammatic 
outline, the teacher may give the children a pair of thfese problems 
for independent work with the assignment to Write both problems accord- 
ing to the following diagram: 



The children must not only independently apply the familiar method of 
the diagrammatic representation of conditions, but must also unwittingly 
perceive the difference between the problems under consideration — a 
variation which requires the differential use of the same diagram and 
leads to different solutions. 

In reviewing problems on increasing and decreasing a given number 
by several units, it is also very useful to construct assignments for 
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the children's independent work so that, from the very beginning, 
the children compose and compare, in the course of doing them, 
corresponding pairs of concepts* 

Exercises analogous in nature, can a;lso be cartied out in a review 
of multiplication and ''division within the bounds of 20. Most of the 
pupils* attention must be directed toward reviewing the meaning of 
these operations. For this reason, both in solving problems and in 
reviewing the tables, it is useful to organize the children's independ- 
ent work so^s to deal with the illustration of a problem's conditions, 
and to reveal the meanipg of an operation (replacement of multiplication 
by addition, and vice versa) . It is best to organize the check of 
the mastery of the tables inj^e form of an "arithmetical dictation." 

After the review of what was studied in the first grade, the 

children turn to the study of numeration, and the four operations within 

♦ 

the bounds of 100. We will consider the primary^ tlnits of this topic . 

Numeration and the four operations with whole ilumbers of tens . 

The children were acquainted with numeration within the bounds of 100 ^ 

at. the end of the first year of instruction, so this question must, 

on the whole, be cs«)nsidered as a review. What i^ new to the children 

in this topic are the operations with whole numbers of itens, and prob- 

lems in tyo operations infcluding multiplication and division. 

The use of visual aids is very ifaportant in understanding opera-- 

}i ■ ■ . , * 

tions with whole numbers of tens. Using counting sticks tied in . * 

"bundles^* of 10 each, the teacher must make the children conscious o^ 

the fact that 10 sticks constitute 1 ten^ and 1 ten is nothing other 

than 10 sticks (units) • After the children gain an understanding of 

this principle through visual demonstration and through work under 

the teacher's direct gjjidance, all the operations with whole numbers of 

tens can be examined on" the basis of the children's independent work. . 

Ttie children's independent work is the starjiing point in the lessons 

devoted to the study of each new instance. The independent work is 

built on the material of the first ten numbers in preparing for the 

study of the corresponding instances of operations with whole numbers of 

tens. It is also useful to make use, in assignments, of material 

. which affords possibilities for the composition and comparison of 
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corresponding instances- olj'bpacsitions . For example: 3 + 5, 30 + 50, 

8 - 6» 80 - 60. ■■ . . " = - : , ...,.., „.-«, ' 

After the'puptls consider, ujider the teacher *s guidance, the 
illustrations and detailed nptatlons given in the , textbook to clarify 
new instances of operations with even ten^, it is possible to ask them 
to try independently to' gain an , under standing- of a notation relating to . 
a new instance (for example, after they have already understood the ^ 
addition illustrated on page 11 and the multiplication on, page 15, 
division from a book can be used in conducting the children's independ- 
ent work) . The assignment may be given in this form: 

Carefully examine the solutilon to example 40 on page 
17 of the textbook, show with the sticks all that is 
written there and be prepared to explain the solution 
of this example • 

In exercises directed toward consolidating the* acquired knowledge, it 
is ;[,mportant to Include. numerical material, not isolating operations 
with even tens, but combining work on them with other operations xj^lthin 
the bounds 

The possibility of using children's independent work when Introducing 
problems of a new type, and of using their Independent -work on compound 
robl ems including multiplication or division "was mentioned' above. As 



preparafidon for solving such problems, one should review with the 
children 4ll the methods and devices for/work which they used in 
first gra^ for solving corresponding pimple problems. Just before 
solving tha^ new kind of problem, the ^hildiren are asked to solve, in 
independent).'Work, two problems analogous to those of which the new one 
is composed^ After checking this work, the teacher can present the 
new problem, analyzer its conditio i/s with the children, explain that? 
it is not possible to get the answer to the question at qnce, and then 
ask the children to solve it independently. 

In some cases the diagrampiatic notation, to which the iihildren grew 
accustomed in the first grade, proves very useful. For example^ in 
order to clarify to the children the method of solving problem 127 
from the textbook, a diagrammatic representation (apart from the 
drawing in the book) is useful: 
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Two baskets^ 10 kilograms each 



The diagram Is made in the following way* The teacher reads the 
problem text: ' ^ ^ ^ ^ . 

Some schoolchildren gathered two basketis of, applies 
with ;L0 kilograms in each basket from one apple tree ^ 
and, from another tree> ^0 kilograms of apples • How,. . ' 

many kilograms did thfe chl^ldren gather from the two 
V trees 

Then one of the children repeats the question and it is explained that 
they must find the kilograms of apples which were gathered from the 
two apple trees. Thus the diagram must have two boxes (as is done in 
the first grade in the solution of compound problems including the 
iiicreasing^'or decreasing of a numbej; by several units) • The children 
are asked further, whether the ^timber of -kilograms of apples which 
were gathered from the first apple tree^ and whether the number of 
kilograms of apples l&hich were gathered from the second tree are ~^ 
Stated in the problem* The appropriate data are written in the 
diagram (a question mark is put in box I, and "30 kilograms" is 
written in box II) • 



What-^s stated in the problem about the first apple 

Again, the appropriate figure is written, but this time below the 
first box (as was done in the first grade, in the construction of dia- 
grams for problems which require the increase or decrease of a number 
by several units). Finally, with "'the help of a bracket and question 
mark, it is indicated what ftust be found out in the problem • ^^ 

After th^conditions are analyzed and noted in the diagram, the 
children independently solve the problem. Latir, in the solution of 
problems' of the given type, one may begin to include in the children's 
independent work the diagramitiatic^ representation of their conditions 
and the composition of problems from such representations. This work 
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provides further development' of the knowledge an^ skills acquired 
earlier, since the children learn to apply them .under new conditions; 
this has great significance for instruction in problem solving,. 

Pupils ^ jjidependent work in lessons on the topic "Additions and 
Subtractions within the Bounds of 100.-" This major topic requires 
a^iproximately six weeks of class time* it is divided into two sub- 
topics — addition and subtraction wijth, and without, carrying over ten. 
The study of new instances o:^ the^ arithmetical operations is here 
interwoven with the introduction of new ^ types of problems (problems in . 
which it is necessary increase or decrease a number by several units, 
indirec^problems on finding an unknownjjjicrtiend or unknown addend from 
t.he sum anS^ the other^ addend, problems on finding the third addend, 
oil comparing numl?ers by subtraction)-. 

There is no majpr difference in the organisation of children's 
independent work in the study of addition and subtraction both without 
carrying, and with carrying over ten, since both are equally familiar 
to the children from the first grade where they were studied using 
numbers "wttlhin the bounds of 20. Hence, we will consider questions 
t;elating to the study of new instances of addition and subtraction as 
a group, and separately analyze^ questions connected with instruction 
in solving new types of problems. 

^e system for the study of various cases of addition and subtrac- 
tion is. very clearly defined in the textbook, which provides for a 
gradual shift from easier cases to more complex ones.. The selection of 
numerical material for children/ s Independent work should follow this 

system. Pupil ^s independent work in the study of each new instance of 

f 

addition or subtraction should appear during preparation for the per- 
cept;lon of new material, during this mattirial^s introduction, and 
^during consolidation. ^Preparation for considering each new instance 
will most frequently consist 'of solving appropriate examples, using 
what was learned before. 

For. example, in the lesson on the introduction of addition, with- 
out carrying over ten, within the bounds of 100 (e.g., 45+3), the 
children may be given, as preparatory work, examples on addition within 
the bounds of 10,* and also corresponding examples on addition within 
the bounds of 20, such as 15 4- 3, 17 2, etc^ It is also very useful 

V 
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,at this stage of -instruction to coatinue using practical exercises 

*with visual. aids, H^re the same material^^ with which the corresponding 
instances qf operations were explained in the first grade (counting 
sticks and bundles of sticks) are used. This makes it possible ^ 
demonstrate visually the similarity of the new cas^s to those which the 
children encounte/ed working with numbers within the bounds of 20 • 

By gradually increasing the proportion of the children's independ- - 
ent participation in the study of new cases By analogy with familiar 
ones,' it is possible, finally, to bring the children to the , independent 
examination of new material sis described above. This is relevant to 
addition and subtraction carrying over ten,. liere it is useful to use 

^visual aids analogous to those used in the first grade* There the * 
device "The Second Ten," a demonstration board consisting of two 
rows of boxes with ten in each was used; h^re we propose the device 
described by G. B. Polyak called "Calculation Table. The First 
Hundred" [17:146-47], * . . 

® In examining" problems of the type 30^4: 26 br "87 - 30, it is 
neqessary, as preparation, to solve not only examp^s on addition 
and subtraction within the bounds of 10, but also examples on addition/^ 
and subtraction with even tens. Since all the material which must' be 
used/in- preparing for the study of the new topic is well known to 'the 

.^cidldren, the teacher must try to construct assignments so that the 

independent^ work is not monotonous, using for this purpose various 

types of assigi^pents dealing not only with the solution, but also with . 

the children's independent composition of e^mples, which we described, 

above. This is also true of exercises for independent work directed 

toward the consolidation of. new knowledge. Especially significant is 

tJie use of assignments which require the children to make comparisons, 

establish points of similarity and difference between obsej^ved examples, 

and reason by analogyp The appropriate work is a^development of what 

was outlined for the first lessons devoted to reviewing material 

already covered. Thus, so that the childri?n may establlj&h more precisely 

the similarity between cases of a single type of addition, using numbers 

of different magnitudes, it is possible to give the following assignment, 

for independent ^work. Columns of examples are written on th4 board 
* 
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(It Is even better If the corresponding (^^s are prepared for the 
indivldtial work of each pupil) : ^ 

6 + 3^ 8 + 2 7 + 5 

. 16 + 3 IS + 2 17 + 5 

26 + 3 28 + 2 27 + 5 

36.+ 3 38 + 2 37 + 5 , ' 

The children ai?e asked to continue these coluums, constructing examples 
of the same tj^e. 

In checking the students* work, we established how the examples in 
each column differ from each other, and how the differences in examples 
lead to differences in solution. Thus,, a general rule for the solution o 
problems of the given type is formulated. In completing the assignment, 

• the children must not only perform the appropriate calculations v but also 
make comparisons between the examples 'they have solved; iK5te the general 
principle by which they are arranged; independently compos^ on this ^ 
basis, the next examples; consider all the examples in eafcb>^lumn as 

a who^e; and draw a general conclus^orf about the method of solving them. 

It is also useful to give, for comparison, examples in which the 
differences concern the method of computation* Thus, one' column of . 

* examples may represent addition without carrying over ten, and the • 
second, with carrying. In comparing these columns > the children must 
notice this feature, 'and themselves compose examples relating to each 

. -aspect. . * • . \ f 

. All the eatamples carried out with ^terial on the first twenty 
number^ in order to provide a deeper familiarity with the composition c 
of. numbers and properties of arithmetical operations, must be repeated 
with material on large humbers which the children first encounter in 
. the second grade. The corresponding assignments will al^ be built 
'ground the traiSfer of earlier-acquired knowledge to a broader range 
kf numbers (with the help of analogy) ♦ Some examples of such assign- 
ments follow, 
ft . 

Earlier the children did exercises in which they were required to 
indicate the composition of a given number according to a model: 

17 - 10 +'7 12 « 10 + 
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14 = 10 + 4 16 = 
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Now the analogous exercise must be performed with the first himdred 
numbers: » . 

I 36 - 30 + 6 • 58 - 

27-20+7 . 43 « ' 



•In the first grade the children SQlved the so-called examples 

with blank^ of the type 6 -h » 8 and others • Her^, they can be 

given analogbus examples with larger numbers: 26 -h « 29, ' 

28 -f «'30, etc* Until this time the children used the commutative 
property of sums only with numbers less tlian 20, Now they can be 
given the ^opportunity to check It for larger numbers. With this 
purpose, they can be asked to compose examples from, the model: 23 7^* 
, 7 +>23« . 



Solution of examples in two operations, as welJL as in one operation, 
shoul^ be included in the children *s independent work* It is alsc^ use- 
ful to assign examples with one of the components left out* For 

example: ^ 14 - 2 + » 15* Various examples of this type can be 

introduced through exercise^ in the completion of 'Wgic squares/* 
whijch are perceived by the children as a kind of game' and excite great 
interest. They are very useful for developing .the skill of mental ^ 
computation. * . ^ 

This gradual increa^^ in the complexity of assignments deal:^g 
with the solution and composition of examples facilitates not only 
the formation of the proper computational skills^ but also the chil- 
dren's deeper mastery of the methods of operation, properties of 
numbers^ and relationships among the componeij.ts of opera^on* 

In instruction in solving new types ot problems, the nature and . ^ 
place of the children's independent work ftepends on the cliairacteristlcs 
of each type of problem. Several of the problems introduced do not 
cause the childrep any particular difficulty^ since their solution 
is based entirely on what the child^ren already know and requires ^ 
only the application of knowledge and skills acquired earlier under 
somewiiat altered' conditions * In these cases, independent wotk can be 
g:0en to the children from the very beginning at the stage of intra- 
ductixjn* This was shown above, for example, in problems in which the 
increase or decrease of "a number by several units was encountered twice^ 
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In other cases, the exajjiination of a aew tyW of problem can be 
conducted through recourse to the children's acquired expetience with • 
practical o|)erations with objects. This is true |pf problems on 
comparing dumbers by subtraction. » Here independent work can also 
serve as a starting point in the introduction of new material > but it 
will differ in nature ^from the preceding case. There the goal , of 

^ » 

independent work was 'to freshen the children s awareness of a' series 
of arlthmeti^l facts^which they learned in the first grade, i»e., the 
realization of the knowledge ' and skills of problem solving, knowledge 
and skills which tnu^t be used in solving a new type of problem. 

In a lesion devoted to the cofaparlson of numbers 'by subtraction, 
we are not dealing with earlier-acquired knowledge applied under new 
cpnditions. The children do not yet have the knowledge which would ^ ' 
allt>w them to indep^^ently solve a problem of this type, kere we 
only suggest that, in their practical^ experience, the children more 
than once have had to solve the problem of the comparison of two 
objects, that the very statement of the question may be familiar to 
them and that thus, if we "use their practical knowledge, it will be 
easier to bring th^m to an understanding of the arithmetical essence 
of the probleiif. _^ 

Independent work preparing the pupils to examine a new kind of - 
problem must thus be of a practical nature. The children can be asked, 
for example, to cqmpare practically the length of two strips of paper, 
two tapes,' etc* By performing the approximate practical operations, 
the .children soon can understand what precisely must be 'determined in 
this type of problem, ^nd what arithmetical opSl^ation corresponds' 60 \ 
the practical operations 'which they used in solving the problem. 

Finally, the pupils encounter problems which the knowledge they 
acquired earlierv does not hfelp to^solve; . th^ knowledge may even hinder 
the mastery of new materials. We have in mind the so--called ^^problems 
expressed in indirect form^* — problems on finding the unknown minuend"'^ 
from the subtrahend and difference, or on flnd^^jj^^ an unknown addend 
from the sum and other addend. Problems of ,|;his type have more than' 
once attuected the attention of methodologists and psychologists. The! 
interest. is determined by precisely this feature — that the children's' 
stu^rof new-^^^rial is, in this case, in direct contradiction to wliat 
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they lea^-ned before this time* Thua^,' although during the whole first 
year the cliildren always dealt with problems in which the expressions 
"made in all," "brought more," %ought more,|' etc,, invariably implied 
the operation of addition, and in which the expressions "gave away," 
"ate up," "was left," etc., implied subtraction, it will how be neces- 
sary, when solving problems on finding an unknown minuend or addend 
containing these same expr^sions, to apply the operations in a way 
oppos ite to that which seems to suggest itself to the child under the 
influence of previous experience in solving dirpct problems.. 

Keeping in mind the difficulties such a reversal causes the 
children, the teacher must, in this case, very carefully compose and 
prepare an explanation accompanied by visual material. (The most 
expedient form of visual aids for explaining to the children the 
process of solving indirect problems is dramatization, which permits 
the illustration not only of the aomponents of operation, but also 
of the operations themselves; such illustration is especially important 
for problems of this type.) 

Pupils* Independent work can be used here only at the stage of 
consolidation, after the children, under the teacher's guidance, have 
gained an understanding of the special ^features of the new problems* 
Practical experience and special studies indicate that even after the 
childre*h have understoo^d the characteristics of these problems they 
continue, for a very long time, to make errors, confusing indirect prob- 
lems with the corresponding direct ones. 

For this reason, when teaching children to solve indirect problems, 
it is very important to provide a selection of exercises for indep^nd-- 
dent work which would afford sufficient material for discriirnination and 
differentiation. For this purpose, it is useful, at this stage of 
instruction, to solve not only indip^ct problems, but the cori;esponding 
direct problems studied e.^*44e4r^Ss well . This excludes the possibility 
of solving problems mechanically, without sufficiently analyzing their 
conditions, or considering the specific characteristics of each type 
of problem. ^ ^ * 

However, one must do more than give direct and indirect^problems 
alternately to the children for independent solution. It is also 
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necessary tfb malA acre that they have learned, when .solving new 
'indirect piSji$ems, t/o apply to the analysis of their conditions the 
devices ^1^^ me thod/s which they should have lear^jed by this time, and 
also to see tha^'^ey have mastered s^eral new devices which prove 
especially n^seful in the solution of indirect problems. 

In connection with this aspect of the solution of indirect 
problems, as work for the whole class and then a$ independent work, 
we successfully assigned diagrams and outlines of the conditions. An 
example is cited to illustrate how this work was conducted. The chil- 
dren were asked to independently a^lve the following problem^ on find- 
ing one addend from the sum and other addend, 
o * 

To prepare for a holiday, the children made 58 
flags in one day* The next day they made some more 
flags: there were 96 flags in all* How many flags 
did they make on the second day? (No. 336 from the 
^ w second-grade textbook.) 

The independent work was divided into two stages: (a) represent the 
problem^ s coixiitions by a diagram, an^ (b) solve the problem. The 
children were allowed to go on to the second stage of work only after 
the -teacher had checked the diagrams of the coi>ditions. The teacher 
conducted the check in the ^urse of the work—walking up and down 
the aisles and looking over the pupils' notebooks. However, after 
making sure that all the children had been able to handle this part 
of the task, he submitted the task of fchecking the first stage of 
the work to general discussion. For this, one of the pupils was 
called on to write the problem's conditions on the board, explaining 
each stemr-in his work. Other chil4^"^^ whom the teacher called 
participated in the explanation* The following diagram was written 
on the board: 

^ 1 II 



58 flags 



J 



? 



96 flags 

The construction of the diagram was accompanied by an explanation. 
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In one day the pupils made 58 flags — we will write that 
in box I. On the next day they made sorhe more flags— since 
it is not stated how many, we must put a question mark in 
box II. Further, the problem says that there were 96 flags 
iti all — tliat is how many they made in two days; we will draw 
a bracket and write down that in ^two days they . made 96 flags. 
The problem asks how many flags did they make on the second 
day? We have a question mark in box II — we must answer this 
question. 

After this analysis of conditions, the ..children solved the problem 
independently* It did not cause them any difficulty, since they Tec9g- 
nized in the f ir^t diagram a problem of a type known to them since 
first grade. ^ 

In tjie^ above case the diagram helped to indicate the general 
principle vhich unites problems^ on finding one adde^.^from the sum 
and the other addend when they are expressed indirectly, and when the 
problem's formulation does not cpntain expressions which suggest the 
choice of one or another operation like (*^In two bunches there are 
20 radishes. In one there are 10. How many ladishes are there in the 
other bunch?'*). For this purpose the device of outlining the conditions 
was also used* In many cases, it facilitated the solution of indirect 
problems, jaince such a notation includes a whole series of separate 
expressions used in the complete text of the problem, and emphasizes 
the indirect nature of its formulation. An example is given as illus- 
tration. 

Asters were growing in a flower bed. The children picked 
six asters for a bouquet. Aftep this, eight asters remained 
in the bed* How many asters were there in the beti at the 
beginning? (No. 266 from the textbook)* 

The outline of the conditions of this problem looks like this: 
For the bouquet 6 asters 
Left in the bed - 8 asters ^ 
How many in all? 

In writing the conditions of this problem one is half --way to solving 
it, since in this form it does not differ &rom problems well known to 
the children since firat grad^. 

It is not very .pomplicated to prepare the pupils for the independent 
execution of diagrams and outlines of the conditions of indirect prob- 
lems if they have mastered these methods of representing various typesv 
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of problems in preceding lessons. For consolidation and drill, it is 
continually necessary to include this type o^" assignment in independent 
work on new types of problems • Here again the knowledge, skills and 
habits which the children acquired in previous stages of instruction 
undergo developments 

However, as was noted above, the solution of indirect problems ^ 
is related to the use of still another way to approach the analysis of 
conditions, and £he search for the method of solving a problem. We 
will deal with this in more detail. 

The indirectness" of formulation whi^ hampers the understanding 
and solution of problems of this type is, in fact, still a formal 
indication; the problem* s formulation may be changed so that the indirect- 
ness of formulation disappears, completly revealing the mathematical 
essence of the problem in the new formulation. An example illustrating 
this point follows. 

In a state farm, there were 16 tractors. When they 
sent some more tractors, there were 22 tractors in all 
on the farm. How many tractors did they send to thee state 
farm? (flo. 334^ from the textbook). 

In this formulation everything suggests addition to the pupil. Indeed — 
"There were^ then they sent more^..were in all.."— here not only are 
the separate expressions strongly associated in the children's minds, 
with the choice of this operation, but the course of the practical 
operation described in the conditions logically, requires the performing 
of addition. As a result, even if the children correctly aifswer the 
question, they often write the problem's solution thus: 

16 tr. 4- 6 tr. « 22 tr. 

We will now formulate the same problem in another way. 

In a state farm, there are 22 tractors. Of these, 16 
tractors were there earlier, and the rest were sent later. 
How many tractors were aent to the state farm? 

We see that, from this rephrasing of the conditions, the essence of the 
problem does not suffer at all. Moreover the problem formulated in 
this way leaves no cause for doubt that^lt must be solved by subtraction 
(the children have encountered problems formulated in this way more. than 
once even in the first grade). 
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Accotdingly, one of the devices facilitating the understanding 
and solution of ^direct problems is this rephrasing of the conditions • 
An alteration in the f emulation is one of the general devices which 
prove useful in the solution of other problems as w^ll^ In the work 
on the psychology of instruction which we have already quoted [3] > 
this devicd is recommended as one of the distinctive means for facili- 
tating problem solving » Thus, it is advisable, when the children are 
studying indirect problems, to acquaint them with this device, and to 
each them to use it with awareness. 

* After carrying out the appropriate work with the tea(lher*s guidance 
and help, the children may be assigned to change the formulation of a 
problem in their independent work on the conditions of this problem, ^ 

A model of an appropriate assigment is cited; ."Carefully read . the 

problem and try to express- it so that it is immediately clear how it 
is solved/^ The children must be given sufficient time to execute this 
assignment. Afterwards one should call on at least three or four pupils. 
The rest of the children should listen carefully to how they formulated 
the problem^ s text, and make suggestions for the correction and in- 
creased precision of the formulation. This task is the next step for^ 
ward in instructing the children in the conscious reading of the condi- 
tions and their precise representation. The ability to express the same 
idea, the same relationships in a different form is one of the important 
indications of the pupils^ development; hence such exercises have great 
educational significance. 

In later exercises directed toward the consolidation of knowledge, . 

*ls, and habits acquired earlier, as we have said above, it is use- 
to ^nclude not only indirect problems, but also those directly- 
expressed with which the children confuse them. Here it is wise to 
formulate an assignment for the children's independent work which spe-.. 
cially directs the pupils' thoughts toward the juxtaposition and com- 
parison of these problems. So that this comparison may thoroughly reveal 
the peculiarities of these problems, one^ should vary the assigniueiit, 
asking some of the ql^ildren to diagram the conditions of both problems 
of the pair, allowing the children to establish the difference between 
them. In others ^ on the contrary, one should direct the work toward 
bringing out the similarities between Indirect problems and the 
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corresponding direct oaes (as we showed above, with the example of the 
assignment of diagrams and outlines of the conditions)* Finally > 
one should assign work in which the children must mark the points of 
similarity in comparing the formulation of indirect and direct problems > 
and underline the diff^J|nces in the course of solution* 

Along with these alssignments it is constantly necessary to continue 
the work begun in t^e first grade, whose purpose is ^to develop in the 
children the ability to ^supply the question for data, -to select the 
data necessary for answering a question, to compose a problem by analogy > 
etc* Here too in the exercises one may successfully follow the same 
princl^^^^n which the work on indirect problems was based • For example, 
it is pPSfiible to ask the children to compose two problems, one indirect, 
the other direct, from one diagram. 



They are given the diagram: 



Eight rubles j 



Two- rubles 



The children are' asked to compose one problem in whose conditions the 
words ^Vere left" are used and another in whos^ conditions is the word 
"more." While checking t^e problems the children iiave composed, the 
teacher may ask them to solve both problems in the same -way. 

^All ^^^1^ ^^^^^ work on the topic '^Addition and Subtraction witliin 
the Bounds of^ lOO," the children's independent ^ork must consist of 
both the completely independent solution of simple problems of a type 
studied earlier, and the solution^ of compound problems which they 
solved in the first grade (using all the diverse forms of assignment 
used- in the first grade) . 

Pupils ' indep endent work in lesio ns on the topic ''Tables of 
Multiplication and Division *" This topic includes the study of all 
instances of multiplication and divyision by tables within the bounds 
of 100, and the introduction of various applications of these operations. 
Along with the construction of tables, their study, and practice 
•exercises having as a goal the firm mastery of the tables of multipli- 
cation and division, much attention is devoted in this topic, as in tiie 
preceding* one , to problem solving. Here the children first encounter 
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problems on division according to content, on finding the parts of a 
nuffiber, and on increasing (and decreasing) a number by several times. 
They also encounter multiple comparison of numbers and problems solved 
by the method of reduction into units. 

It is possible to regard the work carried out in the first grade 
as preparation for the study of multiplication and division within 
the bounds of 100. For this reason, here, as in the study of addition 
.and subtraction, it often proves possible to prepare for and sometimes 
even to carry out the consideration of new material on the basis of the 
children's independent work» 

Thus, as preparation for drawing up each new table, the children 
may be given diverse exercises on familiar material directed toward the 
review of the meaning of multiplication. For example: Problems requiring 
the replacenient of addition with subtraction and vice versa, the contin- 
uation.of an appropriate series of* numbers (3, 6, 9, 12..., 4, 8, 12, 16 
...) to 100, and others. 

During preparation foV the construction of multiplication tables 
within the bounds of 100, the children can be asked to draw up inde- 
pendently the portion of the table which they learned In the first .. 
grade* For example, they c^^e asked to Continue tills table: 

3 3 - 6 3'x 2^6 

3-f3.-f3 = 9«^ 3x3-9 
3-f34-3-l-3-^' 3x4='l2 
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It is not worthwhile to set any limits in the assignment—experi- 
ence shows that many pupils construct the whole table of multiplication 
by three themselves, and not just within the bounds of 20, If th^re 
turn out to be many such children in the clas», the teacher may let one 
o£ them put the new portion of the table on the board, including th^ 
other pupils in this work as well* In any cSse, after the construction 

of the first two or three tables, the rest may be made on the basis of 

'4 

the children's independent work* The teacher need only check on whether 
all the children have really understood how. these tables are constructed, 
and organize further exercises directed toward their mastery. 

Vrtien new^ tables are Introduced, the caildreu be1::ome acquainted with 
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several new devices for selecting various addends* To make sure that 
they master these devices based oti the properties of multiplication, 
it is necessary to* include appropriate assignments in- the pupils' inde- 
pendent work,. -^IR^ ^ 

For examplf V ti^^lM^her may ask the children to write one of the 
examples in the mjultiplio^lan tables directly. Let us say the example 
4 X 8 ♦was given. This example can be written in another way, as 
follows: 4+4*+4 + 4 + 4-^4 + 4+ 4, 4x4x2, 4x2x2x2, etfc. 
A deGdil*eci notation of the calculation can be used, for this same, purpjase: 

♦ * 4 x 8 - 

" . . ■ 4 X 4 » 16 

4 :t 4 » 16 
' . 16 4- 16 = 32 

^•It is possible to give this representation as a model and ask the chll- 
dren to write other, examples from this model (7x6, 2x8 etc.). 

To consolida?^ knowledge of a ^able, it is possible to use all the 
exercises of the same type that were used in the study of addition and 
subtraction — thd construction of examples from 'a given operation and 
ojie of the components (construct four examples on multiplication of six), 
the constr,uction of examples from a given number, the solution of ex- 
amples with a blank, and others.."^ To establish the connection between 
multiplication and divislon^and aJLso to introduce the commutative 
property of multiplication, assignments requiring the construction of' 
examples from three given numbers (for example,, 6, 4, 24), and all other 
types of tasks mentioned abc^e^ are useful* 

It is useful to conduct the check on the children's mastery of the 
tables in the form of an arithmetical dictation. Here, however, it 
is already possible to include the children themselves in the check, 
organizing classwork in pairs so pupils sitting next to each other 
check each o therms work, and in case of ^doubt, check with the table or 
ask the teacher. 

In studying multiplication and divisidn by tables, it is very 
important to cunduct numerous practice exercises requiring the soliltion 
of prepared examples. The children must in the end learn the tables 
by hear t^^ For this reason^ it is useful to drill them more than,.<5nce 
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in the reproduction of the tables* results. 

To increase the number of exaciples solved, it is useful to make 
frequent use of the so-called half-written tasks> in wt\lch the children 



write down only the answers to the examples they solve, wiTliout rewriting 



/eiw?^^i 

the conditions in tKeip notebooks^ This form of work may be used 

when solving problems from the textbook, as wel]^ as work froni individual 

cards and from variants written on the board. 

Now let usTgo on to consider questions relating to instruction in 
solving problems when studying a given topic ♦ The content and nature 
of the pupils* independent work on problems, in this case, are determined 
to a significant degree, by the feattHfes of the problems under consider- 
ation. Here, as during the study of addition and subtraction, the pri- 
mary goal of problem solving is the formation of important arithmetical 
concepts. In the' process of forming these concepts, the differentiation 
of similar concepts and operations must be ensured. 

^ Tliis iW al^o relevant to problem^ on division according to content, 
which acquaint the. children with the application of familiar operations 
under new cond^tiJ^s — i.e.\ solving a practical problem which is differ-- 
ent in principle from earlier ones. The solution of these problems 
Vauses a series of difficulties connected with precisely the necessity 
of/ distinguishing this application of division from division into differ- 
ent « parts, which the children, have been studying until this time. The 
distinction here is one of principle, but it ^Iso involves the form in 
which they are written. 

The difficulties connected with the neces'sity of distinguishing 
similar concepts arise also in the consideration of problems on increas- 
ing and decreasing numbers by several times, and in the comparison of 
numbers through division. , . ^ " 

The children often confuse Itfcreasing (decreasing) a number by 
several times with the familiar instance of increasing (decreasing) 
a number by several units; dec^r^sing gets -confused -wj.th increasing. 
Tlie children sometimes multiply when they try to solve problems on 
comparison through division, just because in the question there is 
the word ''bigger" ("How many times bigger?^'); comparison by division 
also gets confused with comparison by subtraction^ 



All this requires the wide use of juxtaposition and opposition , 
of similar concepts during indepeiident exercises on the material of 
these problems. Tlie juxtaposition and comparison of various types of 
problems can here be carried out in the most diverse concrete fcfrms. 

Here, as in the cases described above (relative to problems on 

addition and subtraction), the work sometimes aims at the clarification 

> 

of the similarities, and sometimes especially at the clarification of 
the differences^ between the problems. 

We will not cite here supplementary examples of this work— they 
may easily be composed by the teacher, analogous to those described 
above. We note ojiiy that , they must lead to the further development of 
the knowledge^ skills and. habits which were formed by the material of 
earlier problems. ^ 

For example, while tl\e conditions of problems requiring increasing 
(or decreasing) a number by several units were formerly written dia- 
grammatically and the illustration was given through full" use of visual 
aids with objects (the children had to draw the number of objects 
indicated by the conditions) , now these forms ate gradually replaced 
by a diagrammatic illustration in the form of strips or line segments , 
drawn at least approximately to scale. * 

Thus, illustration takes ' on a conditioned nature. J«Jhile earlier 
it was directed toward heljJing the chilcfcen develop a^concrete, graphic 
idea of the conditions, this new type of graphic illustration reflect© 
in a visual form the relationships among the quantities given in the 
problem. This is the next serious "advance in the development of school 
children's visual concrete thought processes. 

At first the teacher himself makes such drawings of the conditions 
of a problem analyzed in class, directs the^ children's attention to the 
method of their execution and requires them to reproduce the problem* s 
conditions from this drawing* Later he increasingly includes ii>r the • . 
children's independent work the formulation of problems from a drawing, 
and the construction of a drawing to represent. the conditions of a given 
pr^b.lem. 

The formulation of a question for data, and the selection of data 
necessary to answer this question, are included in %the assignments for 



X . 267 - 



Independent work, as they were before. This work must also become 
gradually more complex. We cite a concrete example* The children are 
given the conditions and nun^jsrical .data: 

On one day a store sold eight boxes of apples; on the 
second day it soid four* 

The assignment is formulated thus: 

Formulate a .question such that ttfe problem is solved 
by addition; then change the question so that it is solved 
by division. 

At this, stace of instruction^ it is necessary to assign the chil- 
dren increasingly more often, the task of independently constructing 
problems of a definite type. These assignments will.be formulated as 
follows: • : 

Compose a problem on increasing a givexj number, by 
' several tim^s; or compose a problem for whose solution it 
is necessary to use division according to conterit, etc^ 

In^he opposite assignment, when it is necessary to select the 
proper numerical data for a given question, it is very iiaportant to 
use material from the children's own observations-everyday numeri-- 
cal data which they have encountered in solving the preceding problems 
from the textbook, numerical data drawn from class excursions, etp^^^^ 
If this material from life, which may be used as a basis for the 
construction of problems, is ^Systematically accximulated, if these 
numbers are fixed, written in special notebooks, used for making posters, 
etc.,' ill this material will help in organizing the children's inde- 
pendent-work in class and will allow the teacher to vary this work, 
making the assignments simpler or more complex at his discretion. 

Thus, the teacher can, for example, introduce a poster on which' 
various postal rates are written; the children are asked to compose 
problems in which it is necessary to calculate how much more expensive 

stamped envelope is than an unstamped one, or how much more expensive 
various types of ^telegrams are, etc. This assignment will be relatively, 
easy for the children, since. they can draw the necessary data directly 
from a consideration of the poster. Somewhat more complicated is this 
assignment: 
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Using this poster > compose a problem on the comparison 
of numbers by division in which the precise numerical data 
to ba used are not indicated. ^ 

This type of assignment becomes more complicated, if the teacher gives 
the children freft^pm to choose any subject, or any data from tHose in 
their notebodJ«T ^ 

The worK. described above involving the children's independent con- 
struction of problems will strengthen the link between arithmetic 
instruction and life» Aside from simple problems directed tbward the 
formation of the concepts repeatedly mentioned above, the children's 
independent work must also inblucfe the solutipn of compound problems. 
These must be both problems of new types, and those which were solved 
before. 



o 

Since we limited our considet^tiqn to the fundamental topics of 
the curricula for the first and second years of instruction, we 
natWally could not completely describe all the aspects of assignments 
for independent work, or all the methodological devices and forms 
of o?rgani2ation used in carrying out these tasks during arithmetic 
lessons, - * ' 

We set ourselves the goal of merely, giving examples to illustrate 
those topics which, during the course of the work, answer the require- 
ments and goals, advanced in preceding chapters, for organizing chil- 
dren* s independent work. 
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